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ABSTRACT. Inspired by constructions of entire curves in Oka geometry, we construct rational curves
on complex Fano manifolds by holomorphic disk surgeries. Positive Ricci curvature guides an
area-decreasing deformation, and an affine-lift perturbation enlarges the source. Continuation under
a uniform area bound, together with marked compactness, gives a sphere meeting a prescribed
compact fiber without being contained in it, with a sharp metric area bound. The construction uses
analytic compactness to pass from the disks to a sphere.
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1. INTRODUCTION AND MAIN RESULTS

1.1. The analytic construction problem

We construct rational curves on complex Fano manifolds by analytic methods. A Fano manifold
X is connected, smooth, and compact, with ample anticanonical line bundle K)_(l.

Rational curves are central to Mori’s solution [47] of Hartshorne’s conjecture on ample tangent
bundles. In his monograph Ample subvarieties of algebraic varieties, Hartshorne [33] asked whether
a smooth complex projective variety with ample tangent bundle must be projective space. Mori’s
construction combines deformation theory and bend-and-break, which also apply in characteristic
zero, with Frobenius in positive characteristic and specialization back to C.

On the analytic side, Siu and Yau [55] used energy-minimizing harmonic spheres in their 1980
proof of the Frankel conjecture. Their argument uses positive holomorphic bisectional curvature, a
stronger condition than the Ricci positivity that Yau’s prescribed-Ricci theorem provides on every
Fano manifold [61]. In 1982, Yau asked whether any two points of a compact Kéhler manifold
with positive Ricci curvature could be joined by a chain of rational curves [62, p. 44]. Rational
connectedness of Fano manifolds was subsequently established by Campana and by Kollar, Miyaoka,
and Mori [7, 43]. An analytic construction remained a separate challenge, which Siu later proposed
to approach through complex Monge-Ampére equations, without reduction to positive characteristic
[54].
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Our approach to this problem draws on methods for constructing entire curves in Oka geometry, in
particular those of Xie [58] (see also [10, 35, 57]). These methods build entire curves by successively
modifying holomorphic disks and enlarging their domains. Guo and Xie [31, Section 5] suggested
pursuing such constructions on Fano manifolds with a slow-growth condition, with the aim of
producing both entire and rational curves analytically. The construction developed here gives a
concrete realization of this vision.

A nonconstant entire curve of finite area gives a rational curve by removal of the singularity at
infinity (Theorem 2.4). We therefore try to construct such an entire curve as a limit of holomorphic
disks with radii tending to infinity. Brody’s lemma [6] suggests the basic strategy: normalize
the derivative at the origin and obtain convergence from derivative bounds on compact subsets.
Here we must also keep the total area uniformly bounded. Positive Ricci curvature provides the
area-decreasing deformations used for this purpose. Derivative concentration may prevent direct
convergence, so we also analyze the spheres arising through bubbling and retain their required
incidence properties.

To carry out these deformations, we need room to vary holomorphic disks in the target. In
the Fano setting, the following folklore conjecture in Oka geometry gives reason to expect such
flexibility; see [25, p. 660)].

Conjecture A. FEvery Fano manifold is Oka.

Our recent theorem that rationally connected smooth projective manifolds are Oka—1 [17, Corol-
lary 1.8] gives a first step toward the conjecture, since it includes every Fano manifold. This
result encourages us to seek considerable freedom in deforming holomorphic disks. Its rational-
connectedness hypothesis means that it provides motivation here, rather than an input to the
rational-curve construction or its applications. Known cases of the Oka conjecture include smooth
quadric [28], cubic [39], and quartic [18] Fano hypersurfaces; see also [59]. For background on Oka
and Oka-1 theory, we refer to [24, 1].

This suggests an analogy with making a baozi, a Chinese steamed bun. The dough is repeatedly
stretched and gathered around its filling, just as we deform holomorphic maps on successively larger
disks. Sealing the bun corresponds to compactifying the resulting finite-area entire curve at infinity.

@~ M- @

a) Wrapper and filling ) Gather the pleats ) Seal the baozi

FIGURE 1. Shaping a baozi by gathering a dough wrapper around a filling and
sealing the pleats. This traditional Chinese craft suggests an analogy for closure.
In the proof, a finite-area entire principal map extends across infinity; bubbling is
treated separately by marked compactness.

To carry out this construction, two difficulties must be resolved. The first is area control:
holomorphic approximation alone supplies no uniform bound as the source radii tend to infinity.

The second difficulty is to retain location in the limit. Classical Brody reparametrization moves
the source centers [6], so even disks through a fixed point need not yield an entire curve through that
point. Duval addressed this loss of location by replacing derivative selection with control of where
area accumulates [19]; see also [20]. For a compact set charged by an Ahlfors current, his theorem
produces an entire curve whose intersection with that set has positive area. Duval’s localization
viewpoint also guides our construction. In our finite-area setting, we retain position through a base
constraint and two marked values, rather than invoke the Ahlfors-current theorem itself.
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Even when the source center is fixed, bubbling can separate its prescribed local data from the
nonconstant sphere components. The analysis of bubbling goes back to Sacks and Uhlenbeck’s
work on harmonic maps [52] and Gromov’s theory of pseudoholomorphic curves [29]. Area may also
concentrate near the source boundary. We must therefore obtain a nonconstant sphere satisfying
both the required incidence conditions and the area bound.

We use Ricci positivity to deform disks so that their area decreases above an explicit threshold.
The key is a Ricci-trace estimate, realized through approximation and interpolation by holomorphic
families that preserve a scalar derivative condition and satisfy uniform estimates. To control where
the resulting curve lies, we work relative to a compact fiber F' of a local holomorphic projection q.
We allow the center of a disk f to move within F, while fixing one nonzero scalar component of the
derivative of q o f. This keeps the initial tangent vector outside the tangent space of F without
fixing the entire vector. Together with marked compactness, this normalization produces a sphere
that meets F' but is not contained in it, with a sharp area bound. Taking F' to be a single point
gives a rational curve through that point. Area descent and enlargement continue normalized disks
under a strict area bound, while marked compactness retains the required incidence when bubbling
occurs. The curves are constructed analytically over C.

1.2. Main results

For rational connectedness, we need a rational curve that meets a fiber of the rational quotient
without remaining inside it. The main theorem therefore treats a compact fiber of a holomorphic
map ¢ defined on an open neighborhood N. Here F' = ¢~ !(y) denotes the entire fiber over yo in IV,
including all its components. We use the Ricci and area conventions in (1).

Theorem 1.1. Let (X,w) be a compact Kihler n-fold satisfying
Ric(w) > kuw, k> 0.

For an open subset N C X and a complex manifold Y of positive dimension, consider a holomorphic
map q : N — Y and a point yo € Y. Suppose that the full fiber F := q~'(yo) is nonempty and
compact and that q is a submersion on a neighborhood of F' in N. Then there is a nonconstant
holomorphic map u : P* — X such that

uw(PHYNF # @, u(PY) ¢ F, /1 uw < 27r(nﬁ+ 1).
P

Every Fano manifold admits a metric with this Ricci lower bound, by Yau’s prescribed-Ricci
theorem [61]; a Kéhler—Einstein metric is not required. See Proposition 3.1. Conversely, the lower
bound gives positive curvature on Ky!, hence ampleness and projectivity; see Remark 3.2. Thus
the reduced image of the sphere in the theorem is a rational curve.

The projective-space example in Remark 2.8 shows that the coefficient 27(n + 1) cannot be
improved in a universal metric area bound.

The relative viewpoint has a classical antecedent in Campana’s generic-fiber escape criterion and
his Fano theorem [7, Proposition 2.7 and Theorem 3.1]. Here we work near a specified compact full
fiber of a holomorphic submersion and obtain a metric area bound.

During the construction, the center is allowed to move within F. If compactness has not already
produced a sphere meeting and leaving F', this freedom allows the normalized base derivative to
pass to the principal map. The final limit used to obtain the sharp area bound retains the two
incidence properties, but need not retain the derivative normalization. Thus the theorem prescribes
neither a tangent direction nor a contact order.

Taking ¢ to be a holomorphic coordinate map near = gives the fiber F' = {z}, so the relative
theorem immediately yields the following pointwise form.



Theorem 1.2. Let (X,w) be a positive-dimensional compact Kihler manifold of complex dimension
n, and suppose Ric(w) > kw for some k > 0. Then, for every x € X, there is a nonconstant
holomorphic map uy : P — X such that

x € ug(P), / urw < m
Pl R
Classical bend-and-break produces a rational curve C through a prescribed point of a Fano n-fold
with
0<—-Kx-C<n+1.
Mori’s account [48, p. 749] attributes this form of the result to Kollar, by a technique similar to
that of [47]. Indeed, integration over C' gives

fi/cw < /CRiC(w) =2n(—Kx -C).

The classical result controls the anticanonical degree, giving more information than the area bound
for a fixed metric. Our estimate has the same order of growth in n. Our contribution is the analytic
construction: uniform area descent and finite-area enlargement permit continuation under a fixed
area cap. For the classical argument, see [13, Chapter 3].

1.3. From expanding disks to rational curves

The construction uses two disk surgeries. The first decreases area while preserving a scalar
derivative normalization. The second uses the resulting margin below an area cap to enlarge the
source and restore the normalization.

For R > 0, set D := {2z € C: |z| < R}. For a holomorphic map f : D — X, write f, := df(0/0z)
and

Arean()= [ o, Ba(f) = sup (R=[DIf(:)l
Dgr z€Dpr
The quantity Br measures derivative concentration on the scale of the distance to the source
boundary; it is the scale used in Brody’s reparametrization argument [6].

For area descent, we first consider the variational problem with f(0) = x and A(f.(0)) =1 for
a nonzero A € T X. The relative continuation uses the same pointwise calculation, but allows
x to vary in F' and takes A to be the pullback of a fixed covector on the base. As in Brody’s
normalization, the nonzero scalar derivative prevents a smooth limit near the center from being
constant; its transfer through bubbling is a separate compactness issue. In an adapted holomorphic
frame with unitary boundary values, preserving the center requires every multiplier component
to vanish at zero. Preserving one scalar derivative requires one component to vanish to second
order. Thus one quadratic and n — 1 linear components satisfy the constraints at total Dirichlet
cost m(n + 1). The corresponding paired second-variation trace is

dr(n+1) —2 A f*Ric(w) < 4m(n+ 1) — 2k Areag(f).

Thus the threshold
A — 2r(n+1)

K
comes from the cost of scalar interpolation. The multiplier attains the sharp cost for its boundary
and interpolation conditions (see the calculation after (18)); taking the trace makes positivity of the
Ricci form sufficient. A negative infinitesimal trace alone does not provide the uniform area decrease
needed for continuation. Theorem 4.8 realizes the calculation by actual holomorphic families whose
paired second derivatives approximate the trace, with uniform parameter radius and cubic area
remainder under fixed bounds on Arear and Bgr. A normalized projective lift, a corona theorem,
and a holomorphic retraction provide this uniformity. This realization uses projectivity but does
not require the Ricci inequality.



Fix an area cap A > A,. For continuation, the center may move in the compact fiber F', and one
derivative of the local projection to the base is normalized. Compactness gives a direct alternative:
first-exit rescaling produces a sphere of area at most A meeting but not contained in F', or the
normalization passes to the principal limit in the original source coordinate. At a finite limiting
radius, area descent on this principal map leaves a margin below A. A first-jet perturbation of
its affine lift then increases the scalar derivative, and source dilation restores its value to 1 on a
larger disk. Continuity of total area keeps this second surgery below the cap. Thus a finite endpoint
either yields the sphere or permits continuation. The precise relation between the two surgeries is
explained after Lemma 2.2; successive disks need not extend one another.

On expanding sources, the same compactness alternative either yields the required sphere or gives
a finite-area entire principal map. In the latter case, the retained base derivative makes the map
nonconstant, and removal at infinity gives a sphere. The sharp bound requires a final limit A | A,.
At this stage we retain incidence rather than a derivative on the selected sphere. Two marked target
values retain a rational chain from F' to the boundary of a fixed neighborhood, with total area
at most A,. Its first component leaving F' meets F' and has area at most A,. The compactness
and removal theorems are supplied by Ivashkovich and Shevchishin [37]; their fixed-coordinate and
marked consequences are derived in Section 5.

Figure 2 summarizes the two limiting stages for a point fiber.

(a) Fixed A > A,: continue the admissible disks, or obtain a sphere.
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(b) The sharp bound: a new sequence of spheres, with A; | A..
two marked U1 first component
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FIGURE 2. The two limiting stages, pictured for F' = {z}. (a) Under a fixed cap,
the compactness alternative supplies a marked chain and a sphere through x, or a
normalized principal map. A finite normalized endpoint permits further continuation
by the disk surgeries; on expanding sources, finite-area removal closes the entire
principal map at infinity. The bulge and neck illustrate possible concentration; a
sphere at the node represents a bubble obtained after reparametrization. (b) As the
area caps A; decrease to A,, two marked values retain a chain from z to y € W,
where W is a relatively compact neighborhood of  with smooth boundary inside a
coordinate chart. Its first component has area at most A,; it need not contain y or
retain the derivative normalization. All contours are schematic.

The controlled holomorphic deformations developed here also suggest an approach to Conjecture A.
We hope that further developments will lead from deformations of disks to dominating holomorphic
sprays on Fano manifolds.



Plan of the paper.

Section 2 proves the relative sphere theorem and records the metric sharpness example. The
Ricci-trace calculation, uniform holomorphic realization, and marked compactness are established in
Sections 3-5. The final section briefly recalls how the construction combines with classical algebraic
arguments to recover rational connectedness and Mori’s ample-tangent characterization of projective
space.

2. PROOF OF THE RELATIVE SPHERE THEOREM

We prove Theorem 1.1 by continuing normalized holomorphic disks under a strict area bound.
At each limiting stage, compactness either produces a sphere meeting but not contained in the fiber,
or retains the scalar base derivative on a principal map to which the two surgeries apply. We state
the disk operations and compactness results here and give their proofs in Sections 4 and 5.

2.1. Normalized disks and the two disk operations

We fix the metric normalization and recall the area and weighted derivative quantities from the
Introduction.

Unless otherwise specified, (X,w) is a compact Kédhler manifold of complex dimension n > 1. In
holomorphic coordinates w!,...,w", let h = (h, 5) be the Gram matrix of the coordinate frame.
Our Hermitian inner products are complex-linear in the first variable and conjugate-linear in the
second [14, Ch. V, §12]. Thus h,; = (0/ow™,0/0wP),,, and coefficient columns a, b pair as a' hb,
where T denotes ordinary transpose. For a holomorphic source map f, write f, = df(0/0z). With
repeated coordinate indices summed and dA denoting Fuclidean area measure, our normalizations
are

? _ X . A5
w= §ha3 dw® A dw?, ffw= |fz|i dA, Ric(w) = —i00log det h. (1)

For a holomorphic map f : S — X from a Riemann surface, set Area(f) := [¢ f*w; this counts
geometric area with the multiplicity of the map. A holomorphic sphere is a map u : P! — X. When
u is nonconstant, we call its reduced image a rational curve, while Area(u) continues to include the
mapping multiplicity. For a € C and r > 0, write D,(a) = {z € C : |z — a|] < r}, and abbreviate
Dg :=Dg(0) and D := D;(0); bars denote closure, and dDpg is the boundary circle. We use the area
on Dg and the boundary-distance-weighted derivative bound

Avean(f)i= [ fw,  Ba(f) = s (R=[2)IL ()], )
Dgr z€DR

Thus Bgr(f) weights the derivative by its distance to the source boundary. Write O(V, X) for the
holomorphic maps from an open set V C C to X, and K € U when the closure of K is compact
and contained in U. Smooth convergence means uniform convergence of all derivatives on compact
source subsets.

Under the Ricci bound Ric(w) > kw, & > 0, set

g, = mnt1) 3)
K

Positive Ricci curvature makes the anticanonical bundle positive, so Kodaira’s theorem gives a
projective embedding ¢ : X < P~ !; see Remark 3.2. We fix one such embedding to carry out the
two disk operations. It remains fixed as the map and source radius vary, and the constants may
depend on it. All areas and target derivative norms are still measured using w.

For the relative constraint, we work in the proper setting obtained by the local reduction at the
start of the proof of Theorem 1.1. Thus let N C X be open and ¢ : N — Y a proper holomorphic
submersion to a complex manifold Y. Fix yo € ¢(N) and let F' = ¢~ (yo). After restricting Y to a



coordinate ball about o and N to its inverse image, write dy = dimY and let ¢ : N — C% be the
coordinate expression of ¢, translated so that 1 ~1(0) = F. Fix 0 # n € (C%)* and set

A= (MDzer, M =nody, € T} X.

The covectors AL are the differentials of the same scalar function 7 o 1 at points x € F. Thus, even
when f(0) moves in F', normalization always means (noo f),(0) = 1, with the composition defined
near zero. In particular, di¢(g)(f.(0)) # 0, so the initial tangent vector is not tangent to F'. The
submersion property makes AL nonzero for every z € F. The classes below consist of maps on Dy
that extend holomorphically to some open neighborhood of Dg. The neighborhood may depend on
the map. Set
AP f € O(Dg, X) : f extends holomorphically near Dg,
BT R0 € B AR (£.(0) =1 ’

ap\r(R) = inf{Arear(f): f € Ag”\F

We call a holomorphic disk normalized if its center lies in F' and its base scalar derivative equals 1.

(4)

Membership in Ag’)‘F requires, in addition, holomorphic extension across the source boundary. We
use the convention inf @ = 4+00. Restricting a competitor from D; to Dy, with 0 < s < ¢, preserves
admissibility and cannot increase its area. Taking infima gives ap r(s) < apr(t). Thus the area
profile is nondecreasing, with left limit at each finite R > 0 given by
ap r(R7) = sup ap,r(s).
0<s<R

We use almost minimizers without assuming that the infimum is attained: an e-almost minimizer at
radius R is a map in Ag’)‘F with area less than ap\r(R) + €. Choose xg € F' and a holomorphic
coordinate chart y with x(z9) = 0. Since AL is nonzero, choose v € C™ such that AL (d(x 1)o(v)) =
1. For sufficiently small R, the map fsed(2) = X~ !(zv) is holomorphic near Dr and belongs to
Ag’AF. Its area tends to zero as R tends to zero, so we choose R with Arear(fseed) < Ax. Since

thlS Seed has arbilrarily Small area,
11m aF’)\ ( ) ( )

Continuation compares admissible disks at different radii; the disks need not extend or approximate
a common initial map. Area descent above A, creates a strict margin, and scalar enlargement uses
that margin to increase the source radius.

The first operation lowers area by a uniform positive amount whenever the area exceeds A, by a
fixed amount and both area and weighted derivative have fixed upper bounds.

Proposition 2.1. Assume that w is Kaihler and Ric(w) > kw with k > 0, and keep the fized
embedding v : X — P, For every Ay, By,d > 0, there is o > 0 with the following property: for
F
every R > 0, each f € Ag”\ satisfying
A+ < Arear(f) < Ay, Bgr(f) < By,

admits a competitor g € Ag’AF with Areagr(g) < Areagr(f) —o.

The second operation starts with one finite-area map on an open disk. A holomorphic perturbation
fixes its center and increases its scalar derivative. Source dilation then restores the normalization
and enlarges the disk. Only continuity of the total area of this perturbation is needed.

Lemma 2.2. Keep the projective embedding of X and the relative constraint above. Let 0 < R < o0
and let h : Dp — X be holomorphic, with

Areag(h) < oo, h(0) € F, Af(o)(hz(o)) =1



There are tg > 0 and holomorphic maps hy : Dp — X, 0 <t < ty, such that ho = h and
h(0) = (), My (h)=(0)) =1+t lim Avean(hy) = Arean(h).

Consequently,

Gi(2) = hi(z/(1+1), |2l < (1+DR,
has center in F, scalar derivative 1, and total area Arear(h;). For every A > Arear(h), some
R’ > R admits a map g € Ag’,)‘F with Areap/(g) < A.

The maps h and hy need not extend past ODpr. For the last assertion, take t > 0 with Arear(h:) <
A and restrict Gy to any R’ strictly between R and (1+4¢)R. This restriction extends holomorphically
past its closed source disk. The proof in Section 4.3 constructs the perturbation by adding tzH'(0)
to an affine lift H of h.

The two operations require different forms of area control. When compactness retains a normalized
principal limit A of almost minimizers at a finite endpoint R, the argument below proves

Areag(h) = L = ap,r(R"), Bpr(h) < oo,

the second assertion being Lemma 2.7. Restrictions of this one map share the bounds L and Bgr(h).
If L > A, Proposition 2.1 supplies a fixed area drop on restrictions close to R, contradicting the
limiting infimum L. Thus L < A,. For a cap A > A,, the remaining margin permits Lemma 2.2
to enlarge this individual disk by continuity of total area. No common bound for the weighted
derivatives of the original almost minimizers is needed. The enlargement must still respect the cap:
an uncontrolled area increase would not permit continuation.

Figure 3 separates the holomorphic perturbation from the source dilation.

(a) Original (b) Scalar perturbation (c) Source dilation
Source Hy(2) = H(z) +tzH'(0) z— z/(1+1t) (1+R
ht = H [e] Ht
D D
. . Dator
i h l he e
In X fixed center; S same image T T
@ continuous area w and area w
A(h=(0)) =1 A((he)=(0)) = 1 +1¢ ((Ge)=(0)) =1
Areagp(h) =L Arear(ht) = L+ o(1) Area144)r(Gt) = Arear(ht)
—ht - h

FIGURE 3. Enlargement of one finite-area disk at a fixed center € I, with A = AL,
The affine-lift perturbation h, = II(H + tzH'(0)) acts on the same disk and increases
the scalar derivative from 1 to 1+ ¢. Dilation gives G¢(z) = h¢(2/(1 +1)) on D(;44)r,
with scalar derivative 1 and unchanged total area. Here o(1) — 0 as ¢t | O for this
fixed h. The outlines are schematic; dashed target outlines show h.

2.2. Principal limits and marked values

We need two outputs from compactness: a principal map in the original source coordinate, and
a chain retaining two marked target values when bubbling occurs. If the principal map is entire
and has finite area, removal at infinity extends it to a sphere. We derive these statements from the
compactness and removal theorems of Ivashkovich and Shevchishin [36, 37]. The proof locations are
specified below.



Proposition 2.3. Let (X,w) be a compact Hermitian manifold. For each j, let R; > 0 and let f; :
U; = X be holomorphic, where U; C C is open and @Rj € Uj. Assume that sup; Areag,(f;) < oo,
and set Ao, = liminf; Areap, (f;). Choose Re € (0,00] with Ro < liminf; R, interpreting Doy as
C. After passing to a subsequence realizing Ase and then to a further subsequence, there are a finite
set ¥oo C Dp__ and a holomorphic map fo : Dr, — X such that, in the original source coordinate,

i — fe  smoothly on compact subsets of Dr_ \ X0, Areap (fx) < Axo.

The possibly constant map foo is holomorphic across Yoo. This extension does not assert convergence
of fj at the concentration points.

The proof of Proposition 2.3 is in Section 5.2.

Theorem 2.4. Let (X,w) be a compact Hermitian manifold. A holomorphic map from a punctured
disk to X with finite w-area extends holomorphically over the puncture. Consequently, a finite-area
holomorphic map u : C — X extends to a holomorphic map P — X.

The proof of Theorem 2.4 is in Section 5.1.

Lemma 2.5. Let (X,w) be a compact Hermitian manifold, and let Ko, K1 C X be disjoint compact
subsets. Suppose R; > 1, R; — oo, and the holomorphic maps f; : U — X, where U; C C is open
and ﬁRj € Uj, satisfy
£;(0) € Ko, fi(1) € K, sup Areag; (f;) < oo.
J
Then there are nonconstant holomorphic maps u1, ..., u; : P* — X whose images form a chain: the
first meets Ky, the last meets K1, and consecutive images intersect. Their total area, counted with
the multiplicities of these maps, satisfies
¢

Z Area(u;) < lim inf Areag; (f;).
. J

=1

The proof of Lemma 2.5 is in Section 5.3.

The fixed source marks and the disjoint target sets play different roles. Since the marks remain
at 0 and 1, stabilization cannot produce an attached tree made entirely of constant components:
such a stable tree would need at least two marks converging to the same source point. Since Ky and
K are disjoint, the nodal path between the marked values must contain a nonconstant component.

The scalar derivative is a derivative of the bounded local base map. If first-exit points from a
fixed neighborhood of F' approach zero, rescaling and marked compactness give a sphere meeting
and leaving F'. Otherwise, a subsequence stays in that neighborhood on a fixed source disk, allowing
the scalar normalization to pass to the principal map.

Lemma 2.6. Let (X,w) be a compact Hermitian manifold, and retain F, N, ¢, and A" from (4).
Suppose Rj — Ry € (0,00] and f; € Ag’j)‘F, with
Areag, (fj) — E < oco.
Then at least one of the following conclusions holds:
(i) There is a nonconstant sphere v : P! — X such that
v(PYNF +# 2, v(P') ¢ F, Area(v) < E.
(ii) A subsequence has a principal limit h : Dr_ — X in the original source coordinate, as in
Proposition 2.3, satisfying
Areap (h) < E,  h(0)€F, Ay (h(0) =1.
On some fized disk about zero, the base compositions 1 o f; converge to 1) o h smoothly on

compact subsets. Here Dy, = C.
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Proof. Choose F' € V € N with smooth boundary, and fix » > 0 such that R; > r for all sufficiently
large j. There are two possibilities after passage to a subsequence.

First, suppose there are z; — 0 with z; # 0 and f;(z;) € OV. Such points can be chosen as first
exits along segments from zero whenever no fixed small closed source disk has image in V along an
infinite subsequence. The rescaled maps

v (Q) = fi(2Q), ¢l < Rj/lzl,
extend past their closed source disks and satisfy
vj(0) € F, vj(1) € 9V, Areap, ., |(vj) = Areag;(f;) — E.

Their source radii tend to infinity. Lemma 2.5 gives a chain of nonconstant spheres from F' to 9V,
of total area at most E. Take its first component not contained in F'. It meets F', either at the first
marked value or at its intersection with the preceding component, and has area at most E. This
proves (i).

Otherwise, for some 0 < p < r, an infinite subsequence satisfies f; (ﬁp) C V. Apply Proposition 2.3
on Dg_ to this subsequence. Its principal map h takes values in V on D,: this holds away from
the finite concentration set by convergence, and at that set by continuity. In particular, ¥ o h is
defined there. The bounded holomorphic maps 1 o f; have a further locally uniformly convergent
subsequence. Principal convergence identifies its limit with ¢ o h away from the concentration set;
the identity theorem identifies them throughout ID,. Cauchy estimates give smooth convergence on
compact subdisks. Passing the value and scalar derivative at zero to the limit yields

Y(h(0)) =0, (o oh).(0) =lim(noyo f;)(0) =1
The area bound follows from principal compactness, proving (ii). O

The principal map in conclusion (ii) retains a definite amount of area in the scalar base coordinate.
On the fixed disk D, from the proof, set b; =no1 o f; and b =no1oh. For every 0 < < p, the
submean inequality and b(0) = 1 give

/ V2 dA > 72, / W2 dA = nm/ W2 dA > 2. (6)
D, D, i Jo,

The equality follows from smooth convergence on the smaller disk. This is area in the fixed scalar
base coordinate. It is carried by the retained principal map and does not locate a bubble selected
elsewhere.

The following lemma supplies the weighted derivative bound for the principal map at a finite
endpoint.

Lemma 2.7. Let (X,w) be a compact Hermitian manifold, let 0 < R < oo, and let h : Dp — X be
holomorphic with Arear(h) < co. Then Bgr(h) < co.

The proof in Section 5.4 uses point selection: an unbounded weighted derivative for this fixed
map would place a positive amount of area in arbitrarily thin boundary collars.

2.3. Continuation and the sharp area bound

Proof of Theorem 1.1. Keep the threshold A, and the fixed projective embedding chosen at the
beginning of this section. Choose FF € U € N with smooth boundary, keeping U inside the
submersion neighborhood. The full-fiber hypothesis gives yo ¢ q(0U). We can therefore choose
a coordinate ball Y’ about 3 such that Y’ N q(0U) = @ and Y’ C q(U). After replacing N by
UNg Y(Y’)and Y by Y’, the map ¢ is proper: the inverse image of a compact subset of Y is closed
in U and avoids OU. In these restricted neighborhoods, take the coordinates 1) : N — C% and a
nonzero covector € (C%)*, and use the classes (4).

10



Continuation under a strict cap.
Fix A > A, and abbreviate a(R) = ap r(R). Set
Sa={R>0:a(R) < A}, Ry :=supSa.
Small coordinate disks give S4 # &, and restriction supplies every smaller positive radius. Each
F

R € S, also admits a slightly larger radius: choose f € Ag’)‘ with Arear(f) < A, and extend the
source slightly within the holomorphic neighborhood of Dg. Continuity of its area preserves the
strict cap. Thus

Sa=(0,R4). (7)

Consider first R4 < co. Choose r; T R4 and write

L:=a(Ry)= sup a(s) <A.
0<s<Ra

Choose 0 < &; < min{j !, (4 — a(r;))/2} and f; € Af;”\F such that
a(r;) < Area,(f;) < a(r;) +¢; < A.
Then Area, (f;) — L. Apply Lemma 2.6. Its first outcome already gives a sphere meeting but not

contained in F', with area at most L < A. We show that the second outcome permits continuation
beyond R4.

The finite endpoint.
In the second outcome, let h : Dr, — X be the normalized principal map. For every 0 < s < R4,
its restriction extends holomorphically past Dy and belongs to A A" Hence
a(s) < Areag(h), Areap,(h) < L.

Letting s T R4 gives Arear, (h) = L. Together with Lemma 2.7, this yields precisely the endpoint
data needed below:

Areap,(h) =L, Bpr,(h) < cc. (8)

If L > A, set 6 = (L — As)/2. For s < R4 sufficiently close to R4, we have
A, + 6 < Areag(h) < A, Bs(h) < Bgr,(h).
Proposition 2.1, with these common caps, gives a fixed o > 0 and competitors gs € .Af AT satisfying
a(s) < Areag(gs) < Areag(h) —o < L —o.
Since a(s) — L, this is impossible. Therefore
L<A <A (9)

Apply Lemma 2.2 to h. The strict margin in (9) and continuity of Areag, (h:) give a small £ > 0
with Areap,(h:) < A. The normalized map

Gi(2) = he(z/(1 + 1))
is holomorphic on Dy 14, and has this same total area. Choose R4 < R’ < (1 +t)R4 and restrict

Gy to Dg/. The resulting competitor belongs to A;’/\F and has area less than A, contrary to the
definition of R4. Thus at a finite endpoint the alternative supplies the required sphere.
Expanding source disks.

If R4 = o0, choose Rj — oo and f; € .Ag’j)‘F with Areagr (f;) < A. Pass to a subsequence whose
areas converge to £ < A, and apply Lemma 2.6. The first outcome again supplies the required
sphere. In the second, the principal map u : C — X satisfies

Area(u) < E, u(0) € F, (noou),(0)= )\5(0) (uz(0)) =1,

11



where the base composition is used only near zero. Theorem 2.4 extends u across infinity. Its
nonzero base derivative shows that the resulting sphere meets F' without being contained in F. We
have therefore obtained such a sphere of area at most A for every A > A,.

The sharp area bound.

To reach the exact bound A, we take a second limit, now retaining incidence through two marked
values rather than requiring the scalar derivative normalization to survive. For each j, choose a
sphere u; : P! — X meeting F' without being contained in F, with

1
/ ujw < A, + -
P1 J

Choose F' € Wg € N with smooth boundary. A sphere meeting F’ without being contained in F' must
leave W, and hence meet OWp. Indeed, if u;(P') C W, the holomorphic map ¢ o u; : Pt — C%¥
is constant. Since it vanishes at a point mapped into F', it vanishes everywhere, forcing uj(]P’l) C F,
a contradiction.

To put the spheres in the form needed for two-marked compactness, choose distinct points
Pj,q; € P! mapped into F' and OWr, respectively, and reparametrize so that these source marks are
0 and 1. Let f; : C — X be the restriction of the reparametrized sphere to the affine chart. Taking
Rj = j + 1 then gives

fi(0) € F, fi(1) € OWF, Arear,(f;) < As + ;

Applying Lemma 2.5 to these fixed marks with Ky = F and K1 = 0Wp gives a chain vi,..., vy

such that ,
Z/ vhw < A
a=1 Pt

Follow the chain from F' toward OWr and take the first component not contained in F':
k= min{a : v, (P') ¢ F}.

Such a component exists because the last one meets OWp. It still meets F': if it is the first component,
this follows from the marked value; otherwise, it shares a nodal value with its predecessor, whose
image lies in F. Hence

J4
ve(PYYNF # @, v (PY) ¢ F, 0 < Area(vg) < Z Area(vy) < A..
a=1

Thus v meets F' without being contained in F' and has area at most A, as required. The two
marked values are retained by the chain; the selected component need not contain both of them or
retain the original derivative normalization. O

Proof of Theorem 1.2. Given x € X, let N be a coordinate neighborhood of z and let ¢ : N — Y C
C" be its coordinate map. The full fiber over ¢(z) is F' = {z}, and ¢ is a submersion. Theorem 1.1
therefore gives a nonconstant sphere through x with area at most A,. (I

Remark 2.8. On P", use the Fubini-Study form
i -
Wrs = Qaﬁlog(l + w2+ Jw?).

In the normalization (1), Ric(wrs) = 2(n + 1)wps and [p wps = 7 on a projective line. Every
nonconstant sphere in P" has positive integer degree d and area dm. Thus for kK = 2(n + 1) the
bound 27(n + 1)/k = 7 is attained by a line and cannot be decreased.

12



Remark 2.9. The finite-radius bound in (8) does not assert a common weighted derivative bound on
expanding normalized disks. Indeed, if M)y p = max,cp AL %, then normalization gives

F
Br(f) 2 RIf:(0)w 2 R/Myp  (f € AR™).
The expanding-source argument instead retains the local base derivative on the principal map.

Remark 2.10. For fixed A > A,, one may assume that every sphere of area at most A meeting F is
contained in F'. This excludes the first outcome of Lemma 2.6. The same descent and enlargement
then force R4 = oo, and removal of the normalized entire principal map contradicts that assumption.
The passage A | A, is unchanged.

The direct proof allows each compactness step to produce the sphere and makes no initial
nonexistence assumption. It still uses infima, subsequences, and incompatible inequalities at a
putative finite endpoint; it does not provide a finite algorithm for producing the sphere.

3. RICCI TRACES AND SCALAR-CONSTRAINED VARIATIONS

This section explains why positive Ricci curvature can force area decrease above A,. The
calculation has two ingredients: a boundary trace identity and a choice of holomorphic multipliers
that fix the center and one scalar derivative. Their Dirichlet cost m(n + 1), combined with
Proposition 3.4, gives the threshold A, = 27(n + 1)/k. Section 4 realizes the resulting variation
fields by holomorphic families with uniform estimates. We retain the normalizations (1)—(2).

For z = x + iy, the complex derivative and the Euclidean Laplacian are

0. = 2(0, —i0,), A =02+0}=40.0:.

On f*I'x, V, denotes the Chern covariant derivative induced by w in the source direction. On
ODg, v is the outward Euclidean unit normal, 0, the corresponding derivative, and ds Euclidean
arclength. Let A* denote the conjugate transpose of A. We use the Hilbert—Schmidt norm and the
operator norm
1Al = tr(AA") = |Aul% (Al = Sup | Av. (10)
ik vI=

The symbol Id,, denotes the identity matrix. Distances and diameters use the specified metric.

For a Hermitian holomorphic line bundle (L, k), let ©(L) denote the curvature of its Chern
connection. In Demailly’s convention, the real curvature form is i©(L) = —id0log|s|?, where s is
a nonvanishing local holomorphic frame, and its cohomology class is 2meq (L) [14, Ch. V, (12.8),
(13.3)]. We write ¢1(X) = ¢1(Kx").

Yau’s theorem supplies the Ricci lower bound that allows the relative sphere theorem to be
applied to Fano manifolds.

Proposition 3.1. Fvery complex Fano manifold admits a Kdhler metric w and a constant k > 0
such that
Ric(w) > kw. (11)

Proof. Ampleness of Ky gives a positive closed (1,1)-form p representing 27ci(X). In a fixed
Kahler class, Yau’s prescribed-Ricci theorem [61] gives a metric w with Ric(w) = p. The least
eigenvalue of p relative to w is positive and continuous on the compact manifold. Its positive
minimum therefore supplies k¥ with Ric(w) > kw. O

Remark 3.2. A connected compact Hermitian manifold with a metric satisfying (11) is Fano. The
induced Hermitian metric on K)_(1 has positive Chern curvature Ric(w), so Kodaira’s embedding
theorem makes K)_(1 ample and X projective [41, pp. 314-316].
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In Euclidean space, the paired second area variation is Green’s formula for the squared norm
of the variation field. The Kdhler condition dw = 0 makes the same boundary identity exact for
a curved target, by the classical coefficient symmetries of closed (1,1)-forms [14, Ch. VI, §4]; the
geometry is retained in the metric norm.

Lemma 3.3. Assume that w is Kihler, and fix R > 0. Let Ay C C be a parameter disk centered
at zero, U C C an open neighborhood of Dg, and F : U x Ay — X a holomorphic map. Write
fi(z) = F(z,t) and £ == 0,F(-,0). Denote the second derivatives along the two real parameter azes

by

> d?
M= g Areente) M= || rean(fi)
Then
Hg + Hip = / 8, €2 ds. (12)
ODg

In particular, two holomorphic families with the same central map fo and the same tangent field &
have the same paired second variation Hg + H;gr.

Proof. Set @ = F*w, and write its Hermitian coefficient matrix in the source coordinates ¢! = z,
2=t
(“=tas

.2
~ 1 - o~ 3
G=5 Y Wagd® ndcP.

The Kahler condition gives dw = F*(dw) = 0. Closedness relates derivatives in the parameter
direction to derivatives in the source direction. Comparing the (2,1) and (1,2) coefficients yields

0w,z = 0,0z, Oz = Ozyp.
Differentiating these identities and commuting mixed derivatives gives
8tangg = 8265wtg = 8Z35wtg.

At t = 0, the coefficient w7 is |¢|?. Consequently

1
0.0; Arear(f),_, :/ 0,0-|¢[2 dA = 1/ 0, [¢[2 ds.
Dgr 8]D)R

The sum of the second derivatives along the real and imaginary parameter axes is the parameter
Laplacian 40,0;. Hence

Hr + Hig = 4 0,0 Areagr(fi)];—g ,
which yields (12). O

The classical Riemannian second-variation formula contains interior curvature and second-
fundamental-form terms; on Kéhler submanifolds, holomorphic normal fields are Jacobi fields
[53, §§3.2, 3.5]. Here holomorphicity and dw = 0 give the explicit paired boundary formula (12),
allowing moving boundary values and branch points without a boundary stationarity assumption.

Fix R > 0 and a map f holomorphic on a neighborhood of Dg. To select variation fields before
realizing them by holomorphic families, define the boundary quadratic form on holomorphic sections
& of f*T'x that are smooth on the closed disk:

Hus(§) = [ e ds. (13)

When £ is the tangent field of a complex holomorphic family, Lemma 3.3 identifies Hp, (&) with the
sum of the second area derivatives along the real and imaginary parameter axes.

We use the Wiener—-Masani boundary normalization in the form employed by Berndtsson and
Rosay [3, Theorem 2.1 and p. 888]; Lemma 4.1 recalls the construction of the resulting boundary-
unitary holomorphic frame. The following computation combines this normalization with Green’s
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formula and the classical determinant-curvature identities [14, Ch. V, (13.3); Ch. VIII, (6.6)—(6.7)].
We record the matrix form that separates the Ricci integral from the multiplier’s Dirichlet cost and
will give the descent threshold below.

Proposition 3.4. Let e = (eq,...,e,) be a holomorphic frame of f*Tx, smooth on the closed disk
and unitary on ODg. For a positive integer N, let ® be a holomorphic Mat, x v (C)-valued map on a
neighborhood of D, satisfying the boundary coisometry condition

2(0)2(Q)" =1dn  (I¢| = R).

The columns @, give sections (e®), = >_7_; €;®Pjq satisfying the trace identity

N
> Has((e@)a) =4 [ @ dA=2 [ " Rie(w). (14
a=1 Dgr Dr

Here @' is the entrywise derivative and || - ||us is the norm in (10).

Proof. The Gram matrix G = ({ej, ex).,);x represents squared norms by |ec|? = ¢TGe. Thus

N N
(@)l =D 0GP, = tr(@TGD) = tr(GODT).
a=1 a=1
The first trace sums the diagonal entries of ®TG®; the last equality uses cyclicity of the trace. Since
finite summation commutes with the normal derivative and integration, (13) gives the boundary
integral of 8, tr(G®®T). On the boundary, G = ®®T = Id,,, but their normal derivatives need not
vanish. The product rule and Jacobi’s classical determinant formula (see, for instance, [4]) give, on
ODg,
Ay tr(GBDT) = tr(8,G) + tr(8,(PDT)),

9, logdet G = tr(G710,G) = tr(9,G).
The boundary normalization is essential in the second line: tr and logdet have the same first
differential at Id,. The divergence theorem and Atr(®®T) = 4||®/||44 give the multiplier term.
Since det G is the metric coefficient on f *K;(l, (1) gives

1
f*Ric(w) = _iA log det G dA.
Green’s formula therefore turns the determinant term 9, log det G into —2 [ f* Ric(w). O

We first construct variations that fix the value of a disk at 0 and one nonzero scalar component
of its derivative. Fix zg € X and a nonzero complex-linear covector

A e Tr X\ {0}, (15)

The scalar condition A(f,(0)) =1 fixes one component of the initial derivative and gives |f,(0)|, >
IAll5L, where the norm on the covector is dual to w at 9. The multiplier below imposes the linearized
value and scalar-derivative constraints. Theorem 4.9 realizes these constraints by holomorphic
families that preserve f(0) = xg and A(f.(0)) = 1 exactly, while leaving the other derivative
components free. In Section 2, the center varies in a compact fiber and the covector is pulled back
from the base. In the principal branch of Lemma 2.6, this base normalization passes to the limit.
For a disk satisfying f(0) = z¢ and A(f.(0)) = 1, the frame value e(0) : C" — T, X identifies the
scalar constraint with the nonzero covector Ly := X o e(0). Choose Uy € U(n) so that its last n — 1
columns form an orthonormal basis of ker L. All columns must vanish at zero to fix the center.
In the last n — 1 directions, which lie in ker Ly, a simple zero also preserves the scalar derivative
to first order. In the remaining direction we impose a double zero so that its derivative at zero
vanishes. This leads to the multiplier

®f(z) = Uy diag ((2/R)%,2/R, ..., 2/R). (16)
15



The columns of ®; vanish at zero, so (e®f)(0) = €(0)®’(0). The first column of ®; has zero
derivative at zero; the derivatives of its remaining columns belong to ker Ly C C". Thus ®;(0) =0
and L;®’(0) = 0 impose the infinitesimal constraints. On |z| = R, the diagonal entries have
modulus one, so ¢ f<I>3‘c = Id,,. For each integer d > 1, scaling z = R( and integrating in polar
coordinates gives [y, |((z/ R)%)|2dA = nd, independently of R. Since Uy is unitary, the quadratic
column contributes 27 and each of the n — 1 linear columns contributes 7. Hence

/DR ||| dA =27+ (n—D)m = n(n+1), (17)

Xn: Hr,t(ePf)a) < 4m(n+ 1) — 2k Arear(f). (18)

a=1
The cost in (17) is optimal within the prescribed multiplier class. After a unitary change of
rows, Parseval’s identity gives unit total squared coefficient norm in each row, while the vanishing
conditions give its lowest possible degree. Indeed, fix R > 0, N > 1, and 0 # L € (C™)*, and let ®
be holomorphic near Di with values in Mat,, x5 (C), satisfying

®d* =Id, ondDp,  ®(0)=0, L& (0)=0.

The boundary identity forces N > n. Choose @ € U(n) with first row L/||L||, where ||L|| is the
Euclidean dual norm. Multiplication by () preserves that identity and the Hilbert—Schmidt Dirichlet
integral. The rows r; of Q® have norm one on JDg and vanish to orders at least m; = 2 and
m; = 1 for i > 2. Writing 7;(2) = > p>n, aix(z/R)*, with a;, € CN, Parseval’s identity and radial

integration give

> el =1 [ piRdA=x 3 klal? = wm

k>m; Dr k>my;
Summing proves the lower bound 7(n 4 1). It is attained by U diag((z/R)?, z/R, ..., z/R) when the
last n — 1 columns of U € U(n) span ker L, appending N — n zero columns if N > n. This multiplier
optimality leaves the holomorphic realization and its remainder estimates to the next section.

2
HS

If Ric(w) > kw, then

4. UNIFORM HOLOMORPHIC REALIZATION AND DISK OPERATIONS

We realize the trace calculation by holomorphic families and then prove the two disk operations:
uniform descent and scalar enlargement. Holomorphic mapping spaces and Stein neighborhoods of
graphs provide a qualitative deformation theory [21]. Here the parameter radius and cubic area
remainder must remain uniform as the disk and its source radius vary. We obtain this control by
lifting to a fixed Stein submanifold of affine space, perturbing there, and projecting back to X.

Assume in this section that X is projective. Keep the projective embedding ¢ : X < P! fixed
as in Section 2; it will be used to represent ¢ o f by homogeneous coordinates and to construct the
lift space ). The embedding ¢ is kept fixed as f and R vary, so the constants below may depend on
L.

We use the standard LP and C* norms on source regions, with Euclidean area measure. Vector
and operator norms are induced by the fixed Hermitian and Euclidean metrics; matrix-valued L?
estimates use the Hilbert—Schmidt norm.

4.1. Frame and lifting estimates

Bounds on area and weighted derivative do not control derivatives on the source boundary. The
following example explains why uniform realization requires direct estimates. For 0 < r < 1 and
€ > 0, the functions h, : D — C given by

1—7r?

1—1rz

he(z) =¢
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are holomorphic near D and satisfy
r(l1+4r)

/\h;|2dA:m2r2, Bih) < S, W)=
D 1—r

— 27
Thus bounded area and bounded B; do not imply relative compactness in C*(D) (with the Euclidean
metric on C); the uniform estimates below must be proved directly.

Boundary spectral factorization and a Green potential bound control a normalized frame. Homo-
geneous coordinates and Nicolau’s corona theorem then give a uniformly bounded affine lift with
bounded Dirichlet integral.

Fix Ag, By > 0. In the auxiliary results below, f is holomorphic near Dg and satisfies Areag(f) <
Ap and Bg(f) < Bp. Norms on fixed finite-rank bundles are chosen once and for all.

The spectral factorization theorem is due to Wiener and Masani [56, Theorem 7.13]. We use the
smooth boundary version stated by Berndtsson and Rosay [3, Theorem 2.1]. It makes the frame in
Theorem 4.7 unitary on the boundary, as required by the Ricci-trace identity.

Lemma 4.1. Let H : 9D — Maty,x,(C) be a smooth positive-definite Eermitian matriz function.
There is a map A : D — GL,(C), holomorphic in D and smooth on D with invertible boundary
values, such that

A(QH(QAQ) =1dn  ([¢] =1).

Proof. The Wiener-Masani theorem in the smooth boundary form of [3, Theorem 2.1} gives H = h*h,
where h and h~! are holomorphic on D and smooth on I. Thus A := h~! has the required boundary
normalization. O

For z € D, let §, be the unit point mass at z. The Dirichlet Green function of the unit disk, with
the sign and normalization used here, is [14, Ch. I, §4.B]

1—Zzw

g(z,w) =log , —Ayg = 270,

z—w
On Dg we use gr(z,w) = g(z/R,w/R).

The Green potential controls both the frame and the homogeneous lift. The following elemen-
tary estimate separates a neighborhood of the logarithmic singularity, controlled by By, from its
complement, controlled by the total area.

Lemma 4.2. Let e%(w) = |f-(w)|? be the area density of f, so that f*w = e9dA and Areap(f) =
Ioy €5 dA. If Areag(f) < Ao and Br(f) < B, then

sup /D gr(z,w)e% (w)dA(w) < Cy(Ag, Bo) = Ca(BE + Ay), (19)

ZEDR

where Cg is a universal constant, independent of R and f.
Proof. First reduce to the unit disk. Under the dilation h(¢) = f(R(), the identities
Areai(h) = Areag(f),  Bi(h) = Bgr(f), &} (n) = R*<%(Rn)

show that the hypotheses are unchanged. Since gr(R(, Rn) = g(¢,n), change of variables also
preserves the Green-potential integral. We may therefore assume R = 1.

Fix z € D and set § :== 1 — |2/, its distance to the boundary. Split the integral into the disk
|w — z| < /2 and its complement in D. On the first region,

By

)
l—|w>1—|z|—|w—2z| > =, ‘fz(w)|w§1_|w|'

2
Thus £%(w) < 4B2/6%. To bound the Green kernel, write

1—zw=(1—|2]*) + 2(z — w).
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Since 1 — |z|> = (1 + |2])d < 26, the triangle inequality gives

50 50
1-—zw| <26 —w| < — <log ——.
1 —Zw| <20+ [z —w| < -, g(sz)_ogmz_w,
Integration in polar coordinates bounds this contribution by
4B?2 6/2 50 9 1
5—227r/0 rloggdr:WBo <log5—|—2>.
On the complementary region |z — w| > §/2, the same triangle inequality instead yields
13
ﬂ <1+ < 5.
|z — w| |z — w|

Thus g(z,w) < log5 there, and the remaining contribution is at most
(log 5)/ ey dA < Aplog.
D

Adding the two bounds proves (19); one may take the universal constant Cq = w(log5 + 1/2),
independently of z, R, and f. O

We use the following Chern connection and curvature convention [14, Ch. V, (12.2)—(12.4)]. In the
coordinates of (1), a section with coefficient column ¢ has squared norm c"hé. Writing ©(Tx) = V2,
the connection and curvature matrices are

V'e = dc + h™Y(0h)c, V"c = e, O(Tx) = d(h™'oh).
The coefficient of dw® A dw”® in ©(Tx) is —0gs(h~'dypeh); the minus sign comes from reversing the
order of the differentials. For v = )" v*0ye and a tangent vector u with coefficient column ¢, our
curvature tensor is

R?(v,0,u,u) =Y _ 008 T [~0ueOpsh + (Qweh)h ™ (Ogsh)]e. (20)
a,B

Thus positive holomorphic bisectional curvature means that (20) is positive for every pair of nonzero
tangent vectors v, u at the same point. For a holomorphic disk f, the curvature endomorphism R‘;
is characterized by

(Rfv,v)0 = R(fz, fzyv,0). (21)
The Bochner formula and the curvature formula for the determinant bundle [14, Ch. VIII, proof of
Lemma 7.2; Ch. V, (4.6)] give, for a holomorphic section s of f*Tx,

(9,49;]3[3 = \st]i —( 3‘58,3>w, f* Ric(w) = 2tr(R%) dA. (22)

Choose C,, so that
IRF(2)llop < CueF (2).
Compactness of X gives such a constant.

For a frame e = (ey,...,ey,), write G = ((ej,ex)w). Matrix inequalities refer to Hermitian
quadratic forms. The Green bound and Bochner identity control G throughout the disk and bound
the frame’s covariant Dirichlet integral. Both estimates enter the lifted-field bounds in Theorem 4.7.
The two-sided metric control follows the boundary normalization and curvature-potential method of
Berndtsson and Rosay [3, Lemma 2.2 and Proposition 2.3]. We give the calculation with the caps
A, By and record also the covariant Dirichlet bound.

Proposition 4.3. There are constants I' > 1 and Dy < oo, depending only on (X,w, Ao, By),
such that every holomorphic frame e of f*T'x that is smooth on the closed disk and unitary on its
boundary has Gram matriz G satisfying

I'md, <G<rid,. (23)
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Moreover .
Z/ ‘Vzea|2dA < D. (24)
a=1 Dr

In particular, these constants are independent of R, f, and the boundary-unitary frame.

Proof. Set
n n
uG = trG:Z|ea]i >0, q = Z‘Vzeaﬁr
a=1

a=1

The curvature bound and (22) give
8282UG =q— Z<R‘}}eaa 6a>w

a

>q— Cwsjfj Z ‘eaﬁ; =q— ngi})uG-
a

Because e, is holomorphic and the connection preserves the metric, d,ug = Y. ,(V:€q, €q)w. Cauchy—
Schwarz, applied to the direct sum of the n fibers, gives

9.uqf* < (Z rmi) (Z rvzea\i> = ugq

a

Apply the classical logarithmic norm calculation to the section (ey,...,e;,) of the direct-sum bundle
[14, Ch. VIII, proof of Lemma 7.2]. Since ug > 0, it gives

. azaéuG . |8ZUG|2

0,0z logug p)
(e ug
q q
> — — Cpef — — = —Ce¥.
= e wEf UG wEf
Hence
Alogug > —4Cue%,  uglopy = n.

Green representation, with —A,gr(z, w) = 27, reads

vels) : /]D) 9r(z, w)Ay logug(w) dA(w).

1 =——
©8 n 27

Since gr > 0, Lemma 4.2 yields
< 2C,,Cy(Ap, By)

uel) <200 [ w)e () dA(w) <
n T Jpg T

log

The algebraic dual holomorphic frame e%(e,) = 6 has Gram matrix G=T == (G™H)T, where T

denotes ordinary transpose. The curvature of the dual bundle is the negative transpose of the

original curvature [14, Ch. V, (4.3")], so its operator norm is bounded by Cue%. Applying the
logarithmic trace estimate to the dual frame gives

2C,C,(Ap, B

trG <T, tr(G~H <T, I:= nexp(wg(o’o)> .

7T

For every eigenvalue 1 > 0 of G, u < trG < T and p~! < tr(G™!) < T. These two inequalities give
(23).

It remains to bound the frame’s covariant Dirichlet integral. We first sum the Bochner identity;
after integration, the boundary determinant calculation from Proposition 3.4 will identify its
left-hand side:

0,0;tr G = Z\Vzea|2 —tr(RZcJS), S = Ze(l@ez.
a a
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Here ¢’ (v) = (v, eq)w denotes metric duality. Since G = Id,, on dDg, Jacobi’s formula gives
9, logdet G = tr(G19,G) = 0, tr G on dDx.

Consequently Green’s formula and (1) give

1 1
0.0:trGdA = — Oylogdet Gds = —— ¥ Ric(w).
Dg 4 Jopg 2 Jog

Integrating the Bochner identity and solving for the nonnegative derivative term therefore gives

Z/ ]Vzea|2dA:/ tr(R‘jS)dA—l/ F* Ric(w).
o /Dr Dgr 2 JDg

Now trS < nI', while the absolute Ricci density is at most 2nCye%, since f*Ric = 2tr(R}) dA.
Taking absolute values and using Arear(f) < Ay gives

Z/ IV, eal?dA < nCy(T + 1) Ao.
a YDr

Thus D; = nC,(I' + 1)Ap is an admissible choice in (24). O

Recall the projective embedding ¢ : X < P™ ! chosen at the beginning of this section. Let wpg
be the Fubini-Study form on its target, with normalization

. m
WFS = %Balogz |Z]’|2.
j=1
Choose ¢, > 0 such that (*wrg < c,w; such a constant exists by compactness of X. The displayed
Fubini-Study formula is read in homogeneous coordinates Z = (Z1, ..., Z,,) # 0; it is unchanged as
a form on projective space when the homogeneous representative is multiplied by a nonvanishing
holomorphic function.

In rank one, boundary normalization subtracts a harmonic function from the logarithm of the
metric, as in Berndtsson and Rosay [3, p. 886]. Together with the classical Fubini-Study potential
[14, Ch. VI, (4.4)], this gives homogeneous coordinates with the bounds needed for the corona
theorem. We record the area identity and the uniform lower bound.

Lemma 4.4. Every disk satisfying Arear(f) < Ao and Br(f) < By has a homogeneous lift s from
an open neighborhood of Dg to C™ \ {0}, holomorphic on that neighborhood, with [s] = 1o f and
|s| =1 on the boundary. It satisfies

Is| <1, /D |s'|?dA = /D [ wrs < e, Ao, (25)
R R

and
Is(z)] > ds > 0, (26)
where 6s = ds(X,w, ¢, Ay, Bo) is independent of R and f.

Proof. The tautological line bundle on P =1 has fiber CZ over [Z]. Trivialize its pullback by ¢ o f
on a slightly larger disk, using the Oka—Grauert principle [28, Satz 6], and choose a nonvanishing
section, represented by a lift v in C™ \ {0}. The positive real-analytic boundary function |v| has a
logarithm whose harmonic extension is the real part of a holomorphic function @ on a slightly larger
disk. Then s := e~ % has boundary norm one, and the maximum principle gives |s| < 1.

The area density of co f for the Fubini-Study metric is sl;s = |(to f)'|g, so that f*1*wps = EJE:S dA.
Set u = log|s|?>. The boundary normalization |s| = 1 gives u = 0 and d,u = d,|s|? there. Since
s has no common zero, the Fubini-Study formula gives Au = 4¢ES, while holomorphicity gives
Als|? = 4]8'|?. Green’s formula therefore yields

1 1
/ |s'|?dA = f/ dy|s|’ds = 7/ Oyuds :/ EESdA,
Dg 4 Jopg 4 Jopg Dr
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which proves (25). Green representation for u with zero boundary values [14, Ch. I, (4.5)] gives

Thus (26) holds with s = exp(—c,Cy (Ao, Bo)/). O

Write H*°(D) for the bounded holomorphic functions with the supremum norm, and let
D(D) == {h : D — C holomorphic : / |W|2dA < oo} .
D
The Dirichlet algebra is

1/2
A BD)NDD), [l = il + ([ 1WPaa) "

To construct the affine lift, we need a holomorphic dual vector x with y -s = 1 and bounds on both
its supremum norm and Dirichlet integral. Nicolau’s theorem and the bound at the beginning of its
proof [49, pp. 135-136] give the following statement.

Theorem 4.5. For every m > 1 and A, > 0 there is Cn(m,A,d) < oo such that, whenever
U, ..., Um € A satisfy
lujlla <A, maxlui(z)] 26 (2 €D),
J

there are v1,...,v, € A with

Zujvj = 1, HUJHQ[ S CN(WL,A, 5)
J

The same statement holds on every disk after dilation.

Proof. The case 6 > A is vacuous; assume d < A. For p = 2, Nicolau uses the norm

1 1/2
e = e+ (5 [ 1HPaA) 0 i < llla < V7 bl

His corona condition is the same maximum lower bound as above [49, p. 135, (1)]. The generators
uj/A therefore have Nicolau norm at most 1 and lower bound §/A. The estimate at the beginning
of his proof [49, p. 136] gives solutions b; with >~ (u;/A)b; = 1 and [|bj||Nic < K (0/A), where Ky,
depends only on the indicated data. Setting v; = b;/A gives >_jujv; =1 and

foylla < Y K (6/4),

which is an admissible choice of Cny(m, A,d). For a disk of radius R,

IMEloop = Mhlloones [ IBRQYFAAWQ) = [ W(2) dA(2)
R
so the same bound applies after dilation. O

For a normalized lift s from Lemma 4.4, its coordinates have algebra norm at most Cs := 1++/¢, Ay,
and at least one has modulus at least ds//m at every point, because |s|?> < m max; |sj|®. Theorem 4.5
gives a holomorphic map x : Dp — (C™)*, whose components belong to the algebra on Dy obtained
from 2 by dilation, satisfying

x-s=1 [xlleo+[IXl2 < Cy (27)

for a constant Cy = Cy(X,w,, Ag, Bp). The dot denotes the bilinear pairing x - s = 7, x;sj,
without complex conjugation. The constant absorbs the fixed dimension factors in passing from
scalar to vector norms.
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To extend the lift past Dg, dilate y radially while keeping s fixed, then restore their pairing by
division. For 0 < p < 1 sufficiently close to 1, set
~ X
Xp(2) = x(pz),  Yp=xp-s X = 7’”
p

Since x(pz) - s(pz) = 1, we have
Yp(2) = 1 =x(pz) - (s(2) — s(p2)).
The fixed lift s is uniformly continuous on Dg, and y is bounded. Thus 7p — 1 uniformly there as
p 11, and we may require |y,| > 1/2. The quotient is therefore holomorphic near D and satisfies
X-s=1and [|X[|e < 2Cy. Dilation gives |[x}[[2 < Cy; the product and quotient rules give
[pll2 < Cx(1+ Ve Ag),
IX]l2 < 20y +4C2(1 + Ve, Ag) = D

All norms here are on Dgr. The bound depends only on the fixed target, embedding, and Ay, By;
the base lift s is unchanged.

(28)

4.2. Uniform lifts and holomorphic variations

The affine model below is a homogeneous version of the classical incidence-complement construction
known as the Jouanolou trick; see [23, §2.6, p. 771]. The pairs (s, x) lie in this fixed model: the
equation x - s = 1 excludes the cone vertex. A holomorphic right inverse lifts tangent fields to this
model. The model depends only on the embedding; the area and weighted-derivative caps determine
a compact subset and a retraction near it.

Lemma 4.6. For the projective embedding v : X — P™~1 chosen above, there are a closed Stein
submanifold ) C C*™, a holomorphic submersion nx : Y — X, and a holomorphic bundle map
L:mxTx — Ty such that dnx o L =1d. These objects depend only on the fized embedding.

Proof. Consider the affine cone of the embedding,
K= {0} U{s € C™\ {0} : 5] € (X))},
and set R
Y= {(57X) € X X ((Cm)* XS = 1}7 7-‘-X(SvX) = Lil[s]' (29)
The defining equation excludes the cone vertex. On a chart s; # 0, local coordinates consist of
coordinates on X, a nonzero scale factor, and m — 1 unconstrained dual coordinates. Hence ) is a
smooth closed affine algebraic variety and therefore Stein, while mx is a holomorphic submersion.
For the holomorphic splitting, set V := C™ and let £ := t*Opm-1(—1) be the tautological line
bundle on X its fiber ¢, C V is the line representing ¢(z). Define
U:={(x,x) € X xV*:xle, #0}.
The map
G)Zy—>u, (S7X) — (WX(57X)7X)7
is biholomorphic. Indeed, if sq is a local nonvanishing holomorphic section of £, then
so(z)
o(z,x) = ————
0= Gola)

is independent of the choice of sg, is holomorphic, lies in ¢,, and satisfies x(o(z, x)) = 1. Thus

O~} (z,x) = (a(, x), X)-
Since U is open in X x V*, its tangent space at (x,x) is T, X @ V*. Transporting the vectors (v, 0)
by dO~! gives the required holomorphic right inverse
L:axTx =Ty,  L,0)=d© Hey)(v,0), drxol=Id. (30)

O
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We assemble three ingredients for the holomorphic variations: a controlled boundary-unitary
frame, a lift of the disk, and lifts of the frame vectors. Under fixed area and weighted-derivative
caps, the lifted disks lie in a common compact subset of the fixed affine model, and the estimates
for all three ingredients are uniform.

Theorem 4.7. Fix the affine model YV, the submersion wx, and the right inverse L supplied by
Lemma 4.6. Given Ay, By > 0, one can choose a compact set K, B, € YV, an open neighborhood €
of Kay,B, in C?™, a holomorphic map Tx : Q — X with Tx|yna = mx, and constants

F,l)l,l)f5C®¢m,l)9<< 0.

These cap-dependent choices depend only on (X,w,t, Ao, Bo) and are independent of the source

radius and the individual disk; the affine model and its splitting depend only on v. For every R > 0

and every map f holomorphic on a neighborhood of Di with Areag(f) < Ao and Br(f) < By, one

can choose a frame e, a lifted disk f, and a matrix 0 compatibly so that the following properties hold:

(i) e is a holomorphic frame of f*Tx, smooth on the closed disk and unitary on its boundary,
whose Gram matriz G(z) == ((ej(2), ex(2))w)] =1 satisfies

r'id, <G <Tld,, Z/ |V.eq|?dA < Dy;
a=1 Dr

(ii) f is a map from a neighborhood of Dg to Y, holomorphic on that neighborhood, such that

WXOf:fv f(DR) C[(Ao,Bo? /]D) ‘f./’2dA§DJ"{;
R

(iii) the frame vectors have holomorphic lifts 01,...,0, : D — C?™ along f Their column
matriz and the lifting identities are

0= (‘917 cee 7‘971) :Dp — Matngn((C),
d(7x)5,0a(2) =ea(z)  (1<a<n)

The matriz 0 is smooth on the closed disk and satisfies

sup [10(2)]l, < Co,oc. /D 10/|[%. dA < Dj.
R

z€DR

Proof. Fix a disk f satisfying the caps Ag, By.

(i) Choose R’ > R so that Dp lies in the given source neighborhood, and choose a holomorphic
frame € of f*Tx on Dg/; such a frame exists by the Oka—Grauert principle [28, Satz 6, p. 270], since
the source is contractible and Stein. Restrict its Gram matrix to 0Dg and apply Lemma 4.1 to
H(¢) = G(RC). For the resulting factor A, set e(z) := é(z)A(z/R). Conjugating the factorization
identity gives its boundary Gram matrix A(z/R)TG(z)A(z/R) = Id,. Thus e is holomorphic,
smooth on the closed disk, and unitary on its boundary. Proposition 4.3 gives (23) and (24), proving
(i)

(ii) By Lemma 4.4, f has a homogeneous lift s with

(31)

s/ <1, |s| >0, /D 1124 A < ¢, Ay,
R

Its coordinates satisfy the hypotheses of Theorem 4.5 with algebra-norm bound Cg and corona lower
bound ds/y/m. Thus (27) supplies a vector y satisfying x -s = 1, and the dilation construction
leading to (28) gives a vector ¥, holomorphic near the closed disk, with

~

Xos=1 |Xlzemn) €20 X ll2@q) < Dx-
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The identity ¥ - s = 1 shows that f := (s, X) takes values in the fixed space ) of (29). It satisfies

FOr) C Kayp, =Y {lsl <1, x| <2C), /D fPdA< Ao+ D2 =Dy (32)
R

The set K, B, is compact: it is closed and bounded, and x -s = 1 prevents s from approaching the
cone vertex.

Since ) is a closed Stein submanifold of C?™, the Docquier-Grauert tubular neighborhood
theorem [16, Satz 3], in the holomorphic deformation-retraction formulation [22, Theorem 3.1], gives
a holomorphic retraction t: € — Y N {2 from a neighborhood € of K4, p,, equal to the identity on
Y N Q. Its derivatives are bounded on smaller compact neighborhoods of K4, p,. Set Tx :=7x ot.
Since 7wy o f: f and Tx|ynq = mx, (32) proves (ii). The choices of K4, B,, 2, and Tx depend only
on the fixed target data and the two caps; they are fixed before any individual lifted disk fis chosen.
The space ), the projection 7mx, and the splitting £ were already fixed from the embedding alone.
(iii) Regard the splitting £ from (30) as a bundle map from 7%7Tx to the ambient trivial bundle
Y x C?™. In VL, use the pullback Chern connection on 7% Ty and the flat connection on this
ambient bundle. Let

Lo := sup ||L], Ly = sup ||VL].

Kag,B Kaq,By
Set
0u(2) = E}v(z)ea(z).

Then d(7x )0, = €4 With the preceding connection convention, ambient differentiation gives

f
0, = LiVeea+ (ViL)ea (33)
The frame and lifted-disk bounds, with |a + b|? < 2|a|? + 2[b|?, give
16| 0p < LoVT =: Cp o0, (34)
/D 16/||igd A < 2L2Dy + 2an%D}v =: Dy. (35)
This proves (iii). ’ O

We now add the lifted variation fields and project to X. Radial regularization extends the fields
past the closed disk while keeping the lifted map fixed. The multiplier retains its vanishing orders,
and the paired trace converges to the value computed in Section 3. The parameter range and cubic
remainder remain uniform throughout this approximation.

The embedding fixes YV, 7x, £, independently of the disks and caps. The caps Ag, By then fix
Ky, By, 2, Tx; together with Dg, Ng, these data determine ¢g, C7. Each disk has its own compatible
frame, lift, and lifted fields satisfying Theorem 4.7. The approximation parameter p may depend on
this triple, on ®, and on the prescribed trace error ¢, whereas ty, Cr are independent of R, f, ®, p,
and . The extension neighborhood may depend on the family, ®, and p; its width need not be
uniform.

Theorem 4.8. Fizr (X,w), the projective embedding 1 : X — P™~1 and the bounds Ay, By > 0
as in Theorem 4.7. Let Dg > 0, and let Ng > 1 be an integer. There are constants ty > 0 and
Cr < o0, depending only on (X,w,t, Ao, Bo, Do, No), with the following property.

Let R > 0, and let f : Dr — X extend holomorphically to a neighborhood of Dr and satisfy
Arear(f) < Ag and Br(f) < By. Use the fized K A, B,,Y, and Tx from Theorem 4.7, and choose any
compatible disk-dependent triple e, f, 0 supplied by that theorem. Suppose that ® = (®1,..., PN, ) :
Dg — Mat,«ng (C) extends holomorphically to an open neighborhood of Dr and satisfies

sup [0y <1, [ @ gdA < Do,
z€Dp Dgr
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where the column ®, determines the section e®, = Z}‘Zl ej®jq of f*Tx. The constants ty and Cr
are independent of R, f, ® and of this compatible triple.
For each O < p < 1, write

n
Eo(2) = 0(pz)®(2), (Bp)a(z) = Z 0;(pz)Pja(z).
j=1
(i) Holomorphic realization. For every 0 < p < 1, each column defines the family

P(2) =7x (f(z) +t(E))a(2)), teC, |t|<typ, 1<a< Ng.

a,t

All these families are jointly holomorphic on one open neighborhood of D x {t € C : |t| < to};
for every 0 < p < 1 that neighborhood may depend on the selected disk-dependent triple, ®,
and p, but not on the column a.

(ii) Uniform cubic remainder. For every 0 < p <1, 1<a < Ng, and 7 € {1,i}, write t = Ts
with s € R and set

d d?
Eg,’r = di Area‘R( 5,7'5)’ Hg,T = @ AreaR(fgyTS)'
s=0 s=0
For |s| < tg,
1
Arear(fl ;) < Arear(f)+ 105 5+ §H57T52 + Cr|s|? (36)

with the same constant Cr for both choices of T.

(iii) Trace approximation. If ® is boundary coisometric, meaning ®®* = 1d,, on ODg, then for
every € > 0 there is 0 < p. < 1, depending only on the individual data displayed above and
on €, such that

No

>tz + 1)~ (1] |@hsaa—2 [ 1 Riew))
Dg Dg

a=1

<e. (37)

Only this conclusion requires choosing p. close to 1; tg and Cr remain independent of € and
Pe-

Proof. Use the fixed cap-dependent ambient data and the selected compatible triple from Theorem 4.7.
Set

8o == min{1, dist(K 4, p,, C*™ \ Q)} > 0,
and choose a compact K’ € Q whose interior contains the closed Euclidean 3dy/4-thickening of
K y,B,- In the standard coordinate frame of C?™, let gy be the positive-semidefinite Hermitian
coefficient matrix of 75w on K’, so

vl go(w)v = |d(Tx)w(v)[;
for a coefficient column v. Only smooth coefficient bounds are used; the pullback form may be
degenerate along the fibers. Take Cj 3 to bound the coefficients and their derivatives through order
three on K'.

Take a multiplier ® satisfying the stated bounds and, for 0 < p < 1, set Z, := 0(p-)®. Dilation
gives fp,. 10 (p2)|? dA(z) = poR |60/ (w)|? dA(w) < Dg. Use this identity, ||®[|oo < 1, and (0(pz)®) =
p0' (pz)® + 0(pz)P’ to obtain

sup |Z5(2)lop < Cocer [ IE)lIfisdA < 2Dy + 263 Do = D, (35)
z€Dp Dr

Choose

tp :=min< 1 %
0= "4max{1,Cpoo} |
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For |t| < 2ty, the displacement of each column perturbation is at most 2tgCp o < d9/2. Thus

[+ t(Ep)q stays in K’, uniformly in the disk and the column.

(i) Fix a column and write = = (Z,),. The function 6(pz) is holomorphic for |z| < R/p; since f and
® extend past the closed disk, so does er t=. On the closed disk and for |t| <ty its image lies in
the closed dy/2-thickening of K4, p,, which is compactly contained in int K’ € 2. Compactness
gives a neighborhood of Dg x {|t| < to} on which the image remains in €, so the projected family is
jointly holomorphic there. Intersect these neighborhoods over the finitely many columns.

(ii) In ambient coordinates write w(t) = f 4+ t= and v(t) = f' + t=. The area density is
v(t)Tgo(w(t))v(t). Along either real parameter axis t = 7s, with 7 € {1,i}, the functions w(7s)
and v(7s) are affine in s, with first derivatives 7= and 7Z'. For fixed z, put G(s) = go(w(7s)),
V(s) == wv(rs), and @ = 7Z2’. Ordinary differentiation in the real variable s gives

d3

ds®
The chain rule bounds |G*)(s)| by Cy3|Z|F for 1 < k < 3, up to fixed dimension factors. The
bounds [|Z||oec < Ch and [t| < tg consequently give the integrable estimate

d? — =
@(U(TS)Tgo(w(TS))U(TS)) < C(Cy3,Coo0n o) (|1 + 2.

The right-hand side has a uniformly bounded integral by (32) and (38). Thus the third derivative
of the area is uniformly bounded along both real parameter axes. Taylor’s theorem gives (36) with
one remainder constant Crp.

(VTGV)=VvTG"V +3QTG"V +3VTG"Q + 6QTG'Q.

(iii) The tangent fields of the actual families satisfy, for each fixed f,
§pa = d(Fx) 000 )B0) —> €@ in C'(Dp) (p11),

because (p-) — 6 in the same norm. Here the Kéhler condition enters through Lemma 3.3. If ® is
boundary coisometric, that lemma, continuity of (13), and Proposition 3.4 therefore give

S Hugpa) —4 [ 1@IEsdA=2 [ [ Ric(w).
a Dr Dr

The summand is H, 5}1 + H f;i by Lemma 3.3. Choose p. close enough to one to obtain the prescribed
error. Parts (i)—(ii) and (38) hold for every p € (0,1) with the same to, Cr. Their dependence is
only on the fixed target data and Ay, By, D, No. O

4.3. Uniform descent and enlargement

When Ric(w) > kw and Arear(f) > A, the trace is negative. Selecting one real direction and
the sign of its parameter gives descent; the common parameter radius and Taylor remainder give a
uniform step size under fixed area and weighted-derivative bounds.

Theorem 4.9. Let (X,w) be a compact Kihler n-fold with Ric(w) > kw for some k > 0, and set
Ay =2m(n+1)/k asin (3). Fiz the point xo € X and the nonzero complex-linear covector A € Ty X
from (15). For every Ao, By,d > 0 there is o > 0 with the following property. For every R > 0 and
every holomorphic map f: U — X, where U C C is open and Dr € U, satisfying

f0) =m0, A(f:(0)) =1, Arear(f) < Ao, Bgr(f) < Bo, Areap(f)= A+,
there is a holomorphic map g : U' — X, with U’ an open neighborhood of Dr, such that
9(0) ==z0,  Ag:(0)) =1,  Areag(g) < Areap(f)—o.
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Proof. For the multiplier (16), one has Ny = n, Dg = 7(n + 1), and, by (18),
dn(n+ 1) — 2k Arear(f) < —2k0.

Apply Theorem 4.8 with trace error € = k0, choose the value p. supplied by part (iii), and abbreviate
Jar = f25, lor = 00, and H,, = HP<. For every column a and every |t| < ¢y, the identities

a, a,m’

®,(0) =0 and d(7x)+..0(0) = e(0) givé the exact interpolation formula

f(0)
fa,t(0) = £(0),
(fat)=(0) = £2(0) 4t e(0) @, (0), (39)
A(fa,t)=(0)) = A(£2(0)) + tA(e(0)®(0)) = 1.

Indeed, the ambient perturbation at z = 0 equals f(0) for every ¢, so the chain rule always evaluates
diix at the same point f(0). Moreover, the product rule gives (2.)5(0) = 6(0)@,,(0), so radial
regularization does not alter the derivative of the increment at the origin. Formula (39) fixes the
displayed scalar component, not the entire first jet. For this choice, part (iii) and the preceding trace
bound give Y, (Hq1 + Hqi) < —r6. One of the 2n real axes therefore has second area derivative
H,r < —kd/(2n). Choose the sign of s so that ¢, rs < 0. Then (36) gives

5
Arear(fars) — Arear(f) < —:—nSQ + Crls]3.
Set
{2 o
T 2’ 8nmax{Cr,1} J’ T8 ¢

Taking s € {t., —t.} with the chosen sign and g = f, s proves the assertion. The constants ¢, Cr,
hence t, and o, are independent of R, f, and p. O

The same trace cost and Taylor bounds apply when the covector is /\?(0). This gives the relative
descent used in continuation, with constants independent of the center in F'.

Proof of Proposition 2.1. For descent, use the multiplier (16) with Ly = )\Jlf(o) oe(0). It has
@,0) =0, L@j0) =0, [ 1@l 4 = n(n+ 1)

By (39), each variation fixes f(0) and the scalar A?(O)(fz(())) = 1. The choice of ¢, and o in the
proof of Theorem 4.9 uses only the trace bound and the uniform Taylor estimate. In the present
family, the parameter radius and cubic remainder in Theorem 4.8 depend only on Ay, By and the
fixed target data. Hence the same area drop works for all f(0) € F. O

For scalar enlargement, it suffices to lift one finite-area disk and perturb its lift in one constant
ambient direction.

Proof of Lemma 2.2. By Lemma 2.7, Br(h) < co. Choose s; T R. Each restriction h’Dsj extends
holomorphically past its closed disk and has the common bounds
Area;(h) < Ag = Areag(h), Bs;(h) < By = Bg(h).

Apply Theorem 4.7(ii) with these caps. It supplies one compact set K = K4, g, € ), one ambient
neighborhood © C C?™ of K, and one holomorphic projection II = 7x : Q — X satisfying
IIlynq = mx. The corresponding lifts H; obey

H;jD,)C K, IoH;=h onD,, /DS_IH]’“?dAgD};,
J

where the last constant is independent of j.
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The compact range makes the coordinate functions of H; a normal family on every compact
subdisk of Dgr. A diagonal subsequence therefore converges locally uniformly, together with its
derivatives, to a holomorphic map H : Dg — C?™. Since K is closed, H(Dg) C K, and continuity
gives I1o H = h. For every s < R, convergence of derivatives on Dy gives Jo, [H' |2dA < D}v.
Exhausting Dg yields

HDg)C K, TloH=nh, / ]H’\QdAgD}v. (40)
Dgr
No compatibility between the separately chosen lifts is required.
Set x = h(0), y = H(0), and take the constant ambient vector v = H’(0). Since Il o H = h, this
choice satisfies AI'(dIT,v) = 1. Choose € > 0 such that the closed ambient e-neighborhood of K is
compact and contained in 2. Since R < oo, there is tg > 0 with tgR|v| < €. For 0 <t < to define

hi(z) =1I(H(2) + tzv), z € Dp.

This is holomorphic on the whole open disk and fixes x. At zero its derivative satisfies the exact
identity

(he)=(0) = dIL, (1 + ) H'(0)) = (1 +6)h.(0), A7 ((he)2(0)) =1+ 1. (41)

The pullback Hermitian form II*w has bounded coefficients on the chosen compact ambient

neighborhood. After decreasing ¢y to at most 1, the area density of h; is consequently bounded by

C(H'(2)] + [v]?)

for a constant C' independent of z and ¢. This function is integrable on Dg, by (40) and R < oc.
The densities converge pointwise to the density of h as t | 0, so dominated convergence gives
Arear(hi) — Areag(h). Finally, source dilation gives

G(0) = h(0), Moy ((G1)=(0)) =1, Area(144)r(Gt) = Arear(hy).

In fact, (Gy)-(0) = h,(0) for this choice of v; only its scalar component is needed in the continuation
argument. Restriction to any radius strictly between R and (1 + )R gives the closed-disk extension
required for an admissible competitor. O

5. COMPACTNESS, MARKED VALUES, AND FINITE-AREA DISKS

The main proof uses compactness to obtain a principal map in the original source coordinate
and a rational chain retaining two marked values. We obtain both from one fixed-mark exhaustion
statement, with a joint area bound for the principal map and the attached spheres. Point selection
then gives the weighted derivative bound for an individual finite-area disk. Throughout this section,
X is a compact complex manifold equipped with a smooth Hermitian metric w.

5.1. Finite-area removal

Finite area fills the punctures of a principal limit, including infinity when its source is C. We first
prove removal so that the compactness statement can include the extended principal map.

With g, (v, w) = w(v, Jw), the energy convention in the compactness and removal results used
below is

71 = [(fel2, + 153) dA =2 [ ' = 2 Area(s), 42)

because f, = Jf;. Thus their energy hypotheses are equivalent to our area hypotheses, with the
fixed factor 2.

Proof of Theorem 2.4. Finite area gives f0<|z‘<r ffw — 0 as r | 0, so every sufficiently small

concentric annulus has small energy by (42). Compactness of X supplies completeness of the target

metric and uniform continuity of its complex structure. The removal theorem of Ivashkovich and

Shevchishin [36, Corollary 3.6] therefore gives a continuous extension at the puncture. In a target

chart about the limiting value, the coordinate functions extend holomorphically by the Riemann
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removable singularity theorem. For an entire map, ( = 1/z identifies infinity with a puncture and
preserves area, so the same argument applies there. See also [45, Theorem 4.2.1]. ]

5.2. Marked compactness on an exhaustion

Spheres obtained by rescaling near energy concentration points go back to Sacks and Uhlenbeck
[52, pp. 2-3 and Section 4]; Gromov’s compactness theory records how such components attach
[29]. We use the theorem of Ivashkovich and Shevchishin [37]. For precise locators, we refer to its
preprint formulation, whose title and numbering differ from the published version: Definition 1.6,
Theorem 1.1, and the marked-point construction in Remark 2 following that theorem [36].

The principal map is the limit in the original source coordinate and may be constant. A bubble is
a sphere obtained by rescaling; the finite-area extension of an entire principal map is also a sphere,
but need not be a bubble.

A ghost sphere is a constant sphere component retaining marks or separating nodes. It has at
least three special points, namely marks or nodes; the fixed-coordinate root disk has no such stability
requirement. The dual graph records the attachments, with one vertex for each component and one
edge for each node. Here it is a rooted tree.

The following proposition combines the unmarked principal limit needed for the area profile with
the marked limit needed for incidence. Fixed distinct source marks suffice for both applications.
Constant components inside concentration trees must still be retained, since they can carry a marked
value or join nonconstant components.

Proposition 5.1. Let R; > 0 and let f; : U;j — X be holomorphic, where U; C C is open and
Dr, € U;. Suppose sup; Arear (fj) < oo, and set Ay, = liminf; Areag,(f;). Choose Ru € (0,00]
with Roo < liminf; R;, interpreting Do as C. Fiz finitely many pairwise distinct points a1, ..., am €
Dr_, allowing m = 0. After first passing to a subsequence realizing Aso and then to a further
subsequence, the following data exist simultaneously.

(i) A finite set oo C Dr_ and a holomorphic principal map foo : D, — X satisfy
fi — foo smoothly on compact subsets of Dr__ \ o

in the original source coordinate.

(ii) Finitely many holomorphic sphere components u, : Pt — X, possibly constant, form trees
attached to the principal root at points of Yoo. Fach attached tree contains a nonconstant
component; each constant sphere is stable. Let N, be the set of nodes on the component, and
let zo be the root attachment point of the tree containing it. There are source reparametriza-
tions @j o, defined near every compact subset of PL\ N, for all sufficiently large j, such
that

fio@ja — ua smoothly, Qja — 2o locally uniformly
on P1\ N,.

(iii) Root, spheres, nodes and marks form one nodal map. Writing u, for its component maps,

DPow, Pwo for the two points of a node, and py on vy for the limiting £th mark, one has

uv(pvw) = uw(pwv)7 fj(aé) — uw(pé)-

A marked value therefore propagates along any path of constant components to its first
nonconstant component.
(iv) The areas, counted with the multiplicities of the maps, satisfy

Areap,, (foo) + > Area(uq) < A (43)

Proof. Retain a subsequence whose total areas converge to A... The proof first selects the principal
map on the whole exhaustion, then makes one marked extraction on a fixed disk, and finally counts
their areas together.
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The original-coordinate principal map.

A diagonal weak selection of the area measures on compact subdisks gives a Radon measure p on
Dpg_ . For every continuous compactly supported x with 0 < x <1,

/xd/L:lim/xffw < A,
J

so u(Dg, ) < As by exhaustion. Fix p > 2 and an area threshold ¢y > 0 small enough for the local
compactness result [36, Lemma 3.1 and Corollary 3.3], using (42), and set

S = {2 u({z}) = o).

The mass bound makes this set finite. For z ¢ ¥, choose a source disk with p-null boundary
and p-mass less than €y. Weak convergence puts its area below that threshold for all large j. The
cited result gives strong local WP convergence on a smaller disk; Sobolev embedding gives uniform
convergence, and target charts and Cauchy estimates give smooth convergence. A diagonal choice on
a countable cover gives f., on the complement of ¥, in the original coordinate. Its local definitions
agree because they are limits of the same subsequence. Smooth convergence and exhaustion give
Area(fs) < As. Theorem 2.4 fills the finitely many punctures without changing area.

One marked extraction and its root.

Choose a fixed disk D, containing all concentration points and source marks, and then choose
r < p <1 < Rs. Apply marked compactness to the already selected subsequence on D,., and
retain the limit over ID,, whose interior contains all the concentration points and source marks. The
standard complex structure is fixed on this source disk, so the boundary-annulus nondegeneration
condition is automatic [36, Definition 1.7 and Theorem 1.1]. The positive collar between D, and
0D, keeps this application strictly inside the available domains. The target is compact, and the
energy bound follows from (42).

The fixed-domain construction uses the original coordinate away from concentration points and
creates sphere components by rescaling shrinking regions at those points [36, proof of Theorem 1.1,
Case 1, and the remark following its proof]. Its root coordinate is identified with the original
disk: the holomorphic identification agrees with the identity on an outer open set and hence
everywhere. Uniqueness of the already selected limit then identifies the root map with fo off Y,
and holomorphic extension identifies it throughout D,. We extend this root by the global map fu.

The marked construction in Remark 2 following the same theorem retains the marked evaluations,
inserting stable constant components when a mark approaches a node in a rescaled coordinate.
Nonconstant components can attach only in ¥, since convergence is smooth elsewhere. Nor can a
tree of constant components attach to the root. If it had g > 1 vertices and m, marks, its g — 1
internal edges and one edge to the root would contribute 2(g — 1) + 1 nodal special points. Stability
would therefore give

3g<2(g—1)+1+ms, m,>g+1>2.
All these marks would have the same original-coordinate limit, contrary to the fixed distinct marks.
Thus all attached trees lie over Y and contain a nonconstant sphere. The shrinking-region
construction gives the reparametrizations and their collapse asserted in (ii), including for internal
ghosts. The compactness theorem gives finiteness of the marked tree.

By Definition 1.6 of the cited preprint, all components belong to one continuous nodal limit.
Its two branches therefore have equal values at every node. Marked convergence gives the second
identity in (iii); repeatedly applying the node identity propagates a marked value through constant
components. No derivative at a marked point is asserted to survive.

Joint global area accounting.

Choose a compact subset Q C Dr_ \ Yoo and compact subsets Q, C P!\ N, on the sphere
components. The fixed extraction represents the (), in mutually disjoint shrinking source regions
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at separated scales. For all large j these regions also avoid @), even when @ extends outside the
retained disk ID,, because @) stays a positive distance from Y. Taking the sequence limit first gives

frw+ Y [ uiw =1im (/ feey [ f’-*w) <A
/Q ; a J Q I ; ‘Pj,a(Qoz) !

Now exhaust the global principal domain minus ¥, and each sphere minus its nodes. The omitted
points have zero area, and all omitted source areas are nonnegative. This proves (43). Constant
components contribute zero; multiplicities are retained because we integrate pullbacks by the
component maps. ]

Taking no marks gives exactly the principal compactness statement used in the continuation
argument.

Proof of Proposition 2.3. Apply Proposition 5.1 with m = 0 and omit the nonnegative sphere areas
in (43). Its principal map and convergence have the required properties. [l

5.3. Two marked values and incidence

Fixing the complete first jet at 0 does not ensure that a nonconstant bubble retains the prescribed
tangent direction. In the following example, the marked value lies on the bubble, while that direction
remains on the principal component. On the unit disk, with the product Fubini-Study metric,
consider R

fi(z) = ([jz*: 1],[z: 1]) : D — P* x PL.
The areas are uniformly bounded, and in the affine coordinates ([w : 1], [v : 1]) the complete first jet

is fixed: R R
fi(0) = ([0:1],[0:1]),  (f;)=(0) = (0, 1).
Away from zero, the principal limit is

Joo(z) = ([1: 0], [z : 1]).
Its extension has value ([1 : 0],[0 : 1]) at zero, different from the marked value. Rescaling by
z = (/+/J instead gives
Fi¢/Vi) = (1€ 1),[¢/VF 1)) — (I¢7 = 1],[0: 1)),
The prescribed second-factor direction remains on the residual principal component. Correspondingly,
Bu1(£3)/1(f5)=(0)] = o0.
Marked and nodal values retain incidence. Lemma 2.5 gives a chain joining two compact target

sets with controlled total area. It supplies the compactness alternative in Section 2 and the final
passage to the sharp area bound.

Proof of Lemma 2.5. Pass first to a subsequence realizing the original lower limit A, :=
lim inf; Arear;(f;). Apply Proposition 5.1 with R, = oo and the fixed marks 0, 1. It supplies an
entire principal map f and one finite marked tree, with the joint area bound (43). Theorem 2.4
fills infinity, producing the principal sphere. Replace the principal root of the marked limit by this
extension and retain its attached sphere trees. Each mark lies either on the principal sphere or on
one of these trees. Its marked value lies in Ky or K; because these sets are closed. On the resulting
finite tree, take the path between the marked components and omit constant components. Nodal
equality gives nonconstant sphere maps u1,...,uy with

w(PYNKy#92, wPHnk,#o,  wPHnu(PH#£e (1<i<dl).
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There is at least one such component since Ky N K1 = &. The components on the path are selected
from the global principal sphere and the sphere components of the fixed rooted limit. The joint
area estimate (43), after omitting unused components of nonnegative area, gives

‘
Z/lufngoo.
i=1"F

The path belongs to the single marked limit supplied by the proposition. Components arising near
the moving outer boundary are not needed for its incidence or area estimate. O

5.4. Rescaling and finite-area weighted derivatives

Brody reparametrization [6, Lemma 2.1], in the affine form described by Duval [20, Section 1],
turns divergence of By into a nonconstant entire limit. For a single finite-area disk, the positive
rescaled area cannot persist in shrinking boundary collars; this gives Lemma 2.7.

Lemma 5.2. Let fj : U; — X be holomorphic maps, where U; C C is open and @Rj € Uj, and
suppose Br,(f;) — oo. Then after affine source rescaling, a subsequence converges locally smoothly
on C to a nonconstant entire map u: C — X. If in addition sup; Areag;(f;) < oo, then

Area(u) < liminf Areap, (f;).
J

Proof. Under the additional area hypothesis, first pass to a subsequence for which Arear,(f;)
converges to the lower limit of the original area sequence. In either case, choose w; maximizing
(Rj = [2D)[(f7)=(2)], and set dj == R;j — [w;], Aj = |(f;)=(w;)]. Then

djAj = Br,(f;) —r o0, [(fi)=(2)] <28; (|2 —w;| < d;j/2).
Indeed, |z — wj| < d;/2 implies R; — |z| > d;/2. Maximality then gives (d;/2)|(f;).(2)| < d;A;,
which is the second bound. The rescaled map

1
u; (€)= fi(w; 4+ ¢/A ), I¢] < §dej,

satisfies |(u;)¢lw < 2 and [(u;)¢(0)], = 1. The source radii djA;/2 tend to infinity. On every fixed
compact source disk, the derivative bound gives equicontinuity, and compactness of X gives a
uniformly convergent subsequence. A diagonal selection and Cauchy estimates in local target charts
give a smooth limit u : C — X with |u¢(0)|, = 1; hence u is nonconstant. Under the additional
area hypothesis, conformal invariance gives, for each fixed S > 0,

Areag(u) = lim Areag(u;) < lim Areag, (f;) = liminf Arear (f;).
J J J

Letting S — oo proves the area bound. O

Proof of Lemma 2.7. Suppose Br(h) = co. As s 1 R, the quantities Bs(h) increase to Br(h): for
each fixed z € D, (s — |2|)|hz(2)|w tends to (R — |z|)|hz(2)|, once s > |z|, and the suprema increase.
Choose s; T R with Bg,(h) — oo, and apply the point-selection construction of Lemma 5.2 to h|Dsj-
These restrictions extend holomorphically past their closed disks. The construction gives centers
w; € Dy; and numbers A; = |h.(w;)l, such that

(85 — [wi)Aj —> 00,  u;(C) = h(w; + ¢/Aj) — u(()

smoothly on compact subsets of C, where |u¢(0)|, = 1. Because s; < R, we have A; — co. The
derivative of the fixed map h is bounded on each compact subdisk, so |w;| = R.

Choose S > 0 with Areag(u) > 0. For all large j, the disk Dg/,;(w;) lies in Ds;, and conformal
invariance and smooth convergence give

/ h*w = Areag(u;) — Areag(u) > 0.
Dgya; (wj)
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On the other hand, |w;| — R and S/Aj; — 0 place these disks in arbitrarily thin boundary collars
of Dg. Since Areag(h) < oo, fDR\ﬁs h*w — 0 as s T R. This contradicts the preceding positive
limit. O

6. APPLICATIONS

The relative theorem recovers the rational connectedness of Fano manifolds [7, 43]: two general
points can be joined by a rational curve. Indeed, choose a positive-Ricci metric as in Proposition 3.1.
For any quasifibration ¢ : X --» Y with dimY > 0, restrict to dense open subsets on which ¢ is
proper with connected fibers. Generic smoothness [34, III, Corollary 10.7] makes its general full
fiber F' smooth and compact. Theorem 1.1 gives a rational curve meeting F' but not contained in it.
Campana’s criterion [7, Proposition 2.7] then gives rational chain connectedness, and smoothing
chains in characteristic zero gives rational connectedness [2].

The pointwise construction also recovers Mori’s characterization of projective space by an ample
tangent bundle [47]; for an earlier characteristic-zero proof, see [51]. Let X be a connected smooth
complex projective n-fold with Tx ample. The case n = 1 is immediate. For n > 2, the determinant
K;(l = det T’y is ample [32], so X is Fano and Theorem 1.2 supplies a rational curve. The classical
two-point degree reduction gives one with —Kx - C' < n + 1 [15, Section 5, Theorem 3, first step].
Ampleness then forces equality and the minimal-curve conditions of [15, Section 5, Corollary (a),(c)].
Mori’s classification argument identifies X with P™ [15, Section 6]. These remaining algebraic steps
take place over C.
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