Universal Holomorphic Maps with Slow Growth
II. Functional Analysis Methods

BIN GUO ¢ SONG-YAN XIE

ABSTRACT. By means of hypercyclic operator theory, we com-
plement our previous results on hypercyclic holomorphic maps
between complex Euclidean spaces having slow growth rates, by
showing abstract abundance rather than explicit existence. Next,
we establish that, in the space of holomorphic maps from C"
to any connected Oka manifold Y, equipped with the compact-
open topology, there exists a dense subset consisting of common
[frequently hypercyclic elements for all nontrivial translation oper-
ators. This is new even forn = 1 and Y = C.

1. INTRODUCTION

On the space of entire holomorphic functions H (C), equipped with the compact-
open topology, the translation operator To f (¢) = f(e + a) acts linearly for every
a € C. Birkhoff [Bir29] discovered that H (C) contains universal elements f, in
the sense that a certain countable set of translations {T4, 17>, is dense in H (C).
In fact, for any T, with a # 0, Birkhoff can make f € H (C) a hypercyclic element
for T,; that is, the iterated orbit {TL f = T;.qf}i>1 is dense. This surprising
phenomenon opened the door for a new branch of functional analysis/dynamical
systems called linear chaos [GE99, BM09, GEPM11], according to which infinite
dimensional linear dynamics may exhibit exotic patterns.

By complex analysis, a universal entire function f must be transcendental,
and hence its asymptotic growth rate has to be larger than that of any polynomial.
One might expect that the minimal possible growth rate of f shall be considerably
larger than this obvious bound. However, a surprising result [DR83] shows the
contrary.
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Theorem 1.1 (Duios Ruis). For a continuous increasing function ¢ : Rso —
R0 growing faster than any polynomials

(1.1) rhfréo )N =0 (YN=1),

there exists a universal entire function f with slow growth
If(2)I < p(lz]) (Vze.

The original exposition in [DR83] is not easy to decipher. A breakthrough
[CS91] of Chan and Shapiro contributed an alternative proof by functional anal-
ysis, and their method has been gradually absorbed, simplified, and became stan-
dard in hypercyclic operator theory (cf. [DSW97] and the references therein).

In a similar flavor, Dinh and Sibony [DS20, Problem 9.1] raised a problem of
seeking minimal growth rate of universal meromorphic functions g : C — CP' in
terms of the Nevanlinna-Shimizu-Ahlfors characteristic function

rdt
T,(r =J —J * WFs,
g() Lt Dtg FS

where wrs is the Fubini-Study form on CcP! giving unit area [ (WFs = 1, and
cP

D¢ C C is the disc centered at the origin with radius t. An optimal answer was
obtained as the statement below.

Theorem 1.2 ((CHX23]). For any positive continuous nondecreasing function
Y :Roy — Ry satisfying TETww(T) =+ 00,

there exists some universal meromorphic function g : C — CP" with slow growth
Ty(r) <yg(r)-logr (Vr=1).

By a constructive algorithm [GX23], Theorems 1.1, 1.2 have been generalized
to the higher-dimensional case as follows.

Definition 1.3. Let X be a topological space. Then, a continuous operator
T: X — X is called hypercyclic if some element x € X has dense orbit

orb(x,T) := {x, T (x), T*(x), T?(x),...}

in X. Such an x is called a hypercyclic element for T. The set that consists of all
hypercyclic elements for T is denoted by HC(T).

Theorem 1.4 ((GX23]). Given any transcendental growth function ¢ growing
[faster than any polynomial, for countably many directions {0} i1 in the unit sphere
Sl c ", there exist universal holomorphic maps F : C* — C™ with slow growth

IF(2)I < pdlzl) (Vzel"),

such that F are hypercyclic for all Ta, where a are in some ray R, - 0;.
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Theorem 1.5 ((GX23]). Letn < m be two positive integers. Ler  : R>1 — Ry
be a continuous nondecreasing function tending to infinity. The associated Nevanlinna
characteristic function for F € Hol(C", CP™) is defined by

rodt
Tr(¥r) = | —— F*wes A ™! (V¥ = 1),
F(7) L o J’{Md} Fs ( )

where wes is the Fubini-Study metric on CP™, and o« := dd°||z|1* is a positive
(1,1) form. Then, for countably many given directions {0;}i>1 in the unit sphere
Sl c C", there exist universal entire holomorphic maps f : C* — CP™ with slow
growth

Tr(r)<@r)-logr (Vr=1),

such that f are hypercyclic for all nontrivial translations Ta, where a are in some ray
R, - 0.

The constructive approach of [GX23] has the advantage of writing explicitly
universal holomorphic maps F having slow growth, from which delicate informa-
tion can be read off. For instance, we can show the following result.

Theorem 1.6 ((GX23]). Given any transcendental growth function ¢ of the
shape (1.1), there exists some universal entire holomorphic function F € H (C) with
slow growth

IF(z2)| < p(z]) (Vze ),

such that the set I C S of hypercyclic directions of F is uncountable.

However, our constructive method fails to tell the “density” of such F in The-
orem 1.4. Our original motivation in this work was to understand Theorem 1.4
by means of hypercyclic operator theory (cf. [BM09, GEPM11]). Indeed, by im-
plementing functional analysis methods (cf. [CS91, DSW97]), we can show that
such F are reasonably abundant.

Let ¢ be given as (1.1). Consider the set

S¢ := {f € HOl(C",C™) : | f(2)]| < p(llzID), Vz e C"}

of entire functions having slow growth with respect to ¢. Hence, we can rephrase
Theorem 1.4 as

Ag:=() [ HC(T,. o)) NS¢ + @ (given ekl € $"71 for k > 1).

k=17reR;

Can we say more about Ag? First, it is not everywhere dense, since we can
take a holomorphic map G € Hol(C", C™) with |G(1)]| > ¢ (1) + 2. Hence, the
open neighborhood

{h € Hol(C",C"™): sup llh(z) -G(2)| <1}
z€B(0,2)
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of G has empty intersection with Sg. Nevertheless, Ag is reasonably dense near
0 € Hol(C™, C™).

Theorem A. For arbitrary countable vectors {elk1}ioq in S21 and for ¢
as (1.1), there exists a Banach space B and also a continuous linear injective map
t: B — Hol(C", C™) with dense image, such that, for some Gs-dense subser G of B,
it holds that

UGN B(0,1) c () () HC(Ty.em) NS,

k=17reR;

where B(0, 1) C B is the unit ball centered at 0.

Moreover, we can generalize Theorem A to an infinite-dimensional case. The
insight comes from the tradition in several complex variables: Oka’s Jokti-Iko prin-
ciple (cf. [Oka36, Nog16]). We can imagine that the countably many directions
{elKl} k=1 in C" are just the “shadows” or projections of the infinite coordinate
directions of C* onto the finite-dimensional subspace C"* - C%; thus, we can
guess that a certain analogous statement holds true for “Hol(C®, C*).” However,
a proper definition of “Hol(C%, C*®)” requires much effort (see Section 2.22.2).

Convention. We abuse the notation S¢ to denote the subsets of Hol (C™, C™),
or AY, (£2(C),£*(C)) (see (2.3)), which consist of elements f satisfying ||.f (2) || <
¢ (llz]) for all possible z according to the context. Let C} be the subset of £2(C)
consisting of elements(x;)i>1 such that all but finitely many x; are equal to 0.

Theorem B. For arbitrary countably many nonzero vectors {alk}ps1 in CN, the
set of common hypercyclic elements in AL, (£2(C), £*(C)) for the translation operators
{Taw k=1, having slow growth with respect to ¢, is nonempty:

(VHC(Tam) NSy # .
k=1

This set also contains a certain image (B(0, 1)0G), where t : B — AY, (£2(C), £2(C))
is a continuous linear injective map from some Banach space B, and where B(0,1) C B
is the unit ball centered at 0, and where G C B is some Gs-dense subset.

In hypercyclic operator theory, it is known that (e 10y HC(Ta) # @ (cf.
[GEPM11, Example 11.21]; see also the discussion [GEPM11, p. 330]). A break-
through of Costakis and Sambarino shows, moreover, the abundance.

Theorem 1.7 ([CS04]). The set Naec\ oy HC(Ta) of common hypercyclic ele-
ments for all nontrivial translation operators contains a G s-dense subset of H (C).

Hence, it is natural to ask whether or not (\ec\ (0} HC(Ta) NS¢ # @ for any
¢ satistying (1.1). The answer is No [GX23, Theorem D], by Nevanlinna theory
(cf. [NW14,Ru21]).

Theorem 1.8 ((GX23]). There exists some transcendental growth function ¢ of
the shape (1.1), such that for any entire holomorphic function F € H (C) with slow
growth

|[F(z2)| < ¢p(lz]) (VzeO),
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the set {a € S' : F is hypercyclic for Ta} must have Hausdorff dimension zero.
We can extend Theorem 1.8 as follows.
Theorem C. For any integer n > 1, m > 1, there exists some transcendental

growth function G of the shape (1.1), such that for every F € Hol(C", C™) with slow
growth

IF2) < $lzll) (Vzecm),

the set
Ir = {a € S ! . F is hypercyclic for T}

must have zero Lebesgue measure.
For n = 1, there holds a finer result (see Observation 3.10).
Question 1.9. Denote

T ={¢:R>0 = Rso | ¢ is a continuous function satisfying (1.1)}.
Given positive integers 1, m > 1, what is the value of

Jnf (sup{dimy( I : F € Hol(C", €™) 1 S¢})?

Here, dimys stands for the Hausdorff dimension.

Question 1.10. Let ¢ be given as (1.1). Find some sufficient (respectively,
necessary) condition on an uncountable direction, set I C $?"~! so (respectively,
such) that ;e HC(Ta) NS¢ # @ (compared with Theorem 1.4).

Definition 1.11 ([For09]). A complex manifold Y is an Oka manifold if every
holomorphic map from a neighbourhood of a compact convex set K in a Euclidean
space C" (forany n € Z,) to Y is a uniform limit on K of entire maps C" — Y.

Known examples of Oka manifolds include C", CP", complex tori, com-
plex homogeneous manifolds [Gra57], elliptic manifolds [Gro89], hyperquadrics
[KKO08], smooth toric varieties [Lar11], “ball complements” [Kus23], and so on
[For17,For23].

Zajac [Zaj106] gave a full characterization of hypercyclic composition oper-
ators acting on holomorphic functions on Stein manifolds. Kusakabe [Kus17]
considered universal holomorphic maps from Stein manifolds to Oka manifolds
rather than to C. By the argument of [BG17], one can show that the Gs-density
of common hypercyclic elements in the space Hol(C",Y) of holomorphic maps
from C" to any connected Oka manifold Y with respect to translation operators
Ta: f(e) mapsto f(e +a) foralla € C"\ {0} (see Theorem 1.13).

Next, we establish the abundance of common frequently hypercyclic elements
in Hol(C",Y) with respect to Ty : f(e) — f(e +a) foralla € C"\ {0}. A
source of inspiration is [Bay16], in which Bayart established the Gs-genericity
of hypercyclic elements for high-dimensional families of operators in the frame-
work of F-spaces enjoying linear structure. Note that most Oka manifolds have
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no linear structure, while satisfying various equivalent Runge-type approximation
properties (cf. [For06, For17]).

Definition 1.12 (IBM09, GEPM11]). For a subset A of natural integers N,
the lower density of A is defined as

dens(A) := liminf#{n sN:ne A}.
N—+oo N

We call x € HC(T) a frequently hypercyclic element for T, if for any nonempty
open subset U of the ambient space, the set {n € N : T"x € U} has positive
lower density. We denote by FHC(T) the set of frequently hypercyclic elements for
T.

The notion of lower density goes back at least to Voronin Universality Theo-
rem about the Riemann zeta-function [Vor75].

Theorem D. LetY be a connected Oka manifold, and n > 1 an integer. Then,
in Hol(C", Y) with the compact-open topology, (\pecn\ oy FHC(Ty) is a dense subset.

This is a surprising result, at least to the authors. The key ingredient in the
proof of Theorem D is to arrange many disjoint closed hypercubes densely in some
bounded domains in €™, subject to a certain equidistribution criterion, such that
the union of these closed hypercubes is polynomially convex. This is already an
interesting (and difficult) problem on its own.

Note that a certain configuration of hypercubes also appeared in [BG17], by
which Bayart and Gauthier generalized Theorem 1.7 [CS04] in higher dimensions
as follows.

Theorem 1.13 (IBG17]). Let Y be a connected Oka manifold, and n > 1 an
integer. Then, in Hol(C",Y) with the compact-open topology,

ﬂ HC(T,) contains a Gs-dense subset.
acCn\{0}

The purpose of using hypercubes rather than balls is to simplify the argument
of polynomial convexity (see Lemma 4.5). In fact, the use of unions of hypercubes
appeared at the very beginning of several complex variables (see, e.g., [Oka30]).
The original statement of [BG17] only concerns Y = C, while the proof actually
works for any connected Oka manifold Y, since Hol(C",Y) is separable (see Re-
mark 4.9), and since Runge’s approximation property holds for any holomorphic
map from a neighborhood of a polynomially convex set K in C" to Y (see Remark
4.3), thanks to the fundamental work of Forstneri¢ [For06] asserting that each
Oka manifold Y satisfies the following BOPA property ([Forl7, p. 258]).

Every continuous map fo : X — Y from a Stein space X that is
holomorphic on a neighborhood of a compact O(X)-convex subset
K C X can be deformed to a holomorphic map f1 : X — Y by a
homotopy of maps that are holomorphic near K and arbitrarily close
to fo on K.
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To prove Theorem D, we have to manipulate hypercubes carefully on every
Q(0,R + N) \ Q(0,R) for some N > 0 independent of R > 1, while for Theo-
rem 1.13, one has more flexibility about placing hypercubes outside Q(0,R) for
every R > 1. Therefore, we cannot directly use the construction of [BG17] for
Theorem D, while we can provide an alternative proof of Theorem 1.13 by our
hypercubes arrangement (see Appendix A).

Question 1.14. In spirit of [DS20, Problem 9.1] and [GX23, Questions 5.1—
5.3], we can ask the corresponding questions for frequently hypercyclic holomor-
phic maps from some source space X with mild symmetry to a connected Oka

manifold Y (cf. [Kus17, Theorem 1.4], [Xie23, Remark 3.3]).

(1) Find the minimal growth rate among entire (respectively, meromorphic) func-
tions in FHC(T,) for X = C"Y = C™ (respectively, Y = CP™), where
a € C"\ {0}. Note that the basic case X = Y = C of this problem was com-
pletely solved by [BBGE10].

(2) Determine the minimal growth rate among Nevanlinna characteristic func-
tions T¢(r) (cf. [Ru21]) associated with frequently hypercyclic (with respect to
T1) entire curves f : C — Y in a compact connected Oka manifold Y.

(3) Seek the minimal growth rate of common hypercyclic (respectively, frequently
hypercyclic) elements for all nontrivial translation operators in the above settings

(1) and (2).

Here is the structure of this paper. In Section 2, we provide some preparations.
In Section 3 and 4, we establish Theorems A, B, C, and D, respectively.

2. PREPARATIONS

2.1. Hypercyclic operator theory. We refer interested readers to the helpful
expositions [BM09, GEPM11] for learning this subject.

Definition 2.1. Let X be a metric space. A continuous operator T : X — X
is called ropologically transitive, if for any two nonempty open subsets U, V of X,
there exists some 1 > 1 such that T"(U) NV = @.

The equivalence between hypercyclicity and topological transitivity for con-
tinuous operators T on a separable Fréchet space is known as the Birkhoff transi-
tivity theorem (cf. e.g., [GEPM11, p. 10]). Moreover, from the proof, one sees the
following result.

Proposition 2.2. On a separable Fréchet space, any countable family of hyper-
cyclic operators {Tuynen has a dense set of common hypercyclic elements, that is,
Nnen HC(Ty) is a Gs-dense subset.

Definition 2.3. Let X, Y be two metric spaces, and S : Y — Y, T : X — X be
continuous maps. We say that T is quasi-conjugate to S if there exists a continuous
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map ¢ : Y — X with dense image such that the following diagram commutes:

<t

Y%
ol
T

X —

«—
<

S

Proposition 2.4 (cf. [GEPM11, Propositions 1.13, 1.19]). The following are
preserved under quasi-conjugacy:

(1) ropological transitivity;

(2) dense orbit.

Definition 2.5. A continuous operator T : X — X is called mixing if, for any

nonempty open subsets U, V of X, there exists some N > 1 such that T"(U) NV =
@ foralln > N.

2.2. Analytic maps between infinite-dimensional complex Euclidean spaces.
For our purpose, we desire a separable “Hol(C%, C*)” containing all Hol(C", C™)

as subspaces. However, it is known in the literature [Din99] that the space of
“holomorphic functions” on an infinite-dimensional space cannot be separable.
Notice that in the finite-dimensional case, holomorphic maps Hol(C",C™) are
nothing but the analytic maps A(C",C™). Hence, instead of “Hol(C*,C*)”,
we shall consider some analytic maps “A(C®, C*)” between infinite-dimensional
complex spaces.

Denote the set of finite multi-indices by

2.1) F = {(ij)jen : every i; € Z»o, all but finite i, = 0},
which is countable. Each

K = (i1,...,14,0,0,0,...) € F
corresponds to a monomial
(2.2) VARSI

On the infinite-dimensional C-linear space

£%(C) = {(ai)ieN : Z lai|? < +oo}

i>1

equipped with the weak topology, we say a continuous function f : £2(C) — C
is analytic if it can be written as a power series Y jcrar - Z!, a; € C, which
is uniformly absolutely convergent on closed balls B(0,R), for all R > 0. The
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space of analytic functions on £2(C) is denoted by A% (£2(C), C). Also, we define
analytic maps from £2(C) to C™ = @~ C as

AY(£2(C), C™) == P AY(*(C), 0)
d=1

by functoriality. The indicator w on A% emphasizes that f : £2(C) — C is
a continuous function with respect to the weak-topology of £2(C). We endow
AW(£2(C), C™) with the weak-compact-open topology; that is, open sets are gen-
erated by

UMK, V) = {f € AY(LHO),C™) : f(K) C V},

for all weakly compact subsets K in £2(C) and for all open subsets V in C™.
The reason for considering the weak topology on the source space £2(C) is
the following statement.

Proposition 2.6. The space AW (£*(C), C™) is separable and metrizable.

Proof. Fix an increasing positive sequence {Ry}n>1 ~ +c0. Define

+00

d(f,9):= Y 5 minloa(f - g1} (¥ f,g € AL, C™),
n=1
where
pn(f):= sup Nf(@)lem (V fe€AYL*(C),C™)).
zeB(0,Ry,)
Denote

Ny gy = {h € AY({*(C),C™)) : sup [[h(z) — f(2)llcm < €}
zeB(0,R)

(V f e AV{*(C),C™); VR, &> 0).
Since B(0, R) is weakly compact (cf. [Brel1, Theorem 3.17]), the sets

{Nf,Rn,l/m}n,m€Z+

form a countable open neighborhood basis for each f. Hence, d(-, -) is a metric
on A%(£?(C),C™) inducing the same weak-compact-open topology.

The separability of A¥(£2(C), C™) relies essentially on the fact that C con-
tains some countable and dense subfield, say, Q. := Q(v/-1).

First of all, Hol(C™, C™) is clearly separable, since there is an obvious count-
able dense subset

Pum = {(P1(2),...,Pn(2)) : Pi(2) € Qclz1,...,2zn], 1 i< m}.
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For F = (Xjcy aEi] - Z)1<iem € AY(L?(C),C™) and a given neighborhood
NF Rr,e, since each component of F is uniformly absolutely convergent on closed
balls B(0, R), we can find a finite subset A C F such that

k], I €
sup > a7 < —=, (<k<m).
z€B(0,R) ) I€F\A ‘ 2ym

Set G := (Xjea ) - Z') 1<iem. Then, it is clear that

m
X 212 ¢
sup |G —Fllcm < sup (Z‘ Z aE]-ZI‘) <5
zeB(0,R) zeB(O,R) k=1 I€F\A
Since A is finite, we can find some N such that G only involves the variables
Z1,...,2N; that is, we can regard G € Hol(CN, C™). Therefore, there exists some
P € Py such that
£
sup ||G—P||((:m <§.
z€B(0,R)

Therefore, P € Npre. Thus, Uj<icto0 Pim is a countable and dense subset of
AW (£2(C), C™). O

In the space
(2.3) AY(£2(C), £2(C))
= {(fien € [[ A0, Q) : V2 € C, (fi(2))ien € £2(O)},

ieN

endowed with the weak-compact-open topology, introduce AY, (£2(C), ¢%(C)),
the closure of U << o A% (£2(C), C™), which is metrizable and separable.

Recall a classical result that any compact linear operator can be approximated
by a sequence of finite-rank operators, and that any limit of a sequence of finite-
rank operators must be compact ([SS05]). Here, elements in AY(£2(C),C™)
shall be compared with finite-rank operators, and elements in AY, (£2(C), £*(C))
shall be compared with compact linear operators. Hence, we can show that

¥ (£2(C),4%(Q)) is a proper subspace of AV (£2(C), £*(C)).
Likewise, we can define

Afin(C",£%(0))

to be the closure of U<y A(CH, C™M) in A(C",£2(C)), which is also sepa-
rable and metrizable. Let A, J be two index sets counting the dimension of the
source space

(2.4)

E_ cn, ifA=1{1,...,n},
1 02(0), ifA =N,



Universal Holomorphic Maps with Slow Growth 11 59

and the target space

G cm, ifJ =1{1,...,m},
02O, ifJ=N.

As the weak topology equals the strong topology on every finite-dimensional space,
we have

A(CH,C™) = AY(CHC™),  Apn(CE2(0) = A (CL2(0).
If the target space is finite dimensional, then
B (£2(0),C™) = AY(L*(O),C™).

Therefore, we adopt the following notation:

A(Ch,C™)
= Hol(C",C™), A={1,...,n}, J= {1 ., ml,
(2.5) A¥ (F,G) :={ Agn (C", £2(0)), A={1 nt, J
AV (£2(C),C™), A=N, J=1{1,. },

W (£2(C),£2(C)), A =N, J_

In summary, we have the following result.
Proposition 2.7. The space A (F,G) is separable and metrizable.

3. PROOFS OF THEOREMS A, B, C

3.1. A key lemma. The engine is Lemma 3.4 below, which is an infinite-
dimensional version of Theorem 3.2 that is due to Desch, Schappacher, and Webb
[DSWI7].

Definition 3.1. Let I be a countable index set and v = (v;)er a sequence of
positive numbers that is indexed by I. The weighted €' (v) space over C (respec-
tively, R) is

(3.1) (v) = {(O(i)ie[ : o € C (respectively, R), Zvil(xi| < oo}
iel

with the norm

() ierll = > vil o).

iel

For I = N, define the backward shift operator

B:0'(v) - 0'(v), (&)ien = (Xit1)ien-
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Theorem 3.2 (IDSW97]). Ifsup;cy Vil (Vis1) < +oo, theneB := ¥ 5 BX/k!
is a mixing operator on £ (V).

The original statement in [DSW97, Theorem 5.2] only concerns the hyper-
cyclicity of eB, while the proof actually gives the “mixing” (see Definition 2.5),
cf. [GEPM11, Theorem 8.1].

Let A be a finite set {1,2,...,1n} or N (see (2.4)). Set the multi-index set 72
associated with A as

o (22 iA=L n},
¢ lF, ifA=N,

where
F ={(ij)jen : every ij € Z>¢ | all but finitely many i; = 0}.

In short, we write multi-indices (k;)icp € 72 as K € 72,

Definition 3.3. Let v = (Vg)gcqn be a positive weight. For any s > 1, and
K = (k], .. .,kgfl,ks,k5+1, e ), deﬁne

Ksil = (kl,...,k_gfl,k_gi 1,k5+1,...).

We call
Bs: 0'(v) = L' (v), (&K)gepr = (Xg:1)geqn

the backward shift operator with respect to the s-th index.

Introduce a partial order “>” on 72 by declaring K > K’ if and only if each
index factor of K is no less than the corresponding one of K’. We demand

(3.2) sup = <1

to ensure that for any a = (a;)ien € C2 (recall: C2 is the subset of C* consist-
ing of elements (x;);>1 such that all but finitely many x; = 0), the finite sum
Yliea aiBi and its “exponential”

k
+ 00 ( 'g/:\aiBl)
ien@iBi _ A
eient ‘go Kl

are continuous on £1(v). Since

IBs (o) geqg) Loy = D Vil Xy
Kei1l
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< D vgailoga| by (3.2)

Kei1d

< > vklekl
Ked

= (k) gegnller vy

we conclude || Bs |l g1 (p)— ¢ (v) < 1. Hence,

a;B
||eZiEAaiBi||,[71(v)a,yl(v 1—[ Z || i 1”1}1 u) ~01(v)

ieA k=0
< lail® s
il o lai
<[> - = eme Al < oo,
ieA k=0 :

Lemma 3.4. For any positive weight v = (Vi) geqs satisfying (3.2), for any
nonempty subset ] C N, and forany (a;)icn € CI\{0}, the operator T = @ j e>ier @b
is topologically transitive on (@ ;€1 (v)) 2 (see (3.3)).

To prove this lemma, we need the following result.

Proposition 3.5 (|(GEPM11]-Proposition 2.41). For everyn > 1, let Ty, be
a continuous operator on a separable Banach space Xy, with sup, o ITull < co. Let
1 < p < . Define

(33) ( é Xi)t)rl
i=1

= {X = (Xl,Xz,Xg,...) 1 X € Xi, ||X||gp = (Z ||Xi||§i)l/p < oo}.

i>1
Then, @y—1 Tn is mixing on (D —y Xn) v if and only if each operator Ty, is mixing.

Proof of Lemma 3.4. First, we consider a basic case a = (1,0,0,...). Rewrite

(3.4) ty=( P )

(ky,. )E'JA\{U

By Theorem 3.2, e is mixing on each factor £!(v.,,.) in (3.4). Hence, by
Proposition 3.5, €1 is mixing on the total space £!(v). Using Proposition 3.5
again, we see that the operator @ eBis mixing on (P 0'(v)) 2. By symmetry,
for other basic cases a = (0,...,0,1,0,0,...), the same statement also holds true.

Next, we deal with general cases a = (ai)ien € CA\ {0}. Without loss of
generality, we can assume that a; # 0. Our strategy is to construct an auxiliary
space £' (w) with positive weight w = (wk)g g2 satisfying

sup <1,

Ke1d Wit
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and a continuous map F : ! (w) — £!(v) with dense image such that the follow-
ing diagram commutes:

O (w) — s P(w)
eZich 4iBj
£ (v) £ (v).

Then, by taking the direct sum (recall (2.5)), we obtain that
EJB eRienaibi ( 6? ¢ (v))ez — ( 6}9#1(11)>€2

is quasi-conjugate to

Pt : (ngyl(w))m — (epﬁl(w))ﬁz.

J

By the preceding argument, @;e®! is mixing on (P; ' (w))s:. Hence, by
Proposition 2.4, we conclude that

@ezia\a,& . <®€1(v)>€2 — (@ﬂl(v))gz
J J /

is topologically transitive.

Now, we construct such w = (wg)geqn and F : L (w) - 01 (v).

The backward shift operator Bs can therefore be extended to the larger space
C% 5 '(v) naturally:

s 2
Bo: €%~ €%, (ak)geq — (@gen)gesp-
Define a linear isomorphism

. VAS
(3.5) Qz:C% ~ Cllzizi €Al (@)gep = D ok

Kegd

where ZX is defined as (2.2), and where K! is understood to be the product of
the factorials i!- - - iy! for K = (iy,...,1n,0,0,...), with the convention that
ZK/K! = 0 if some ij < 0. Computing

ZK
@z (Bs (k) gegr)) = D st o7 = > ok
Ke1h ' Kenl
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- 0z

0 ZK D
<KZ:;A O(K?!> N Tzs(q)Z(((xK)Keﬂ,\)),

C

we obtain the following statement.

Observation 3.6. The diagram

(:gé\ Dliea aiBi (CZZ\
(3.6) | |-
Dlien @i aizi

Cllzi:ieA]] ——— C[[z;:i € All
is commutative.
Changing coordinate system linearly by the law

<{21 = ¢1(u) = aruy,

zi = ¢i(u) = ajuy +uy, ifi=+l,

¢ = (¢p1, 2, P3,...) : C* — C induces an isomorphism between coordinate
rings
¢* :Cllzi:ie€ All - C[[u;:i € All
f(2) = fop(u).

By the chain rule, we have

2
aZi.

Z = ai

i A 132‘ ieA

Combining this with (3.6), we have the following commutative diagram:

C® P, Lz ie Al =2 C[uy i€ A]] <2 ¢

lZiEA aiB; JZiEA ai % J# lBl

C2 %2,z ie All =2 C[[u; i€ A]] <2 2.

. . . . A A .
Fix the invertible linear map F = @;logp* Lo, : C — C%. Using the next
lemma, we can choose w = (wg)ker such that, by restriction, F : ! (w) — £'(v)
is continuous.
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Lemma 3.7. Let F be C or R. Let G : B! — F! be a linear map such that for
each unit coordinate vector e; = (8ij) jer, G(ei) = 2 jer a{ej is a finite sum, where
Oij is the Kronecker symbol. Then, for any positive weight v = (Vi) icr, one can find
some positive weight W = (Wj)jer such that G : 1 (w) — L1(v) is a continuous
map with operator norm |G|l pr(w)—p (v) < 1.

Proof. For each i € I, write G(e;) = X e, a{ej, where J; is a finite index set.
Choose

(3.7) wi> > lallv,.
J€Ji

For any o = X ;c; &ie; € €1 (w), computing

G(o) = > xiGle)) = > o . alej,
iel iel Jjeli
we conclude that
IG()lprwy < D el D lallvy <D lailwi = &l g ) O

iel jeli iel

Besides the requirement (3.7), we also demand that (wk)geqn is increasing
with respect to the first index (this can be done by selecting wg inductively in
lexicographical order, or Lemma 3.8). Whence we have

so eP1 is a well-defined continuous linear operator on £!(w). It is clear that F has
dense image in ¢! (v). This concludes the proof. O

Recall (3.5). For a positive weight v = (Vi) geqn, the image of £1(v) c CNV¢
under @ is

(Pz(ﬁl(v))={ > O(KZ—K: > IaKvi<+oo}.
K!
Kei1d Kei1d

3.2. Controlling growth rates. 1f (vk)gcqn grows rapidly to some order
with respect to K, then any sequence (&) Kegh In £'(v) shall shrink reasonably
fast. Hence, the corresponding power series > Ke1d ok (ZX/K!) could converge,
and would have slow growth rate. This insight can be achieved by careful manipu-
lation of a standard technique in hypercyclic operator theory (cf. [CS91,DSW97,
BM09, GCMGPR10, GEPM11]).

For convenience later, we desire the following result.
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Lemma 3.8. There is an enumeration t : N = 12 such that, if K > K', then
(3.8) CHK) = KD

Proof. When A = {1,...,n}, such an enumeration can easily be obtained,
e.g., by using degree-lexicographic order (cf. e.g., [Eis95, p. 48]). However, when
A = N, this requires much more effort. Fortunately, we discover an enumeration
on F (see (2.1)) encoded in the structure of natural numbers as follows.

Let p; be the i-th prime number for every i > 1. Each positive integer M
can be factorized as M = pr’l e pflM‘" forsomen > 1 and kn1,..., kpyn = 0.
Thus, we can defineamap ¢ : N — F sending each M to (kum 1, ..., kmn,0,0,...).
By the existence and uniqueness of prime decomposition, t is uniquely defined and
is bijective. Whence we have that (3.8) holds trivially. O

Lemma 3.9. Let ¢ : Roo — Rsg be a continuous function satisfying (1.1). Fix
a basis

{Pg(z) = ZX /K geqp

of C[[zi : i € All. Then, one can choose v = (VK) gegp such that (3.2) and the
Jollowing considerations hold simultaneously:

(1) The direct sum of maps (recall (2.5))
B o (PLw), - AfEG
J J

J . J
((og;)ijeqp)jer = ( 2. &g, P; (x))jej
KjeIt

is a well-defined continuous linear map.
(2) Thismap D; @x : (B L1 (V)2 — AL (F,G) has dense image.
(3) Forany o € (@1 (v)) 2, one has

| D P ()|, < I&lli@, 010y, - DX (¥ x €F).
J

Proof-
Step 1. Assume for the moment G = C. With the enumeration ¢ : N = 72

defined above, we relabel Py (x) := P, (k) (x) and select Uk := v (k) inductively for
k=1,2,3,... as follows.

Since ¢ grows faster than any polynomial, we can find a sequence of positive
radii {Rk}ken such that

(3.9) Blxl) = 2X1Pe(x)] (Y lx] = Re).
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We now choose an increasing sequence (Ux)k>1 inductively (hence, (3.2) is satis-
fied; see Lemma 3.8) obeying the extra law

(3.10) ﬁk>max{ ! sup 1B, = ﬁkl}

b (0) xj<r, 2k
(k=1,2,3,...; Dg:=1).

Then, for any « € £!(v), we have

|@x () (x)]
< D aml PO+ D eunl - [Pm(x)]
m:|xl|<Rm M:Rm <[l x|l
N 1
< D oml Dm0+ D I(xml-z—mcb(llxll) by (3.10), (3.9)
m:l| x| <Rm MRy <|l x|l
< D oml Dmd @) + D> Joml| - Om - dUIx]) by (3.10)
m:|xl|<Rm M:Rm <[ x|l

< D leml - Om - PUlx)
= llxllgrw) - plxlD).

This ensures that the image of @ is contained in A% (F, C), since the power series
converges as follows:

|@x () (x)| < [lxllprvy - PIx]) < +o0  (x €F).
Moreover, we can see that @y : £!(v) — AY(F, C) is continuous by the estimate

@y (1) (X)) — @x(2) (x)] = [@x (1 — 0x2) (x)]
< [y = a2 llprv) - P(R)
(V1,00 € 1 (v), ¥V |lx|| <R).

Since the set of all polynomials constitutes a dense subset of AY(F,C), we
conclude that @ has dense image.

Step 2 For general G, we choose vy inductively as (3.9), (3.10). Likewise, our
goal is to show

B1) D o), < lell@, nwy, - dUXD (VX €F).
J
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Repeating the same argument as in Step 1, we can obtain for each component of
— J
o = ((Xg;)g;eg2) jes an estimate

(3.12)

| > kP, ()| < k) enllow) - pUixID  (Vx €F,Vje)).
K1t

Hence the desired estimate (3.11) holds:

[@oxweof= (2] 3 akreol)”

JjeJ K; e:lc

< (Sl el - XN by (3.12)

JeJ

i 1/2
= (S lltedk ) enlliw) - bl
JjeJ
= llatll @, 01wy - PUIXID (¥ x € F).

Therefore, @; @x : (B; (V) — AY,(F,G) is continuous and has dense
image. |

3.3. A uniform proof for Theorems A, B. Take a basis

K
{PK(Z) = f{'} of C[z;:i €Al
© ) Kehd

Choose a positive weight v = (Vi) geqr as in Lemma 3.9. Notice that for a =
(ai,...,an,0,0,...), we have

Ta(Z(xKZK) = eZin1aid (Z(XKZK>

by the Taylor expansion. Combining with (3.6) and Lemma 3.9, we obtain the
following quasi-conjugate relation for every alk! = (agk])ieA eCM\ {0}, k>1

k
@ eZich al¥p;

(@Jﬁl(v))ﬁl (@Jﬁl(v))ﬁl
l@]@z J@]Q?z
A¥(F,G) Tatl ¥ (F,G).

.. klp .
Condition (3.2), guaranteed by Lemma 3.9, ensures that each e>i=r @i Bi js
continuous. Then, Lemma 3.4 applies to show that the operator

@ezma 'Bi . ( @el(v))gzq @ﬂl(v))gz
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is hypercyclic. It follows from Proposition 2.2 that Ngen HC(ED [ e>ien a"'Bi) is 2
Gs-dense subset for any countable {a® }ren € CA. Let B(0, 1) be the closed unit

ball of (B;¢'(v))p. By Lemma 3.9, for any & € ey HC(B; eXien “Ek]Bi) N
B(0, 1), we have

D ex(@ @), <dizl) (vzep.
J

Since @ @« is continuous and the orbit of & under each operator eSitia B i
dense, by Proposition 2.4, the orbit of @; @ (x)(z) under each operator T,
must be also dense in AY, (F,G). Hence, @; @ (x)(z) is a common hypercyclic
element for all {T 4}, Summarizing, we conclude

(@ @x) () HC (@ eZ=r %) A B(0, 1))

keN J

C () HC(Taw) NSy C A (F,G).
keN

For the finite-dimensional case where A¥, (F,G) = Hol(C", C™), applying Lemma
4.1, we obtain

(©w.)( () He (@ es™) ns0.n) <

keN J
c () () HC(Ty.qm) NSe C Hol(C",C™).
reRy keN

3.4. Proof of Theorem C.

Observation 3.10. For any integer m > 1, there exists some transcendental
growth function ¢ of the shape (1.1), such that for every F € Hol(C,C™) with
slow growth

IF(2)Il < ¢dizl) (Vze),

the set
{a € S! : F is hypercyclic for T}

has zero Hausdorff dimension.

Proof. Take one ¢ satisfying Theorem 1.8. Let F; be the first coordinate factor
of F = (Fy,...,Fm). Note that if a € S! is a hypercyclic direction for F, it must
be also for F; € H (C). By Theorem 1.8, we conclude the proof. O

Proof of Theorem C. We only need to verify the case that n > 2. Take a growth

function ¢ of the shape (1.1) such that Theorem 1.8 holds true. Define <;[)(1’) =
¢ (r//n). We claim that, for any F € S¢; N Hol(C", C™), the set

(3.13) Ir:i={ee S 1. Fis hypercyclic for T}
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of hypercyclic directions of F has Lebesgue measure zero.
First, we show that Ir is Lebesgue measurable. Take a dense countable subset
{@;j}j=1 of Hol(C", C™) with respect to the compact-open topology. Define

I(j, k) := {e eS™M AN e 7, : sup ITuoF(2)-yji(2)] < %} (Vk,jez,),

|z|<k
which are clearly open. Whence we have that Ir = (51 (k=1 I(j, k) is measur-
able.
Next, we prove that Ir has zero Lebesgue measure. For any

a=(ay,...,an) €Ip c 1 cC?,

find some |a;| = maxi<j<n |ai|. Then, define

(3.14) fa(2) ::F(&Z,---,MZ,Z, Aty . @Z),

a; a; a; "aj
which is clearly an element in S¢ N Hol(C,C™), since F € S § guarantees that
n

Ifa@l < b(( X

i=1

ai

2 1/2 .
u@ )<wﬁaun=wmm

J

Mimicking (3.13), we denote I, C S! the set of hypercyclic directions for f.
We claim that f; € HC(T,;) N Hol(C,C™). Indeed, direct computation shows

Tn-a;fa(2) =F<ﬂz+n-al,...,z+n-aj,...,ﬂzﬁtn-an)

aj aj
=Tn.aF (@z,...,z,...,@z> .
aj aj
For any g € Hol(C,C™), we can regard it as an element g in Hol(C",C™) by
setting g(z1,...,2zn) = g(zj). For any compact disc K of C centered at zero, and
any € > 0, since a € If, there is some n > 1 such that Ty.4F(+) approximates
g(+) uniformly on K X - - - X K (n times) having error less than &. Therefore, for
any z € K,

a a
Tn-ajfa(Z) =Tn.aF (—12,...,2,...,—n2>
aj aj

A [ a1 an
=d|\—2z,...,Z,...,—Z :g(z),
aj aj
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that is, Ty.q, fa can approximate g on K up to error €.

Summarizing, f; € S¢ N Hol(C,C™) N HC(Ty,), whence a;j/la;l € Iy, by
Lemma 4.1. Now we look at the Hopf fibration S' — §2"~! — CP""! induced
by
cm\ {0} _ §2n-1
c\{o} ~ !

The S! fiber of [a] € CP™* ! is given by the image of

cp =

i(l . §1 o §2n—1

el — (are®, ... ane'?).
Repeating the above argument, if (a1, ..., ane'?) e Ir, we set the following as
in (3.14):
a,ei® aj et a1t a,ei®
foiog(2) :=F 52 5% 2, 5% 52
ajet ajet ajet ajet
ay aj—1 Aj+1 an
=F<—;,...,—_z,z, —Z,...,— 2 = fa(2).
aj aj aj aj
Then, ’
ajet® aj

i0
— = etels, =1If,.
|ajele| |aj| felga fa

By Observation 3.10, I, has Hausdorff dimension zero, and hence has Lebesgue
measure zero.

Since the same statement holds for the intersection of Ir with the Hopf fiber
S! above any [a] € CP""!, by the Fubini theorem, we conclude that Ir ¢ $2"~!
must have 0 Lebesgue measure. O

4. PROOF OF THEOREM D
4.1. Plan. Regard C" as R?" by reading each

(zm = Xom—-1 + V=1 Xom)1<m<n € C"
as (Xj)1<j<an € R?™. Denote the hypercubes

Q(O0,R) := {(xX1,-..,%m) : Ixil <R, i=1,....2n} c R =C"
Q(a,R):=a+Q(0,R) (VR >0, acR>").

We will prove Theorem D as a corollary of Lemma 4.1 (2) and Theorem 4.2
below.
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Lemma 4.1. Let Y be a connected Oka manifold. For any 6 € 0Q(0,1) and
b € R, - 0, in Hol(C",Y) with the compact-open topology, one has

(1) HC(Tg) = HC(Tp) (¢f’ [GX23, Lemma 1.5]);

(2) FHC(Tg) = FHC(Tp).

Note that (1) is reminiscent of [CS04, Theorem 8]. We will show (2) (see also
a similar result in [BGO06]) in Section 4.24.2.

Theorem 4.2. LetY be a connected Oka manifold.

Then, Nocaqo,1) FHC(Te) contains a dense subser of Hol(C", Y') with respect to
the compact-open topology.

The proof will be reached in Section 4.44.4, by manipulating a certain sophis-
ticated configuration of closed hypercubes whose union is polynomially convex.

4.2. Proof of Lemma 4.1 (2). By the argument of [CS04, Theorem 8], (2)
follows with a minor adaptation (cf. [GX23, Lemma 1.5]). For readers’ conve-
nience, we provide the details here. (Note that this result fits into a very general
property of semigroup of operators; see [CMP07].)

Fix a complete distance dy on Y. Suppose f € FHC(Tg). Our goal is to show
that, for any g € Hol(C",Y) and ¥ > 0, we can find some set A C N with positive
lower density such that

(4.1) max dy(Tmsf(2),9(2) <~ (Vm € A).

zeQ(0,7) r

Since g is uniformly continuous on Q(0,7+1), we can take a positive number
S < 1 such that

1
(4.2) dy(g(z1),9(z2)) < 3r

(V z1,2z2 € Q0,7 + ), with ||z — z21| < V/nd).
Choose sufficiently many residue classes {[ci]}i‘:1 inR - b/Z- b such that

(4.3) {[Ci]}f:1 are 0-dense

in the sense that any vector ¢ € R - b can be approximated by a representative
c; of some class [¢;] within tiny distance ¢ € Q(c}, ). This can be achieved by
requiring k > 1 sufficiently large.

Next, for i = 1,2,...,k, we subsequently select some representatives ¢; €
R - b of [c;] far away from each other so that the closed hypercubes Q(éi, v + 0)
are pairwise disjoint. Therefore, U’i<=1 Q6,7 + 0) is polynomially convex (see
Lemma 4.5).

Now we define a holomorphic map g, on a neighborhood of Ule Q(é;,7v+96)
by translations of g

(44) ) ro(éilr+6) (.) = g(. - CAl) (l = 1121"'1k)'
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Since Y is Oka, by the BOPA property [Forl7, p. 258], we can “extend” g5 to a
holomorphic map g from a neighborhood of a large hypercube Q(0, R) with

(4.5) R > ma>§<{||éi||}+r+6

SIS

to Y within small error (see Remark 4.3)

k
, 1 .
(4.6) dy(§(2),9:2) < 5 (Vze Q7 +0)).
i=1
As f € FHC(Ty), there is some {nj};-rz c N with positive lower density such
that
A 1 .
(4.7) sup dy(Tn;.0f(2)9(2)) < 7= (Vj=1).

2€Q(0,R) 3r

For each nj, at least one vector in {n; - 0 + éi}le is near to 0 + Z - b within the
uniform distance 9, because the segment between (-1 —9) - 0 and (-nj+6) - 0
cannot avoid all vectors in {¢; + Z - b} <i<k by our construction (4.3). Hence, we
can rewrite

(48) nj-9+éij:mj-b+6;
foroneij € {1,2,...,k}, m;j € Z, and some residue
(4.9) ||5;'|| < o6l < V/né.

Summarizing (4.2), (4.4), (4.6), (4.7), for any z in Q(0,7), we obtain

T, f(2) = f(m; - b +2)
=f(nj-a+dé; - 6} +z) by (4.8)

~ §(6i, — 8+ 2) by (4.5), (4.7)
~ g2(Ci; — 0+ 2) by (4.6)
=g(-6+2) by (4.4)
~ g(z) by (4.9), (4.2).

Thus, the estimate (4.1) is guaranteed by adding up small differences in the above
three “=.”

Lastly, it is clear that for sufficiently large s one has {m;};>s C¢ N. We
claim that this set has positive lower density. A delicate place needs some cau-

tion; namely, different n; and 1; might contribute the same m; = m;. However,
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noting that {[lcill + o }k L s umformly bounded, the repetition multiplicity of
each element in the sequence {m1,} j>¢ is uniformly bounded from above by some
constant O (1) < co. Thus, we conclude the proof by (4.8) and the positive lower
density of {n;}j>1.

Remark 4.3. Now we explain how to use the BOPA property in our setting.
Let F : J; Qi — Y be a holomorphic map defined near some disjoint hypercubes
{Qi}i. By the connectedness of Y, we can extend F to a continuous map F from
C" to Y. Hence, by the BOPA property, we can deform ¥ to some holomorphic
map which approximates F very closely on |J; Q;.

Here is some extra detail. Every hypercube Q; is contractible. Hence, we
can first continuously extend F to the union of some disjoint neighborhoods
Vi O Q; such that the image of each F(dV;) is some point y; € Y. As Y is
connected, we can find a continuous path y : R — Y passing through these points
{yi}i, say ¥ (i) = y; for each enumeration i. Now, we define a continuous map
G : U; 0Vi — R mapping each 0V; to the constant i. By Tietze’s extension theo-
rem, we can extend G to some continuous map G : C" — R. Thus, we can write
a continuous extension of F:

ﬁ'( ) = F(z), VzelUVi,
2= yoG(z), Yz¢lU;Vi

4.3. Hypercubes arrangement.

Definition 4.4. For a compact subset K C C", the polynomially convex hull
of K is

={weC": |P(w)| <sup|P(2)|, VP € Clzy,...,znl}.

zek

Note that K is called polynomially convex if K =

Lemma 4.5 (IBG17]-Lemma 2.3). For two polynomially convex compact sub-
sets X, Y C C" = R™, if they can be separated by some real affine coordinate hyper-
plane {x € R™ : x; = a}, forsome 1 <i<2n, a € R, then X U'Y is polynomially
convex.

The proof of the above lemma is straightforward.1 Now, we use Lemma 4.5
to provide our key construction.

Lemma 4.6. Let 0 < § < 1 and k € N be given. Then, one can find positive
integers No = No(k,0), Ro = Ro(k,0), such that, for any integer N > Ny, R >
Ro, the domain Q(0,R + N) \ Q(0,R) contains a family of pairwise disjoint closed
hypercubes {Q(ai,k+ 6 )}ietgys with the following two properties.

\We thank an anonymous referee for pointing out that such a lemma can be traced back at least to
[Kal65] as a corollary of Kallin’s lemma.
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(1) For any 0 € 0Q(0,1), for some m € N, the hypercube Q(m - 0,k) is
contained in one of {Q(ai, k + 6)}iery ;-
(2) ForanyL € (0,R), the union of the disjoint hypercubes

U Qai,k+6) uQ,L)

i€IR k.6

is polynomially convex.

Form = 1,...,2n, consider the closed cones
Fom-1:= {(x1,X2,...,X20) 1 Xm 2 0, |xj| < |xXml, Vj=*m},
Fom = {(x1, X2, ..., Xon) : Xm <0, |Xj] < |xml, Vj+m}.

We can use these cones to partition 0Q(0, 1) as the union of

{0Q(0,1) N Fs}i<s<dn-

Likewise,

Q(0,R+N)\Q(O,R) = |J Fsn(Q(O,R+N)\Q(0,R)).

1<s<4n

A proof of Lemma 4.6 will be reached after the following more tractable result.

Lemma 4.7. Let0 < 6 < % and k € N be given. Then, one can find positive
integers N = N(k,8) and Ry = Ro(k,0), such that, for any R > Ry, for each

1 < 5 < 4n, there exists a family {Q(al* k + 0)} jerls) of pairwise disjoint closed

hypercubes, with centers al[-s] inFs N (Q(0,R +N)\Q(O,R)), such that the Jollowing
two properties hold true:

(1) Forany 0 € 0Q(0,1) N Fy, for some m € N, the hypercube Q(m - 0,k) is

contained in one of{Q(al[-S], k+ 6)}1'6&[5115'

(2) The union of disjoint hypercubes

U Q@ k+9)

L]
le&kﬁ

is polynomially convex.

Proof. By symmetry, we can assume S = 1. Take the integer

l.— {4k+2

5 +1J+1
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where | - | means rounding down. Select

N:=Qk+1) -*"1+1,
Ro:= 2k +1) - (1P 1 =2,
rj:==Qk+1)-j+R (j=1,....," ),

. 2k+1
" 2k+1+R’
0o := 0
2k +1)-12n-1 + R’
A = {(1,32A,S3A,...,32nA) : (SZJ""SZ‘VL) € Zzn71}1
B:= {(0, 280,380, -+, tanbo) : (t2,...,tan) € ZZ57 Y

ti<l—1, Vi=2,3,...,2n}.

Enumerate B as {bi}f:"; ', Consider the following grid points on 0Q(0,1) N F;:
(4.10) Aj:=(bj+A)nF (G=1,...,1""h.
We claim that the family of hypercubes

{Qai' k + &)} U {Q@j-ak+06)taen,

P
i€l
Rko 1<j<ian-!

satisfies the desired properties (1) and (2).
First, by the estimate

R<rj=Q2k+1)j+R<Q2k+1DP"'"+R<R+N,

we can check that the centers are in the target region (see (4.10))
{agﬂ}ie% = {rj - alaca,1<j<pn1 C (Q(O,R +N) \ Q(0,R)) N Fy.
Next, to show (1), we associate each point

aec U ./'le

1<j<sian-t
(see (4.10)) with a smaller hypercube Q(a, §¢). Hence, we can check that

U U Q@,s0) 22Q(0,1)nF,

I<j<lPn-laeA;
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by the width estimate

4k+2_ o)

10) 2k + 1)12n-1 + R
B 4k + 2
2k + 121+ R

2k + 1
>—
2k +1+R

l-50>

() =A,,
where the inequality () isdueto R > Rg = 2k + 1) - (12n-1 _ 2y,

Hence, any 0 € 0Q(0,1) N F; is contained in some Q(a, 8y) fora € Aj,
1 <j <P Since

5 <5
2k +1)-12n-14+R 7

¥j-00=((2k+1)j+R)-

we obtain that7; - 0 € Q(Tj - a, ). Whence we have that
Q(rj - 0,k) cQ(rj-a,k+9).

Lastly, we show that the hypercubes in the family {Q(ai, k + 98)}

. _[1] are
i€lp s

pairwise disjoint, and satisfy (2). Indeed, for every j € {1,2,...,12""1}, since

2k +1

rj-Az((2k+1)J+R)-2k+l+R =2k +1>2(k+06),

the hypercubes {Q(Tj “a,k + 0)}aea; are pairwise disjoint. Noting that cen-
ters a are placed on the grid Aj, by using Lemma 4.5 repeatedly, we see that
Uaea, Q(vj - a,k + 8) is polynomially convex. Moreover, for any two distinct
j,j in {1,2,..., 12" 1} since

lrj—ryl=Qk+1)-[j—j1>2k+1>2(k+0),

it is clear that Uyea;, Q(rj - a,k + §) and Uaea, Q(rj - a,k + §) are disjoint.
Hence, by using Lemma 4.5 repeatedly, we see that

U U Qoj-ak+96)

Isj<lPn-laeA;

is polynomially convex. O

Proof of Lemma 4.6. Borrow two positive integers N' = N'(k,6) and Ry =
Ro(k,8) from Lemma 4.7. Select Ng = (4n + 1) - (N’ + 2k + 2). Now, we
claim that, for any R > Ry, N > Ny, there are pairwise disjoint closed hypercubes
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{Q(ai, k+ 0) }ierz s contained in the domain Q(0,R +N) \Q(0, R), which satisfy
(1), 2).

Take
Rnu=R+ (N +2k+2)-m (m=1,2,...,4n+1).
By Lemma 4.7, for each 1 < m < 4n, since
(Rm+1—k—1)—(Rp+k+1) =

there is a family of pairwise disjoint closed hypercubes

Q@™ k+8)},_im

lerRm+k+1 k, r)

with centers in Fp, N (Q(0,Ryps1 — k — 1) \ Q(0, Ry, + k + 1)), such that
(a) For any 0 € 0Q(0,1) N Fy,, there exists some | € N and some
i € T snis With

Q- 6,k) c Q™ k+ o).

(b) The union of {Q(a[m k + 6)}ler[m s is polynomially convex.
Our desired family of hypercubes is nothing but
Q@i k+ O }iene, = U Q@™ k+6)},_om

Rm +k+1, kﬁ
lsm<4n

Obviously, these hypercubes are pairwise disjoint, since for each 1 < m < 4n,
the family of hypercubes

Q@™ k+8)} o € QO Rms1) \ Q(0, Rin)

are pairwise disjoint, and the domains {Q(0, Ryp+1) \ Q(0, Rym) } 1 <m<4n are also
pairwise disjoint.
We can check that all the hypercubes {Qa;, k + 6 )}ierz, s are lying in the

domain i .
Q(0,R4n+1) \ Q(0,R1) € Q(0,R + N) \ Q(0,R).

It is clear that (1) can be deduced from (a), since

2Q(0,1) = |J 2Q(0,1) nF;.

1<i<é4n

Now we check (2).
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For any L < R, the coordinate hyperplane {x € R?" : x| = L + 1} separates
Q(0,L) and UierIE” s Q(agl], k + 6). By (b) and Lemma 4.5, we see that the
1+ +1,k,
union

U Q@ k+8) uao,L)

- rll]
1€lR L1 ks

is polynomially convex. Subsequently, forall j = 1,2,...,2n, since

U U Q@ k+8uvao,L),
1<s<2j-2i€lf) 1 es

U Q@ " k+s)

-1]
lerRZJ | rk+1k,5

can be separated by {x € R2" . Xj = Ryj-1}, while

U U Q@ k+6)uQo,L),

1<s<2j-1iell) i es

U Q@ k+s)

- 2]
L€TR v 1k,

can be separated by {x € R?" : x; = —R; 7} using (b) and Lemma 4.5 repeatedly,
eventually, we get the polynomial convexity of

U U Q@ k+s8) udo,L). O

ierls]
I<s<4ni€lpiipiixs

4.4. Proof of Theorem 4.2. First of all, we need the following result.

Lemma 4.8 ((GEPM11]-Lemma 9.5). There exist pairwise disjoint subsets
AL V) of N for all I, v € N, having positive lower density, such that, for any n
in A(L,v) and another different m + w in some A(k, ), one hasn > v and
n-m|=zv+u

Our goal is to show that, for any given holomorphic map g : C" — Y and
R € Z, there exists a holomorphic map f € Ngeaq(o,1) FHC(To) such that

(4.11) sup dy(f(z2),9(2)) <
z€Q(0,R)

Remark 4.9. It is well known that, for any two smooth connected manifolds
X’ and Y’, the smooth mapping space C*(X’,Y") equipped with the compact-
open topology is separable. In particular, C*(C",Y) is separable, so is the closed

subset Hol(C",Y) c C*(C",Y).
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Proof of Lemma 4.8. Take a countable dense subset {(;}i>1 of Hol(C",Y).
For each j,1 € N, by the uniform continuity of /; on the compact closed hyper-
cube Q(0,1 + 1), we can find a sufficiently small positive number 514/ < 1 such
that

1
(4.12) dy(@j(z1),@j(z2)) < 3
(V21,22 € Q0,1 + 1), with z, € Q(z;, 5b11).

Applying Lemma 4.6 upon §'%/] < 1 and I € N, we obtain positive integers

N = NEP 80, R = RIS (WL e N).

Since there is an enumeration on the index set N X N (see Lemma 3.8), we can
subsequently choose positive integers Ntbi1 > N for each pair (1, j) along the
enumeration, such that (1,2NJ1)y = (I, 2Ny if (1,7) = (I',j"). Hence,
Lemma 4.8 yields a family {A(j,2N!biN} ;e of pairwise disjoint subsets of N
having positive lower density. Set

B(j,2NWily .= {p € A(j, 2Ny . p > RIVT 4 NTLIT 4 R},

which also has positive lower density.
Write all elements of Uy jen B(J, 2N1E1) in the increasing order as

(413) {nk}ZZ’I.

Then, for each ny € B(j,2N4), we define jx = j, Lk = l. Assign each ny a
domain

Ay := Q(0, ny + NUedkd) \ Q(0, ny — Nty (v k > 1).
By Lemma 4.8, we have

(4.14) ng + NlJkl < Nis1 — (2N[lk+l:jk+1] + 2N[lkyjk]) + NlJi]

< Ngaq — Nk+tjre] (Vk=1).

Hence, Ay are pairwise disjoint for all k > 1.
Applying Lemma 4.6, in each A, we can insert pairwise disjoint closed hy-
percubes

Cr = (Q(al¥, I + sty iy,

.— 10(a. gk yy .
= {Q(a‘li lk +0 )}lernk—N[lk’jk],lk,ri[lk'jk]'

such that following two properties hold:
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(i) For any 0 € 0Q(0, 1), for some m € N, the hypercube Q(m - 6,1)
is contained in one of {Q(agk], L + Sl icq, .

(ii) Set By := Ujen, Q(a, Iy + 8tik]). Then, for k = 1, B; UQ(0,R)
is polynomially convex; for every k > 2, by (4.14), the union

By U Q(O,’I/Lk,l + N[lk—lljk—l])

is also polynomially convex.

We can define a holomorphic map g on a neighborhood of each By by trans-
lation:
(4.15)
g (2) = wj(z-a) (Vk=1, VieA, VzeQahM, k+ slhidy,

Since Y is Oka, we can inductively use the BOPA property (see Remark 4.3) to
construct a sequence of entire maps { f}n>0 as follows. Fix a sequence of positive
numbers {&x} k=1 shrinking rapidly, to be specified later. Starting with fj := g, by
(ii) and the BOPA property, we can find a next holomorphic map f; : C" - Y
such that

sup  dy(f1(2), fo(2)) < &1,
zeQ(0,R)
sup dy (f1(2),91(2)) < €.

z€B;

When fo, fi, ..., fx have been selected for k > 1, again we use (ii) and the BOPA
property to obtain a subsequent fi+1 with

sup Ay (fi+1(2), fx(2)) < €1,

2€Q(0,ng+NtkJk)

sup dy (fx+1(2), gk+1(2)) < k1.

Z€Bk+41

It is clear that the limit f : C" — Y of { fx}k=1 is a well-defined holomorphic map
satisfying

+00
(4.16a) sup dy(f(2),9(2)) < D &,
zeQ(0,R) i=1
+00
(4.16b) sup dy (f(2),gx(2)) < D &.
zeBy i=k

Now we can subsequently choose & for k = 1,2,3,... shrinking rapidly, such
that

+
3

1 < 1
(4.17) 2 E<g and Eksi < T

,.
I
—_
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Therefore, the obtained f satisfies (4.11). Moreover, we claim that it approx-
imates each ; frequently under the iterations of the translation operator Ty for
any 0 € 0Q(0, 1).

Indeed, for each /;, and for any error bound € > 0, by taking a large I € N
with 1/1 < &, we obtain a set B(j, 2Nbily with positive lower density. Recalling
(4.13), for every ny € B(j,2NJil) with t > 1, by (i), we can find an integer M
and one hypercube Q(a, 1 + Sy in the family C; such that

(4.18) Q(m; - 6,1) c Q(a,l+ 61y c Q0, ny + NB1)\ Q(0, ny — N1y,

By our previous construction, it is clear that (I¢, jt) = (I, j). Therefore, we can
estimate

sup Ay (Tm,.0f(2),@j(2))

zeQ(0,])
= sup dy(f(2),yi(z-m;-0))
zeQ(m¢-0,1)
< sup  dy(f(z),yj(z—-a))
zeQ(a,l+6Mbil)
+ sup dy(@j(z-m;-0),pj(z—a)) by (4.18)
zeQ(a,l+6Mbil)
1
< sup dY(f(Z),(,UJ‘(Z—Gl))‘Fi by (4.12)
zeQ(a,l+6Mbil)
+ o0
<> e+ by by (4.15), (4.16)
i=t
1 1 1
<2—l+2—l=1<£ by (4.17).

Lastly, (4.18) implies that |m; —n¢| < N'bJl, By Lemma 4.8, any two distinct
integers 1, Ny in B(j, 2N satisfy [ny — ngl > 4NLLI1 Therefore,

Imy —my| = [(ny —ny) — (g —my) + (g —my) | > 4N NI NTLIT S 0,

Hence, the corresponding sequence of integers {m¢}y,, cp(jonitiy has positive
lower density, inherited from that of B(j,2N (Lily, O

APPENDIX A. AN ALTERNATIVE PROOF OF THEOREM 1.13

The proof is inspired by that of Theorem 1.7 [CS04] in whichn =1, Y = C.

By Lemma 4.1 (1), we only need to prove the following result.

Theorem A.1. Let Y be a connected Oka manifold, and n > 1 an integer.
Then, in Hol(C™,Y') with the compact-open topology, Nacaqio,1) HC(Ta) contains a
Gs-dense subset.
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Proof- Take a dense subset {/;} j=1 of Hol(C",Y) (see Remark 4.9). For any
(a,b,k,j) € N4, set

E(a,b,k, j) = {f € HOl(C",Y) : ¥ 0 € 3Q(0, 1), Jinteger s = 5(0) < a

such that  sup dy(Ts.0f(2),@j(2)) < l}
2€Q(0,k) b

By Definition 1.3, MNocaq,1) HC(To) 2 Npk,j>1(Uas1 E(a, b, k, j)). Hence, we
only need to show that U,>1 E(a, b, k, j) is a dense open set.

First, every E(a, b, k, j) is open. To see this, for any f € E(a,b,k, j), we
have

N

sup min { sup dy(f(2),T-s.oy;(2))} <
0€0Q(0,1) 1<s<a zeQ(s-0,k)

Hence, we can take a positive 0 with

1 .
0<y - sup min{ sup dy(f(2),T-s.op;(2))}
0€0Q(0,1) 1ss<a zeQ(s-0,k)

and obtain an open neighbourhood of f

Nfsaosa-k = {h € Hol(C™,Y) : sup dy(h(z), f(z)) < 6},
zeQ(0,5a-k)

which is clearly a subset of E(a, b, k, j).

Next, we claim that each U,>1 E(a, b, k, j) is dense. We only need to show
that, for any given holomorphic map g : C" — Y and R > 0, there exists some
F € Uys1 E(a,b,k, j) such that

(A.1) sup dy(F(2),9(2)) < %
zeQ(0,R)

By the uniform continuity of /; on compact sets, we can find a sufficiently
small positive § < 1 such that

1
(A.2) dy(j(z1),pj(z2)) < b

(V 21,2, € Q(0,k + 8), with z, € Q(z1,8)).

Applying Lemma 4.6 for the 6 and k € N, we obtain a sufficiently large
number ¥ > [R] + k satisfying that there are finitely many pairwise disjoint closed
hypercubes {Q(a;, k + 0)}ier, s outside Q(0,7) such that for any 0 € 0Q(0, 1),
there are some m € N and [ € T 5 with

(A.3) Q(m - 0,k) c Qa;, k + 6).
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On some small neighborhood of the union of the disjoint hypercubes

U Qai,k+6)uQO,R),

i€l k5

which is polynomially convex by Lemma 4.6, we define

(A.4) G(z) = {g(z)’ for z near Q(0, R),

Yj(z—ayq), forz near Q(a;, k+6), Vi € L k.s-
By the BOPA property of the Oka manifold Y ([For17, p. 258] and Remark 4.3),

we can find some holomorphic map F : C" — Y approximating G within tiny
deviation

. {1 1}
min |
(A.5) dy(F(z),G(2)) < —
(Vze U Qra-041k+38) UAWOR)).
i€l ks

Then, (A.1) is automatically satisfied, and F € ;> E(a, b, k, j), because

sup dy(Tm.oF(2),y;(2))

z€Q(0,k)
= sup dy(F(2),p;(z-m-0))
z€Q(m-6.,k)
< sup  dy(F(z),yj(z—ap))
zeQ(ay,k+6)
+ sup  dy(pi(z-m-0),pj(z-ap) (by(A3))
zeQ(ay,k+6)
1
< sup  dy(F(2),yj(z—ar) + b (by (A.2))
zeQ(ay,k+6)
1
= sup dy(F(z2),G(2)) + 2 (by (A.4))
zeQ(ay,k+6)
<% (by (A.5)). O
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