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Abstract

We construct explicit universal entire curves & : C — CP" whose Nevanlinna char-
acteristic functions grow slower than any preassigned transcendental growth rate.
Moreover, we can make 4 to be hypercyclic for translation operations along any given
countable directions.
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1 Introduction

About one century ago, in the space of entire functions, Birkhoff [2] constructed
some universal ones h : C — C, which can approximate any entire function g by
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translations of /. Precisely, given any compact set K in C, there is a sequence (a;);>1
of complex numbers such that 4 (+ +a;) converges to g(*) uniformly on K.

Such universality also appears in the space .4, of entire curves f: C — CP" in
projective n-spaces, endowed with the topology of uniform convergence on compact
sets. Let %, denote the subset of .#,, consisting of universal entire curves defined
likewise.

In this paper, we answer a question of Dinh—Sibony [3, Problem 9.1] in an extended
version.

Question 1.1 Find minimal growth rate of the Nevanlinna characteristic function

Ty (r) for h € %, where
"dt N
Ty (r) 12/ —/ h™ wes. @))
1 Jiz<t

In the formula, wgs is the Fubini—Study form on CPP". The Nevanlinna characteristic
function T’y (r) measures the complexity of f. For instance, f is a rational function if
and only if T¢(r) ~ O(1) -log r as r — +o0 (cf. e.g. [8, Theorem 2.5.28]).

One partial result in this direction was obtained in [7], in which some meromorphic
function f was constructed for approximating any entire functions by its translations,
having Nevanlinna characteristic function 77 (r) ~ q(r) - (log r)? for some preas-
signed positive continuous function ¢ () tending to infinity as r — 4-o00.

Any universal entire curve f must be transcendental, which guarantees that [8, 9]

r—llr—il:loo Ty(r)/logr = +oo.

In this paper we provide the following optimal answer to Dinh-Sibony’s Question 1.1.

Theorem 1.2 For any n > 1, given any positive continuous function ¢ : Ry — R4
tending to infinity lirf ¢ (r) = 400, there exists some universal entire curve h with
r——4+00

slow growth
Tp(r) < ¢(r)-logr, Vr>1 )

In history, Birkhoff’s discovery of universal entire functions foreshadowed a new
branch of functional analysis called hypercyclic operators theory [1, 6]. Now, we
briefly introduce the key notions.

A continuous linear operator T : X — X acting on a topological vector space
X (over C or R) is called hypercyclic if there is some element x € X whose orbit
{T"(x)}n>1 is dense in X. Such a vector x is called hypercyclic for T.

From today’s hindsight, Birkhoff’s result can be rephrased as follows: for any
nonzero complex number a, the translation operator T, (f)(z) := f(z + a) is hyper-
cyclic on the space 7 (C) of entire functions, endowed with the topology of uniform
convergence on compact sets.

In this paper, we show the existence of universal entire curves f with slow growth,
which are moreover hypercyclic simultaneously for all nontrivial translations along
given countable directions. One key ingredient is a reminiscent of [4, Theorem 8].
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Theorem 1.3 For any n > 1, given any positive continuous function ¢ : Ry — R4
tending to infinity, and given any countable set E C [0, 21), there exists some universal
entire curve h satisfying

e small growth rate Ty, (r) < ¢(r) -log r, forallr > 1;
e & is hypercyclic for T, for any nonzero complex number a with argument in E.

Our proof is based on insight of Oka manifolds theory (cf. [5]) and Nevanlinna
theory. Precisely, in our setting CP” is a special Oka manifold with a “large” open
subset C" having complex vector space structure. The idea is, first, to construct some
countable meromorphic discs {g!¥! : D R, — C"}i>1,eachbeing arational map having
designed approximation property and decaying to zero near infinity lim._, o, g'¥!(z) =
0 € C". This step can be accomplished by using Runge’s approximation theorem, or
by Lemma 2.1. Secondly, we “patch” the discs { g[k]}k>1 together by sophisticated
translations, repetitions, and infinite summation.

Convention We denote by D, the disc centered at the origin with radius r > 0, and
by D(a, r) the disc centered at a € C with radius r.

2 Preparations

2.1 Nevanlinna Theory

Let[Zg : ---: Z,] be homogeneous coordinates of CIP". Denote by Hy := {Zy = 0}
the first coordinate hyperplane. Let # : C — CP" be an entire curve not contained
in Hp, with reduced representation 7 = [ho : hy : --- : hy,]. Denote by ny(r, Hp)

the number of zeros of /g in {|z| < r}, counting multiplicities. The counting function
Ny (r, Hp) of h with respect to Hy is

3

r t, H
Ny (r, Hy) := / Mdl‘
t=1

and the proximity function mp(r, Hp) is

2w - — do
mp(r, Ho) := / log \/1 + |h1/hol?(rei®) 4 - - + |hy /ol (ret?) —.
6=0 2

By Nevanlinna theory (cf. [9]), Shimizu—Ahlfors’ version (1) of Nevanlinna’s charac-
teristic function can be rewritten as [8, Theorem 2.3.31]

Ty (r) = my(r, Hy) + Ny(r, Hy) — my (1, Hp). 3)

2.2 Runge-Type Approximations
Runge’s approximation theorem (1885) states that any holomorphic function defined

on a neighborhood of a compact set K C C can be uniformly approximated by rational
functions with poles outside K. For our purpose, we need the following analogue.
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Lemma 2.1 Forany f € .#,, for any error bound € > 0, for any N > 0, there exists
some rational map

y=I[po:p1i:--:pyl ey,

where all p; € Clz] for 0 < i < n, such that

(i) the Fubini-Study distance dfs (y (2), f(z)) <eonDy;
(ii) for each j # 0, deg(po) > deg(p;), whence

|pj(@)/po@)|=01/Iz), z— ooc.

Proof Takeareducedrepresentation f = [fy : --- : f,], whereeach f; isholomorphic
on C. By rescaling, we can assume that | fo|> + - - - 4 | f,|> > 1 on Dy.

Geometrically, the Fubini-Study distance between two points [ag : --- : a,] and
[bo: - :by]is, up to multiplying by some positive constant, the angle between two
complex vectors d = (ay, . . , an) and b= (bo,...,by) € (C”“ For a away from
the origin, say ||a|| > 1, and for b sufficiently near to a, say ||b —ad|l < p K1, we
have

dis(fap -+t anl, [bo : -+ 1 by]) < €.

Therefore, we approximate each f; by some polynomial p; such that |p;(z) —
fi@l < 2\/% uniformly on Dy. Whence the requirement (i) is satisfied.
For the requirement (ii) we can start with a nonzero polynomial po (), and then

replaceitby po(z) “tr5— (Z+M) forsomelarge M, Q > 1,sothat|po(z) “r— (z+ ) - po(@)| <
m on DN. O

3 Construction
We now prove Theorem 1.3 by an explicit construction.

Let E = {6,}v>1 C [0, 2m) be a countable set of angles. Let ¢ : Ry — R bea
positive continuous function tending to infinity liIJIrl ¢ (r) = +o0. After replacing
r——+00

¢ (r) by ¢A>(r) ‘= min; >, ¢ (¢), we can assume that ¢ is nondecreasing.

3.1 Preparing Model Curves Over Discs

We select a countable and dense subfield of C,say Q. := {z = x++/—1y : x,y € Q}.
We will make use of the following countable subset of rational curves

X = {[po) : p1(@) - pa@] : po, P1s - Pn € Qelzl;
deg(po) > deg(p;).V j # 0}, 4)
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which can be enumerated as

(V[kl =py @M@ 1!7,[,]‘](1)]>k>1 :

By Lemma 2.1, noting that Q. C C is dense, we can find a sequence of elements in
Z to approximate any given entire curve uniformly on compact sets Dy .

Since p([)k] # 0, we can rewrite
k k k
Yo =1y M@l o= /p @

Note that ‘y}k](z)‘ = 0(1/|z]) as z — oo, since deg(p([)k]) > deg(p}k]). Choose a
large radius 7; > O such that ‘y}k](z)‘ <2 *forall |z| > ng and forall j = 1,..., n.

Anaturalideais constructingh = [1: hy : ---: hy,]whereh; = Zk>1 y][k](z—ak)
for some sequence (ay)x>1 of complex numbers growing sufficiently fast

< al| € laz] K laz| < -« -,

so that

e on each disc D(ag, nx), the error term Ze# yj[e] (z — ap) is negligible

‘Zy}e](z—ag)) <27 vi=1,....n Vk>1
O£k
e outside all these discs, the sum £ ; has norm bounded by 1.

However, this / is not obviously universal due to the presence of error terms. To
prove universality, we make the following manipulations.
The Cartesian product

A =R XLy x E= {((y[k],u,ev); k,u,ve Z+}

is countable. We enumerate 7, for instance by lexicographic order of the index
(k,u,v) € 73, as

A = (A1, A= @™ w, o).

For any y € %, for any 6 € E, there is an infinite subsequence A;, =
(g[k'"], Wk, » Pk, ) for m > 1 such that g[km] =Yy, Pk, = 0, and wy, tends to infinity
asm — +00.

Let

+00
W@ =[1:hE) - h @) hj@ =Y ¢ —an.
k=1
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for some a; € C to be chosen subsequently by a sophisticated algorithm (13). The
following lemmas show that if the sequence (|ax|)x>1 grows fast enough, we have the
following properties:

(1) (convergence) h; is well-defined meromorphic function foreach j =1, ...,n;
(2) (universality) & is a universal;
(3) (growthrate) 7, (r) < ¢(r) -log r,forallr > 1.

3.2 Proof of Convergence and Universality

Since ‘gﬁk](z)‘ = O(1/|z|) forall 1 < j < n, there are some §; > 0 and C¢ > 0 such

that ‘gﬁk](z)) < % for any |z| > &k. Set Ry := 6 + 2k Ci. Hence

c R
‘gg."](z)(<ﬁ<2*k.ﬁ<2*k, Vizl > R, V1< j<n. (5)
! Z Z

We demand that all the discs D(ax, Ry) for k > 1 are sufficiently far way from each
other, in order to have the following good estimates.

Lemma 3.1 If
lag| — lag—1] — Re — Re—1 > (R +--- + Re—)(k — D25, Vk>2, (6)

then for any j € {1,...,n}:

400

1. outside | JD(ae, Ry), the functionhj(z) = ) ggk] (z—ax) has bound |hj(z)| < 1;
2 k=1

2. in each disc D(ag, Ry), the error term eﬁk] (@ =Y gy](z — ay) has bound

O£k
H’kl’ < p—k+1

Proof The first estimate follows by summing up (5) for k > 1. Now, we prove the
second estimate.

For each ¢ < k, the distance between D(ay, R¢) and D(ay, Ry) is at least Ry (k —
1) 2¥ by (6). Hence by (5) we have

Ry 2k
< b
Re(k—1)2f k-1

‘gﬁ.“(z—ae)‘ <2t Vze D, Re), Ve <k

Lastly, using the above estimate for £ < k and using (5) for £ > k, we receive

2k _ _ _
M@ < Y|l —an|+ X[l —an| < Y + Y2 =2 2
t<k >k >k

t<k

@ Springer



Universal Entire Curves in P with slow growth Page70of12 308

g[k«](: _ ak) + 6[1..] g[/..+1](: _ ak+1) fs f[/,-Jrl]

le¥] <1 [l < 1
\

fa

D(ax., Ry) D(ak+1, Ri+1)

Fig.1 The dotted universal curve £, locally expressed by g + €, approximates a curve f] on K| and a curve
/> (intersecting Hy) on Ko

Consequently, for each j € {I,...,n}, the infinite sum £;(z) is a well-defined
meromorphic function, and all its poles lie in | D(ax, Ry).
k

Lemma 3.2 [f the condition (6) holds, then h is universal.

Proof It suffices to prove that for any entire curve f € .#,,, for any error bound € > 0,
and for any compact set K in C, there is some translation T, given by large ¢ € C,
such that

drs(f (@), Te(h)(2)) = drs(f (2), h(z +¢)) <€, VzeK.

Take a large disc Dy containing K. By Lemma 2.1, recalling (4), we can find some
rational curve y = [po : p1: -+ : pn] € Z such that

drs (f(2). y(2)) < g vz e Dy.

n —
By rescaling, we can moreover assume that ) [p;(z) |2 > 1onDy.
Jj=0
By our construction, y repeats infinitely many times in (g[k])
that

k>10 Take k >> 1 such

k k
e the model curve gl =y =[1: p1/po:---: pu/pol = [l:gE]:n‘:g,[l]];

e the error term H.k](z)) < % on D(ak, Ry) for all j € {1,...,n}, where

M = max, Dy {lpo(2)|}, and where 6 > 0 is a sufficiently mall number such
that
drs([@l. [b) <e€/2, Va.beC™ ja| > 1.1b—adl <

e the radius Ry > N.
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Hence H-k](z + ak)‘ < % on Dg, . Rewrite

hz+ay)=[1:h@+ag): - hy(z+ar)]
=[1: M) +eMeta): - gM @) + ez + ap)]
= [po() : p1(2) + €l ](z+ak>po(z) o pn@) + €M@+ ar) po2)],

_ n
where eﬁk](z +ar) - po(2)| < % -M = 6 on Dy. Since ‘Zo ij(z)l2 > 1, using the
]:
argument in the proof of Lemma 2.1, this sufficiently small § ensures that

€ —
drs (h(z +ax), ¥ (2)) < X VzeDy.
Hence drs (h(z + ai), f(z)) < € on Dy. O

3.3 Estimate of the Growth Rate

Now, we prove that if the sequence (|ax|)x>1 grows fast enough, (2) holds.

Denote by ny, ; the number of poles of the rational function gQE.k], counting with
multiplicities. Let ny := >_ ny, ;.

We demand that |ax| > Ry + 1 forallk > 1

Lemma3.3 If

!|ak|—|ak_1|—Rk—Rk 1> R4+ Rk —1)2%, Vk>2,

7
plarl = Ri) > (01 + -+ ++ D) Ralef =y sy O

then Ty, (r) < ¢(r) - log r, for all r > max{|a;| — R1, e}.
Proof By (3), forr > 1, we have

Ty (r) = Ny(r, Ho) +my(r, Hy) — my(1, Hy) < Nj(r, Ho) +my(r, Hp).  (8)

Case 1: There is some k € Z such that |ag| + Ry < r < |ag+1]| — Rk+1. In this case
the circle {|z| = r} does not intersect with any disc D(ay, Ry), £ > 1

ByLemma3.1,onthiscircle|h;(z)| < 1forall j € {1, ..., n}. Hence the proximity
function

my(r, Hy) < v/n+ 1. 9

Although the expression A(z) = [1 : h1(z) : -+ - : hy(2)] is not a reduced representa-

tion, nevertheless, we have the clear estimate nj (r, Hy) < ny + - - - + ny. Therefore
Np(r, Hy) < (ny+---+nyg) -log r. (10)
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O(|ax| — Ri) -+
ny+...+ng -
n+...+np-1 -

I(Lkl - R;_. I(Lkl + Rk

Fig.2 When (lag|)x>1 grows sufficiently fast, nj, (r, Hp) is smaller than ¢ (r)

Summing up (9) and (10), and using (8), we get

Ty(r) < (ny+---+ng)-log r +/n+1
[use (7)andr > e] < ¢(r)-log r. (11

Case 2: There is some k € Z such that ‘r - Iak|] < Rg. In this case, the circle
{|z| = r} intersects only one disc D(ax, Ry)-

By definition, 7 (r) is nondecreasing. So

Ty (r) < Tp(lak| + Ry)
[use (11)] (ni+---+ng+~vn+1)-log(Jax| + Ri)

[use (7)] < @ (lax| — Ry) - log(lak] — Ri)
[use|ax| — Ry <r] < ¢(r)-log r.

NN

O

Now, we estimate the growth rate for r € [1, |a;| — R;]. The following Lemma
tells that the Nevanlinna characteristic function T (r) of an “almost constant” curve
h has very slow growth for small r.

Lemma3.4 Let ¢ : Ry — Ry be a positive continuous nondecreasing function. For
any ro > 1, there is ¢g > 0 such that if h = [1 : hi(z) : --- : hy(2)] for some
meromorphic functions h j with |hj(2)| < €9 on Dy41, then T (r) < ¢ (r) - log r, for
allr € [1, rol.

Proof By Cauchy’s integral formula

1 hj(¢) =
ni(z) = — 2 dr, VzeD,,
/@ 2ni/|;|:ro+1 -2 TEE T
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we receive the derivative estimate Ih’j ()] < (rop+1)€epon m The Fubini-Study from
on the affine chart C" ¢ CP" with coordinates (z1,...,2,) = [1:21: -+ : 2,1, 18

wFs = 2—8810g (1 + Z |z )
i (Xiadgiadz 3 Edz R >io1zjdz;
e \ L4+ 1z 2 T+ MR T+ Y 1z )

The pull-back of the Fubini-Study form is

_ -—
Wops = Yo i Yok Y hihy LA
U300 gl T+ Xy P 1+ 3 Ry '

Here, the coefficient
-—_ —
Yo Wi Yok Y hihy
L+ 300 2 L 3T 2 1430 |

Yo I
< —=E o+ 1)
e 0

on m Hence for any r € [1, rp], we have

"odr
T (r) </ —/ h* wrs
=1 1 Jiz1<n

Todt 2.2 0 -, 2 22
< n(ro+ D ey=—dzAdz =nrj(ro+ 1)“€y log r.
t lzI<ro 27

We complete the proof by taking €9 > 0 sufficiently small such that n rj 2(ro+ 1)260 <
(D). =

Lemma 3.5 Take large ro > e such that ¢(r) -log r > /n + 1, forallr > ry. Set

— mi [ ¢
eo_mm{l, nrg(ro+1)2}‘

Under the condition (7) and, if moreover
laxl > Rx/eo +ro+1, Yk=>1, (12)

then Ty, (r) < ¢(r) - log r, forallr € [1, Ry — |ay]).
Proof. Recalling (5)

Ry

k _
] <t

Ylz| > Rg,
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noting that
|z —arl = Rx/€o = Rk, Vlz| <ro+1,

we receive

R R
e —an| <27F S <2k —oke, izl <o+ 1.
|z — axl Ry /<o

Summing up the above inequality for k > 1, we get |h;(z)| < € on Dy 4. By
Lemma 3.4, T),(r) < ¢(r) -log r, forr € [1, rp].

For the remaining r € (rg, max{|a;| — R1, e}), the proximity function m (r, Hy) <
~/n + 1since |h;(z)| < 1 by Lemma 3.1, and the counting function Ny, (r, Hy) = 0
by our construction. Thus we conclude the proof by (3)

Tn(r) < Np(r, Hy) + my(r, Hy) < vV/n+1 < ¢(r) -log r. O

3.4 End of the Proof

Now we summarize the first restrictions on the sequence (ax)k>1:

lax| > Ri/€o +ro+ 1, Vk>1,
la] — lax—1| — R — Ri—y > (Ry + -+ + R (k — 1)2F, Yk > 2,
1
¢l — R > (n1 + -+ mp + Vi + 1) et vk 1(13)

In the first inequality, €y and rg are defined in Lemma 3.5. Moreover, we demand that
each complex number

ar €Ly eV Vi > 1,

has the argument py.
Clearly, such ay can be chosen subsequently for k = 1,2, 3, ..., since

lim (n+--+ng+vn+1) }‘;‘;’E}Z;}*ﬁg <+oo= lim ¢(r).

|ag|— 400

Thus, the entire curve h is universal with slow growth (2) in Theorem 1.2 by the
previous arguments.

Lastly, h is hypercyclic for any translation operator T ,—j, with 6 € E, since 0
repeats infinitely many time in {0 }x>1. Using the argument of a result [4, Theorem 8],

we conclude that 4 is simultaneously hypercyclic for any T, where a € R, - eV=16
has argument 6.
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