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Abstract
We design an Algorithm to fabricate universal holomorphic maps between any two
complex Euclidean spaces, within preassigned transcendental growth rate. As by-
products, universal holomorphic maps from C

n to CP
m (n ≤ m) and to complex tori

having slow growth are obtained. We take inspiration from Oka manifolds theory,
Nevanlinna theory, and hypercyclic operators theory.

Mathematics Subject Classification 32A22 · 30D35 · 47A16 · 41A20 · 32H30

1 Introduction

About one century ago, in the space H(C) of entire holomorphic functions, Birkhoff
[3] constructed surprising examples F : C → C with the universal property that
every H ∈ H(C) can be reached as a limit by translations of F , precisely, for certain
sequence {aH ,i }i≥1 of complex numbers there holds

lim
i→∞ F(z + aH ,i ) = H(z) (∀ z ∈C). (1.1)
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The original construction often appears in exercise of complex analysis (e.g. [32,
pp. 69–70, ex. 5]).

For source spaces with certain symmetry, there might be also “universal” holomor-
phicmaps into a certain class of complexmanifolds. In hindsight, the existence of such
maps is intimately related to Oka theory [14, 15], which originated (1939) in Kiyoshi
Oka’s celebrated articles on Cousin Problems I and II [28]. Major developments have
been made by Hans Grauert [18], Mikhail Gromov [19] and Franc Forstnerič [12, 13]
(cf. [15] for detailed account). The simplest, among a dozen, characterization of Oka
manifolds is given by Runge’s approximation property [12].

Definition A complex manifold Y is an Oka manifold if every holomorphic map from
a neighbourhood of a compact convex set K in a Euclidean spaceCn (for any n ∈ Z+)
to Y is a uniform limit on K of entire maps Cn → Y .

Basic examples of Oka manifolds includeCm ,CPm , and complex tori Tm . A result
of Kusakabe [24, Theorem 1.4] shows that, given an Oka manifold Y , for any source
space X with mild symmetry, there are plenty of “universal” holomorphic maps from
X to Y .

One philosophy in algebraic geometry is that key information of a variety can be
read off frommoduli spaces of certain curves or subvarieties it contains. Similarly, for
seeking quantitative invariants of a given Oka manifold Y , we shall likewise study the
spaces Hol(X ,Y ) of holomorphic maps from various open source spaces X to Y , and
certain subspaces U (X ,Y ) consist of “universal” holomorphic maps are particularly
interesting.

There is a natural Nevanlinna functional on the space Hol(X ,Y ), which associates
an element F : X → Y with its (certain) Nevanlinna characteristic function TF (•) :
R≥1 → R≥0, capturing the asymptotic growth rate of F . An interesting problem is thus
studying “possible minimum” of the Nevanlinna functional on subspacesU (X ,Y ) ⊂
Hol(X ,Y ) forOkamanifoldsY and various source spaces X . One potential application
is about classification of Oka manifolds.

We start with the fundamental case where X = C
n and Y = C

m,CPm , or Tm ,
having certain linear structure. One motivation is a challenge [10, Problem 9.1]
raised by Dinh and Sibony, about determining minimal possible growth T f (r) of
universal entire holomorphic/meromorphic functions f : C → CP

1, in terms of the
Nevanlinna–Shimizu–Ahlfors characteristic function

T f (r) :=
∫ r

1

d t

t

∫
Dt

f ∗ω (∀ r ≥ 1),

where ω is the Fubini-Study form on CP1 giving unit area, and where Dt := {z ∈ C :
|z| < t}.

An easy observation is that, a universal holomorphic/meromorphic function f must
have infinite area

∫
Dt

f ∗ω → ∞, as t → ∞,
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for otherwise by complex analysis [27, p. 10, Theorem 1.1.26], f can be extended
holomorphically across the infinity {∞} = CP

1\C and hence f : CP1 → CP
1 is a

rational function, contradicting the presumed universality.
Thus the growth T f of a universal holomorphic/meromorphic function f must be

sufficiently fast

lim inf
r→+∞ T f (r)/log r ≥ lim

r→+∞
1

log r

∫ r

r0

d t

t

∫
Dr0

f ∗ω =
∫
Dr0

f ∗ω,

where
∫
Dr0

f ∗ω tends to infinity as r0 → +∞.

On the other hand, given any positive continuous nondecreasing function ψ :
R≥1 → R+ tending to infinity limr→+∞ ψ(r) = +∞, it is shown in [6] that

Theorem 1.1 There exists some universal meromorphic function f : C → CP
1 with

slow growth

T f (r) ≤ ψ(r) · log r (∀ r≥ 1). (1.2)

This result is an optimal answer to the meromorphic part of [10, Problem 9.1].
Indeed, given any universal meromorphic function f , one can construct an auxiliary
positive continuous nondecreasing function

ψ̂(t) = inf
r>t

{T f (r)/log r} : R≥1 −→ R+

such that an opposite growth rate estimate holds automatically

T f (r) ≥ ψ̂(r) · log r (∀ r ≥ 1),

where ψ̂(r) tends to infinity as r → ∞.
However, for the holomorphic part of [10, Problem 9.1], aiming at the same slow

growth rate (1.2), the authors had encountered much more difficulties. Generally,
for constructing holomorphic functions, the most successful method shall be about
solving ∂-equations, by either (1) explicit general Cauchy integral formula [21, p. 3,
Theorem 1.2.1], or by (2) Hörmander’s L2 estimates [21, p. 94, Theorem 4.4.2]. Both
machinery, together with several plausible ideas, failed for the authors. As a matter of
fact, there was also psychological obstacle about wondering whether such universal
entire functions having slow growth actually exist, and our faith in Oka principle [15,
pp. 368–369] was in the test.

Nevertheless, a surprise came to the authors, shortly after they successfully designed
an Algorithm producing the desired universal entire functions, that such result was
already sketched in [9].

Unlike the ignorance of [9] in the community of complex analysis, in hyper-
cyclic operators theory, Duı̆os Ruis’ result is widely known (see [17, pp. 109–110,
Theorem 4.23]). Here we rephrase
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Theorem 1.2 (Duı̆os Ruis) Let φ : R≥0 → R>0 be a continuous function growing
faster than any polynomial

lim
r→∞ φ(r)/r N = ∞ (∀ N ≥ 1).

Let a be a nonzero complex number. Then there exists an entire function f hypercyclic
for Ta with slow growth

| f (z)| ≤ φ(|z|) (∀ z ∈C). (1.3)

Let us explain the notation and terminology. The spaceH(C) of entire holomorphic
functions has a natural topology given by uniform convergence on compact sets. For
a nonzero complex number a, the translation operator Ta : H(C) → H(C) is defined
by f (•) 
→ f (• + a). An element f ∈ H(C) is said to be hypercyclic for Ta if the
orbit { f , T(1)

a ( f ), T(2)
a ( f ), . . . } is dense inH(C).

In fact, the original statement in [9] only concerns slow growth real analytic
functions φ having positive coefficients shrinking to zero rapidly

φ(r) =
∞∑
i=0

Ai r
i , Ai > 0 (∀ i ≥ 0), lim

i→∞ Ai+1/Ai = 0. (1.4)

The two statements are indeed equivalent, see Lemma 2.1 below. Hence the holomor-
phic part of [10, Problem 9.1] has a clear answer of the shape (1.2) after Duı̆os Ruis’
Theorem 1.2, by using H. Cartan’s equivalent version of Nevanlinna’s characteristic
function

T f (r) = 1

2π

∫ 2π

0
log+| f (reiθ )| d θ + O(1), (1.5)

where O(1) stands for some uniformly bounded term [27, p. 9].
In retrospect, outside complex analysis, Birkhoff’s example of universal entire func-

tionswas phenomenal. It foreshadowed a new branch of functional analysis/dynamical
systems about linear chaos [4, 16, 17], according to which an infinite dimensional lin-
ear system may exhibit nonlinear and unpredictable patterns. The typical example
is

Theorem 1.3 (Birkhoff [3]) For a ∈ C \ {0}, some f ∈ H(C) is hypercyclic for Ta.

Question 1.4 Within transcendental growth rate φ of the shape (1.4), can we con-
struct universal holomorphic functions F ∈ H(Cn) in several variables which are
hypercyclic for a given Ta where a ∈ C

n \ {0}?
Note that the approach of Duı̆os Ruis [9] only works for the source space C, see

the discussion in Sect. 2.1. Our initial goal is thus to answer Question 1.4 in positive
by adapting our Algorithm. It turns out that we can prove much more.

Here is a reminiscent of [8, Theorem 8].
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Lemma 1.5 Let X be an Oka manifold. In the space Hol(Cn, X), equipped with
compact-open topology, of holomorphic maps from C

n to X, if f is a hypercyclic
element for the translation operator Ta where a ∈ C

n \ {0}, then f is hypercyclic
simultaneously for all Tb where b ∈ R+ · a.

Hence we shall consider the hypercyclic directions I in the unit sphere S2n−1 ⊂ C
n

such that F is hypercyclic for Ta , where a ∈ I .

Convention. || • || denotes the standard Euclidean norm on any C
k , which shall be

clear according to the context. B(a, r) stands for the ball centered at a having radius
r with respect to the norm || • ||. When a is the origin, we write B(r) for shortness of
B(0, r).We abuse O(1) for uniformly bounded terms, whichwill vary. The differential

operator dc stands for
√−1
4π (∂̄ − ∂).

Theorem A Given any transcendental growth function φ of the shape (1.4), for
countable directions {θi }i≥1 in the unit sphere S

2n−1 ⊂ C
n, there exist universal

holomorphic maps F : Cn → C
m with slow growth

||F(z)|| ≤ φ(||z||) (∀ z ∈C
n), (1.6)

such that the hypercyclic directions of F include {θi }i≥1. Namely, F are hypercyclic
for all Ta, where a are in some ray R+ · θi .

This is the main result of this paper, which answers Question 1.4. The proof is
by the aforementioned constructive Algorithm, whose underling idea goes back to an
insight of Sibony, see Sect. 2.2.

One application of Theorem A is generalizing Theorem 1.1 to higher dimensional
universal holomorphic maps f : Cn → CP

m (m ≥ n ≥ 1), keeping in mind that the
method of [6] only works for f : C → CP

m (see Sect. 2.3).
Recall that a Nevanlinna characteristic function of f : Cn → CP

m is given by

T f (r) :=
∫ r

1

d t

t2n−1

∫
B(t)

f ∗ωFS ∧ αn−1,

where ωFS is the Fubini-Study form on CPm and where α := d dc||z||2 (cf. [27, 29]).
Theorem B Let n ≤ m be two positive integers. Let ψ : R≥1 → R+ be a continuous
nondecreasing function tending to infinity. Then for given directions {θi }i≥1 in the unit
sphere S2n−1 ⊂ C

n, there exist universal entire holomorphic maps f : Cn → CP
m

with slow growth

T f (r) ≤ ψ(r) · log r (∀ r ≥ 1), (1.7)

such that f are hypercyclic for all nontrivial translations Ta, where a are in some ray
R+ · θi .

Another application of Theorem A is determining minimal growth of universal
holomorphic maps from C

n to a complex m-tori Tm , i.e., Tm = C
m/	 for some

lattice 	 of full rank 2m.
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Theorem C Given any continuous nondecreasing function ψ : R≥1 → R+ tending to
infinity, for countably many directions {θi }i≥1 in the unit sphere S2n−1 ⊂ C

n, there
exist universal holomorphic maps F : Cn → T

m with slow growth

TF (r) ≤ rψ(r)
(∀ r ≥ 1), (1.8)

such that the hypercyclic directions of F contains {θi }i≥1.

Without loss of generality, in (1.8) we take

TF (r) :=
∫ r

1

d t

t2n−1

∫
B(t)

F∗ωstd ∧ αn−1,

where ωstd := d dc||z||2 is a positive (1, 1) form induced from the Euclidean space
C
m .
Recall a surprising result [2] that some holomorphic functions f ∈ H(Cn) in

several variables are simultaneously hypercyclic for all nontrivial translations Ta where
a ∈ C

n \ {0}. It is thus natural to ask
Question 1.6 Can we strengthen Theorem A by moreover requiring the hypercyclic
directions of F to be the whole unit sphere S2n−1?

Keeping in mind the slogan of modern Oka principle (see Sect. 5), for the above
question, there seems no obvious topological obstruction at first glance. However,
the answer is No, by deep reason in Nevanlinna theory. Here for simplicity we only
analyze the basic case F : C → C.

Theorem D There exist some transcendental growth function φ of the shape (1.4),
such that for any entire holomorphic function F ∈ H(C) with slow growth

|F(z)| ≤ φ(|z|) (∀ z ∈C), (1.9)

the hypercyclic directions I ⊂ S
1 of F must have Hausdorff dimension zero.

Since the hypercyclic directions I of a universal holomorphic function F shall be
of small size and could contain countable points, it is natural to ask if some I of F can
contain uncountable directions. This time the answer is yes. For shortness we again
only consider the case H(C).

Theorem E Given any transcendental growth function φ of the shape (1.4), there exists
some universal entire holomorphic function F ∈ H(C) with slow growth

|F(z)| ≤ φ(|z|) (∀ z ∈C),

such that the hypercyclic directions I ⊂ S
1 of F is uncountable.
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Thus one shall be prudent when using Oka principle, in case there might be certain
delicate subtlety depending on the nature of the question.

Here is the structure of this paper. In Sect. 2 we prove a comparison Lemma 2.1 to
show that the class of slow growth functions of shape (1.4) in our theorems is optimal,
and we explain our central idea of “patching” together holomorphic discs inspired
by Question 2.2 of Sibony. A relevant speculation of Brunella is also recalled. In
Sect. 3 we present an Algorithm, which is the engine in our approach for constructing
universal entire holomorphic maps with slow growth. In Sect. 4 we prove Lemma 1.5
and all our Theorems A, B, C, D, E. Lastly, in Sect. 5, we highlight key questions for
future research.

2 Background

2.1 About the construction of Duos Ruis

The original article [9] of the Theorem 1.2 only concerns a special class of analytic
functions φ, by the following reason.

Lemma 2.1 Let φ : R≥0 → R>0 be a continuous function growing faster than any
polynomials

lim
r→∞ φ(r)/r N = ∞ (∀ N ≥ 1).

Then the function φ(r) dominates some analytic function
∑∞

i=0 Ai r i with positive
coefficients Ai shrinking to zero rapidly

lim
i→∞ Ai+1/Ai = 0.

Proof Set A0 to be half of the minimum value of the function φ(r) on the interval
[0,∞[. It is clear that A0 > 0. For i = 0, 1, 2, . . . , inductively we set Ai+1 to be the
smaller number between Ai

i+1 and half of the minimum value of the continuous positive

function
(
φ(r) − ∑i

j=0 A jr j
)
/r i+1 on the interval ]0,∞[. It is clear that Ai+1 > 0,

and that Ai+1/Ai ≤ 1
i+1 , φ(r) >

∑i+1
j=0 A j r j for all r ≥ 0. By taking i → ∞ we

conclude φ(r) ≥ ∑∞
j=0 A j r j for all r ≥ 0. 
�

Theorem 1.2 is claimed in the article [9], with no explanations but a few formulas
to indicate the construction, in which the fundamental theorem of algebra plays an
important role:

every polynomial in C[z] factors as products of one forms. (2.1)

Duı̆os Ruis’ universal entire functions with slow growth are constructed by infinite
products of certain well-chosen one forms. Therefore, this method is strictly one
dimensional, as (2.1) fails for C[z1, . . . , zn] (n ≥ 2).
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2.2 An insight of Sibony

After receiving an early manuscript of [22], Sibony asked

Question 2.2 [31] Show that for X = CP
n , or complex tori, all Ahlfors currents can

be obtained by single entire curve f : C → X .

Sibony suggested a hint [20].We regret that we had not discussed this problemwith
him before it was too late.

If only concentric holomorphic discs { f (D(r))}r>0 are allowed to use (as [22]), then
we do not know the answer. If one can use any holomorphic discs { f (D(a, r))}a∈C,r>0,
then we can follow Sibony’s insight byOka theory. In fact, such phenomenon holds for
compact complex manifolds Y satisfying a weak Runge’s approximation property that
every holomorphic map from a neighborhood of two disjoint closed discs D1, D2 ⊂ D
intoY canbe“extended” to a holomorphicmap fromaneighborhoodof a larger closed
disc D ⊂ C to Y within given small positive error bound with respect to a complete
distance dY on Y . Such manifolds Y include all Oka-1 manifolds, in particular all
rationally connected manifolds [1]. Modulo certain technical details, such entire curve
can be constructed by “patching” together some countable holomorphic discs. The
same method can also construct universal holomorphic maps into Oka manifolds (a
result due to Kusakabe [24, Theorem 1.4]). For shortness, we illustrate the method by
the following

Proof of Birkhoff’s Theorem 1.3 using Runge’s approximation theorem. Fix a countable
and dense subfield of C, say complex rational numbers

Qc := {z = x + y
√−1 : x, y ∈ Q}.

Since Z+ × Z+ is countable, there is some bijection

ϕ = (ϕ1, ϕ2) : Z+
∼−→ Z+ × Z+.

Fix small positive error bounds {εi }i≥1, say εi = 1/2i , such that

lim
j→∞

∑
i≥ j

εi = 0. (2.2)

We arrange all elements in the countable set Qc[z] × Q+, in some subsequent order
{( fi , ri )}i≥1.

The punchline, which will be understood later, is to make another sequence
{(g j , r̂ j )} j≥1 so that each ( fi , ri ) repeats infinitely many times in (g j , r̂ j ) j≥1, e.g.

g j := fϕ1( j), r̂ j := rϕ1( j). (2.3)

Now we construct a desired entire function f by taking the limits of some convergent
holomorphic functions

Fi : DRi → C, Ri ↗ ∞ (i = 1, 2, 3, ... ).
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In Step 1, we set three key data F1 := g1, R1 := r̂1, c1 := 0.
Subsequently, in Step i + 1 for i = 1, 2, 3, . . . , we choose a center ci+1 ∈ Z+ · a

far from the origin, so that the two discsDRi andD(ci+1, r̂i+1) keep positive distance,
i.e., |ci+1| > Ri + r̂i+1. We define a polynomial ĝi+1(•) := gi+1(• − ci+1) on
D(ci+1, r̂i+1) by translation of gi+1. Now we take a large disc DRi+1 having radius
Ri+1 > |ci+1| + r̂i+1, so that it contains DRi and D(ci+1, r̂i+1) as relatively compact
subsets. By Runge’s approximation theorem, we can “extend” Fi and ĝi+1 to some
polynomial Fi+1 : DRi+1 → C within admissible errors (dC stands for the usual
Euclidean distance on C)

sup
z∈DRi

dC(Fi+1(z), Fi (z)) ≤ εi+1, sup
z∈D(ci+1,r̂i+1)

dC(Fi+1(z), ĝi+1(z)) ≤ εi+1.

(2.4)

By (2.2), it is clear that {Fi }i≥1 converges to an entire curve f : C → C. Moreover,
by using (2.4) repeatedly, we see that f approximates each ĝi+1 effectively

sup
z∈D(ci+1,r̂i+1)

dC( f (z), ĝi+1(z)) ≤ sup
z∈D(ci+1,r̂i+1)

dC(Fi+1(z), ĝi+1(z))

+
∑
j≥i+1

sup
z∈DR j

dC(Fj+1(z), Fj (z))

≤ εi+1 +
∑
j≥i+2

ε j → 0 (as i → ∞) [by 2.2].

In other words

sup
z∈Dr̂i+1

dC( f (ci+1 + z), gi+1(z)) → 0 (as i → ∞).

This finishes the proof, sinceQc[z] is dense inH(C) under the compact-open topology.

�

The same idea also plays a key rôle in the proof of Theorem 1.1, as we shall now
explain.

2.3 Thinking process of [6]

Without knowing Duı̆os Ruis’ Theorem 1.2, the estimate (1.2) was anticipated by
Dinh Tuan Huynh as an optimal answer to [10, Problem 9.1], based on evidence given
by [25], in which some meromorphic functions g with growth Tg(r) ≤ ψ(r)(log r)2

were constructed so that any entire function can be approximated by translations of g.
In the preceding proof, one sees clearly the idea of “patching together” distinct

holomorphic discs, up to small errors, by Runge’s approximation property of the
ambient manifold X . For the meromorphic part of [10, Problem 9.1], where X = CP

1,
such idea works quite effectively as follows.
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Fix a countable and dense subfield of C, say

Qc := {z = x + y
√−1 : x, y ∈ Q}.

First, we can find countable rational functions

fi : Dri → CP
1

(i = 1, 2, 3, ...; 0< ri <∞)

such that any meromophic function can be reached as a limit by elements in ( fi )i≥1.
Indeed, the Cartesian productQc(z)×Q+ of all rational functions withQc coefficients
and all positive rational radii, is countable and sufficient.

Next, we play the same trick as (2.3) to gather a sequence of rational functions

g j : D� j → X ( j ≥ 1)

by elements of ( fi )i≥1, such that each fi for i = 1, 2, 3, . . . repeats infinitely many
times in (g j ) j≥1.

If all the rational functions fi decay to zero near the infinity point, i.e.,

fi = pi/qi for some polynomials pi , qi ∈Qc[z] with deg pi <deg qi (i=1, 2, 3, . . . ),
(2.5)

by the argument in the preceding proof, we can construct a universal meromorphic
function

F(z) :=
∞∑
j=1

g j (z − c j ), (2.6)

where c j ∈ C are subsequently well chosen, having absolute values increasing
sufficiently fast

1 � |c1| � |c2| � |c3| � · · · .

Hence the remaining task for constructing universal meromorphic function is to
make sure that (2.5) holds. This can be achieved by approximating and replacing each
fi on Dri by countably many rational functions {hi, j } j≥1 vanishing at the infinity.
Indeed, if fi is a polynomial, then the same as [25] we can use Runge’s approximation
theorem [30] to find rational functions of the shape

ĥi, j =
Ni, j∑
k=1

Ci, j,k

z − ξi, j,k
( j = 1, 2, 3, ...; Ni, j ∈Z+; Ci, j,k ∈C; ξi, j,k ∈ ∂Dri+1)

to approximate fi on Dri uniformly. Therefore, since Qc ⊂ C is dense, fi can be
approximated by

rational functions with Qc coefficients of the shape (2.5) (countable!) (2.7)

uniformly on Dri .
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Yet how to deal with a general rational function fi? A trick comes naturally:

decompose fi = fi, pole + fi, holo

as the sum of the principle pole part fi, pole and the remaining polynomial part fi, holo.
The first part fi, pole automatically enjoys the desired decay near ∞ ∈ CP

1, and
obviously can be approximated by (2.7). The later part can be handled likewise by
using Runge’s approximation theorem. Hence (2.5) can be achieved in practice.

Lastly, by Nevanlinna theory (cf. [27, 29]), the Shimizu-Ahlfors geometric version
of TF (r) is equivalent to Nevanlinna’s characteristic function [26]

TF (r) = NF (r ,∞) + mF (r ,∞) + O(1),

where NF (r ,∞) is the counting function (with logarithmic weight) about poles of
F , and where the proximity function mF (r ,∞) measures the closeness of F(∂Dr )

to ∞ ∈ CP
1. Since every gi (z) ≈ 0 for |z| � 1, we have mF (r ,∞) = 0 for most

r . Thus TF (r) ≈ NF (r ,∞) can be made to grow as slowly as possible, by throwing
subsequently all the centers

1 � |c1| � |c2| � |c3| � · · ·

far away from the origin.
Alternatively, Zhangchi Chen found an elegant trick to achieve (2.5):

replacing fi by countably many rational functions

fi ·
( Mi, j

z + Mi, j

)deg fi+1
( j = 1, 2, 3, ...; Mi, j ∈Qc)

where ri � |Mi,1| � |Mi,2| � |Mi,3| � · · · ↗ ∞. Thus one avoids using Runge’s
theorem, since

( Mi, j

z + Mi, j

)deg fi+1 → 1 (as j → ∞)

uniformly for all z ∈ Dri .
The same method works for C to CP

m (any m ≥ 1) as well, see [6] for details.
However, for constructing universal holomorphic maps fromC

n toCPm (m ≥ n ≥ 2)
with slow growth, the approach of [6] does not work, because poles of meromorphic
functions in several variables are no longer discrete points.

2.4 A question of Brunella

In [5, p. 200] Brunella asked: if for any entire curve f : C → X into a compact
complex manifold X , one can “cleverly” choose some radii sequence {ri }i≥1 such that
{ f (Dri )}i≥1 produces some Nevanlinna/Ahlfors current with either trivial singular
part or trivial diffuse part.
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Note that for the exotic entire curves in [22], for generic (in probability sense)
choices of {ri }i≥1 ↗ ∞, Brunella’s anticipation is correct. Onemaywonderwhat shall
be a canonical Nevanlinna/Ahlfors current associates with an entire curve f : C → X .
This problem is intimately caused by flexibility v.s. rigidity in complex analysis, for
which Oka and Kobayashi shall take some responsibility.

If counterexamples f : C → X to Brunella’s question ever exist, one shall search
X among compact Oka manifolds.

3 Algorithm

3.1 One variable case

We use the idea from Sect. 2.2 to provide a constructive proof, different to [9] and [7,
p. 1433], of Duı̆os Ruis’ Theorem 1.2.

We enumerate all elements in the countable set Qc[z] × Q+ in some subsequent
order {( fi , ri )}i≥1. Fix an auxiliary bijection

ϕ = (ϕ1, ϕ2) : Z+
∼−→ Z+ × Z+. (3.1)

We make another sequence {(g j , r̂ j )} j≥1 so that

each ( fi , ri ) repeats infinitely many times in (g j , r̂ j ) j≥1. (3.2)

For instance, we can take

g j := fϕ1( j), r̂ j := rϕ1( j). (3.3)

Such trick was also visible in [22, p. 321] for some exotic construction.
Given analytic growth function φ of the shape (1.4), our Algorithm will construct

universal entire functions f := S0 + S1 + S2 + S3 + · · · inductively, where in each
Step k for k = 0, 1, 2, . . . we add one piece of jigsaw puzzles

Sk :=
Mk∑

j=mk

a j z
j having small coefficients |a j | ≤ A j (3.4)

where 0 = m0 = M0 < m1 ≤ M1 < m2 ≤ M2 < m3 ≤ M3 < · · · . Thus the desired
estimate (1.3) holds immediately

| f (z)| ≤
∞∑
k=0

|Sk(z)| ≤
∞∑
k=0

Mk∑
j=mk

|a j | |z| j

≤
∞∑
k=0

Mk∑
j=mk

|A j | |z| j ≤
∞∑
j=0

|A j | |z| j = φ(|z|).
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Fix small positive error bounds {εi }i≥1, say εi := 2−i , so that

lim
j→∞

∑
i≥ j

εi = 0. (3.5)

Set the initial three key data

S0 = 0 ∈ C[z], R0 = 2023 ∈ R+, c0 = 0 ∈ C.

In each Step k = 1, 2, 3, . . . , we pick a center ck ∈ C far away from the disc DRk−1

and then cook up some Sk satisfying:

(1) on the disc DRk−1 the polynomial Sk is negligible

|Sk(z)| ≤ εk (∀ z ∈DRk−1 ); (3.6)

(2) the partial sum Gk := (S0 + S1 + · · · + Sk−1) + Sk approximates T−ck gk on
D(ck, r̂k) within small error εk , i.e.,

|Gk(ck + z) − gk(z)| ≤ εk (∀ z ∈Dr̂k
). (3.7)

We end Step k by choosing a large radius Rk > |ck | + r̂k , and then move on to Step
k + 1.

If the above algorithm runs successfully in all Steps k = 1, 2, 3, . . . , then f is
universal by virtue of (3.7), (3.2), (3.5). We now fulfill the details.

The restriction (3.6) can easily be guaranteed by requiring all coefficients of Sk to
be small enough, say

|a j | ≤ min {A j , εk · [
(Mk − mk + 1) · R j

k−1

]−1} (mk ≤ j ≤ Mk ). (3.8)

However, the proximity goal (3.7) seems doubtful at first glance. The existence of
such Sk is indicated by Runge’s theorem on polynomial approximations. Indeed, if
ignoring the boundedness restriction (3.4) on the coefficients of Sk , such Sk certainly
exists by Runge’s theorem. By varying ck far away from the origin continuously, we
may expect that certain equivariant Sk ∈ C(ck)[z] exists, and the coefficients are
decaying to zero as ck → ∞. Moreover, we may expect that the degree of Sk with
respect to variable z is exactly max{degGk−1, deg gk}.

Now let us clarify the above imagination by explicit computation. The idea is,
regarding ck as a new variable, to construct polynomial Sk with coefficients in the
function field C(ck) of the shape

a j ∈ 1

ck
· C

[ 1

ck

]
(mk ≤ j ≤ Mk ), (3.9)
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so that (3.6) automatically holds by later specializing |ck | � 1. Similarly, we can
fix (3.7) by showing that

Gk(ck + z) − gk(z) is a polynomial of variable z, having coefficients in
1

ck
· C

[ 1

ck

]
. (3.10)

Firstly, by gathering binomial expansions, we rewrite

(S0 + S1 + · · · + Sk−1)(ck + z) − gk(z) =
�k∑
i=0

âk,i z
i , (3.11)

where �k := max{Mk−1, deg gk}, and where the coefficients

âk,i =
∑

i≤ j≤Mk−1

a j

(
j

i

)
c j−i
k − 1

i ! g
(i)
k (0) ∈ C[ck] (i = 0, 1, 2, ..., �k ). (3.12)

Next, we collect (we will take mk > �k)

Sk(z + ck) =
Mk∑

j=mk

a j (z + ck)
j =

�k∑
i=0

[ Mk∑
j=mk

a j

(
j

i

)
c j−i
k

]
· zi

+(h.o.t.) (3.13)

where (h.o.t) are the remaining higher order terms with respect to variable z.
Declaremk := �k +1 and Mk := 2�k +1 for solving the system of linear equations

Mk∑
j=mk

a j

(
j

i

)
c j−i
k = − âk,i (i = 0, 1, 2, ..., �k ) (3.14)

with the just number �k + 1 of unknown variables {a j }mk≤ j≤Mk .

Lemma 3.1 The determinant of the above (�k + 1) × (�k + 1) coefficient matrix has
neat expression

det

[(
j

i

)
c j−i
k

]
0≤i≤�k

mk≤ j≤Mk

= c(�k+1)2

k . (3.15)

That the determinant is of the shape O(1) · c(�k+1)2

k for some nonzero integer O(1)
is natural, and is sufficient for our purpose.
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Proof Observe that

[
(
j
i ) c

j−i
k

]
0≤i≤�k

mk≤ j≤Mk

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c−0
k 0 · · · 0 0

0 c−1
k · · · 0 0

.

.

.
.
.
.

. . .
.
.
.

.

.

.

0 0 · · · c−(�k−1)
k 0

0 0 · · · 0 c
−�k
k

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

·
[
(
j
i )

]
0≤i≤�k

mk≤ j≤Mk

·

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

c
mk
k 0 · · · 0 0

0 c
mk+1
k · · · 0 0

.

.

.
.
.
.

. . .
.
.
.

.

.

.

0 0 · · · cMk−1
k 0

0 0 · · · 0 c
Mk
k

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

The determinants of the first and the last diagonal matrices contribute c
m2
k

k . Now we
compute the middle

det

[(
j

i

)]
0≤i≤�k

mk≤ j≤Mk

= det

[(
j

i

)]
0≤i≤�k

�k+1≤ j≤2�k+1

= det

⎛
⎜⎜⎜⎜⎜⎜⎝

(
�k+1
0

) (
�k+2
0

) · · · (2�k
0

) (2�k+1
0

)
(
�k+1
1

) (
�k+2
1

) · · · (2�k
1

) (2�k+1
1

)
...

...
. . .

...
...(

�k+1
�k−1

) (
�k+2
�k−1

) · · · ( 2�k
�k−1

) (2�k+1
�k−1

)
(
�k+1
�k

) (
�k+2
�k

) · · · (2�k
�k

) (2�k+1
�k

)

⎞
⎟⎟⎟⎟⎟⎟⎠

.

The trick is to use the identity
( j
i

)− ( j−1
i

) = ( j−1
i−1

)
for j ≥ i ≥ 1. Subtracting the s-th

column from the (s + 1)-th column subsequently for s = �k − 1, �k − 2, . . . , 1, we
receive

det

[(
j

i

)]
0≤i≤�k

�k+1≤ j≤2�k+1

= det

⎛
⎜⎜⎜⎜⎜⎜⎝

1 0 · · · 0 0(
�k+1
0

) (
�k+1
0

) · · · (2�k−1
0

) (2�k
0

)
...

...
. . .

...
...(

�k
�k−2

) (
�k+1
�k−2

) · · · (2�k−1
�k−2

) ( 2�k
�k−2

)
(

�k
�k−1

) (
�k+1
�k−1

) · · · (2�k−1
�k−1

) ( 2�k
�k−1

)

⎞
⎟⎟⎟⎟⎟⎟⎠

= det

[(
j

i

)]
0≤i≤�k−1

�k+1≤ j≤2�k

.

This is the pattern for induction process. Eventually the outcome is det[(�k+1
0

)] = 1.

�

Observation 3.2 In (3.11), (3.12), (3.14) the polynomials âk,i ∈ C[ck] have degrees
≤ �k − i for 0 ≤ i ≤ �k . Hence by Cramer’s rule, the solutions a j of (3.14) have
shape

a j ∈ 1

c j−mk+1
k

· C
[ 1

ck

]
(mk ≤ j ≤ Mk ).

Therefore, coefficients of (h.o.t.) in (3.13) are in 1
ck

·C[ 1
ck

], whence (3.10) is satisfied.
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Proof By (3.12), âk,i is a polynomial of variable ck with degree ≤ Mk−1 − i . Note
that

( j
i

)
c j−i
k is of degree j − i . Observe that each term in the Laplace expansion of

the determinant (3.15) is of the same degree with respect to variable ck . By Cramer’s
rule, we see that the pole order of a j with respect to variable ck is at least ( j − i) −
(Mk−1 − i) = j − Mk−1 ≥ j − �k = j − (mk − 1). 
�

Summarizing, for every Step k = 1, 2, 3, . . . , by solving the system of linear
equations (3.14), and by specializing sufficiently large |ck | � 1, we can obtain a
desired Sk to move on in the Algorithm. In the limit we receive some universal entire
functions f = ∑∞

i=0 Si within admissible slow growth φ.

Remark 3.3 The trick of choosing ck far away from the origin is not only sufficient
but also necessary, by reason of Nevanlinna theory (see (4.25) below), since gk might
contain too many zeros in Dr̂k .

By improving our algorithm, we can make f to be hypercyclic simultaneously for
given countable nontrivial translations {Tai }i≥1.

Moreover, our Algorithm is flexible for higher dimensional situation, as we now
explain.

3.2 General case

Given any transcendental growth function φ of the shape (1.4), and given countably
many directions {θi }i≥1 in the unit sphere of C

n , we now upgrade our Algo-
rithm to prove Theorem A, by constructing universal entire holomorphic maps
F ∈ Hol(Cn,Cm)with slow growth (1.6) such that F are hypercyclic for all nontrivial
translations Tθi for i ≥ 1.

We start with the countable set

(
⊕m

j=1 Qc[z1, . . . , zn]
)

× Q+, (3.16)

in which we enumerate all elements as
(
( f [ j]

i )1≤ j≤m, ri
)
i≥1. Using again the

trick (3.2), we make another sequence
(
(g[ j]

i )1≤ j≤m, r̂i
)
i≥1 by declaring

g[ j]
i := f [ j]

ϕ1◦ϕ1(i)
; r̂i := rϕ1◦ϕ1(i) ( j = 1, 2, ...,m; i ≥ 1). (3.17)

Our Algorithm produces universal holomorphic maps

F = (F [ j])1≤ j≤m : Cn −→ C
m (3.18)

by induction, where each coordinate component

F [ j] := S[ j]
0 + S[ j]

1 + S[ j]
2 + S[ j]

3 + · · · ( j = 1, 2, ...,m). (3.19)
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In Step k for k = 0, 1, 2, . . . we fabricate

S[ j]
k :=

Mk∑
j=mk

∑
|I |= j

a[ j]
I Z I

( j = 1, 2, ...,m). (3.20)

with sufficiently small coefficients a[ j]
I ∈ C, so that the desired estimate (1.6) holds

automatically. Here we use standard notation of multi-indices I = (i1, . . . , in) ∈ Z
n≥0

with norm |I | = i1+· · ·+ in , and Z I = zi11 · · · zinn , and likewise we require 0 = m0 =
M0 < m1 ≤ M1 < m2 ≤ M2 < · · · .

Fix small positive error bounds {εi }i≥1 as (3.5). Set the initial key data

S[1]
0 = · · · = S[m]

0 = 0 ∈ C[z1, . . . , zn], R0 = 2023 ∈ R+, c0 = 0 ∈ C
n .

In each Step k = 1, 2, 3, . . . , we first pick some center

ck ∈ Z+ · θϕ2◦ϕ1(k) (3.21)

far away from BRk−1 := {||z|| ≤ Rk−1} in C
n . Next, we fabricate some S[ j]

k of the
shape (3.20) such that:

(1) on the ball BRk−1 the polynomials S[ j]
k are negligible

|S[ j]
k (z)| ≤ εk ( j = 1, 2, ...,m; ∀ z ∈BRk−1 ); (3.22)

(2) the partial sums G[ j]
k := (S[ j]

0 + S[ j]
1 + · · · + S[ j]

k−1) + S[ j]
k approximates T−ck g

[ j]
k

on B(ck, r̂k) within small error εk , i.e.,

|G[ j]
k (ck + z) − g[ j]

k (z)| ≤ εk ( j = 1, 2, ...,m; ∀ z ∈Br̂k
). (3.23)

We end Step k by setting large radius Rk > ||ck ||+ r̂k , and then move on to Step k+1.
As before, the restriction (3.22) can easily be satisfied by requiring all coefficients

of S[ j]
k to be sufficiently small. The main trouble comes from (3.23), which we now

handle by the same method.
Complete the unit vector v1 := θϕ2◦ϕ1(k) to an orthonormal basis {v1, v2, . . . , vn} of

C
n . Define a new linear coordinate system (w1, . . . , wn) for Cn in which v� reads as

(0, . . . , 0, 1, 0, . . . , 0) where 1 appears in the �-th position, for � = 1, . . . , n. Rewrite
ck = nk ·v1 where nk ∈ Z+. The idea is, regarding nk as a new variable, up to changing
coordinates linearly between (z1, . . . , zn) and (w1, . . . , wn), to construct polynomial

S[ j]
k =

Mk∑
�=mk

a[ j]
� w�

1 ( j = 1, 2, ...,m) (3.24)
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with respect to variable w1 having coefficients

a[ j]
� ∈ 1

nk
· C[w2, . . . , wn]

[ 1

nk

]
( j = 1, 2, ...,m; mk ≤ � ≤ Mk ), (3.25)

so that (3.22) holds by specializing nk � 1. Similarly, we can fix (3.23) by showing
that each polynomial G[ j]

k (ck + z)− g[ j]
k (z), after changing variables, is a polynomial

of variable w1

having coefficients in
1

nk
· C[w2, . . . , wn]

[ 1

nk

]
. (3.26)

Firstly, by changing coordinates and by gathering binomial expansions, we rewrite

(S[ j]
0 + S[ j]

1 + · · · + S[ j]
k−1)(ck + z) − g[ j]

k (z) =
�k∑
i=0

â[ j]
k,i wi

1 ( j = 1, 2, ...,m), (3.27)

where �k := max1≤ j≤m{Mk−1, deg g
[ j]
k }, and where the coefficients

â[ j]
k,i ∈ C[w2, . . . , wn][nk] ( j = 1, 2, ...,m; i = 0, 1, 2, ..., �k ). (3.28)

Next, by (3.24) we rewrite

S[ j]
k (z + ck) =

Mk∑
�=mk

a[ j]
� (w1 + nk)

�

=
�k∑
i=0

[ Mk∑
�=mk

a[ j]
�

(
�

i

)
n�−i
k

]
· wi

1 + (h.o.t.) ( j = 1, 2, ...,m) (3.29)

where (h.o.t) are the remaining higher order terms with respect to variable w1.
Declare mk := �k + 1, Mk := 2�k + 1. By solving the linear equations

Mk∑
�=mk

a[ j]
�

(
�

i

)
n�−i
k = − â[ j]

k,i ( j = 1, 2, ...,m; i = 0, 1, 2, ..., �k ), (3.30)

we obtain the desired S[ j]
k as polynomials of variable w1 with coefficients in

1

nk
· C[w2, . . . , wn]

[ 1

nk

]
[w1].

By mimicking the argument of Observation 3.2, we can verify (3.26). Lastly, by spe-
cializing nk � 1 and by changing coordinates, we recover S[ j]

k in variables z1, . . . , zn
satisfying both (3.22) and (3.23).
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4 Proofs

4.1 Proof of Lemma 1.5

We follow essentially the strategy of [8, Theorem 8].
Our goal is to show that, for any holomorphic map g : B(0, r) → X defined in

some open neighborhood of the closed ball

B(0, r) := {||z|| ≤ r} ⊂ C
n,

for any positive error bound ε > 0, we can find some positive integer m such that
T(m)
b ( f ) approximates g on B(0, r) up to error ε with respect to a fixed distance dX
on X

max
z∈B(0,r)

dX ( f (z + m · b), g(z)) < ε. (4.1)

Of course wemust use the condition that f is hypercyclic for Ta . A natural idea is to
start with a sequence of increasing positive integers {ni }i≥1 such that { f (•+ni ·a)}i≥1
approximate g(•) near B(0, r). If moreover {ni }i≥1 has a subsequence {nki }i≥1 such
that

nki · a ≈ 0 in R · b/Z · b, (4.2)

then by the continuity of g near B(0, r) we are done. However, due to the lack of
control on {ni }i≥1, such approach does not work.

The trick in the proof of [8, Theorem 8] is that, instead of approximating g by orbit
of f under Ta , one constructs certain thoughtful ĝ so that an analogue of (4.2) holds
automatically.

Take a small positive δ � 1 such that g is defined on B(0, r + δ) and uniformly
continuous

dX (g(z1), g(z2)) < ε/2023 (∀ z1, z2 ∈B(0,r+δ)with ||z1−z2|| <δ). (4.3)

Choose sufficiently many residue classes {[ci ]}ki=1 in R · b/Z · b such that

{[ci ]}ki=1 are δ -dense, (4.4)

i.e. any vector c ∈ R · b can be approximated by a representative c′
i of some class [ci ]

within tiny distance ||c − c′
i || < δ. This can be achieved by requiring k > ||b||/2δ.

Next, for i = 1, 2, . . . , k, we subsequently select some representatives ĉi ∈ R · b of
[ci ] far away from each other so that the closed balls B(ĉi , r +δ) are pairwise disjoint.
Therefore∪k

i=1B(ĉi , r +δ) is polynomial convex [23]. One can also replace balls with
cubes to avoid using [23].
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Now we define a holomorphic function g2 on a neighborhood of ∪k
i=1B(ĉi , r + δ)

by translations of g

g2 �
B(ĉi ,r+δ) (•) := g(• − ĉi ) (i = 1, 2, ..., k). (4.5)

Since X is Oka, by the BOPA property ([14, p. 235]), we can “extend” g2 to a
holomorphic map ĝ from a neighborhood of large ball B(0, R) with radius R >

max1≤i≤k{||ĉi ||} + r + δ to X up to small deviation

dX (ĝ(z), g2(z)) < ε/2023 (∀ z ∈∪k
i=1 B(ĉi ,r+δ)). (4.6)

Now we take a new sequence of increasing positive integers {n j } j≥1 such that

{T(n j )
a ( f )} j≥1 converges to ĝ on B(0, R), and that in particular

max
z∈B(0,R)

dX ( f (n j · a + z), ĝ(z)) < ε/2023 (∀ j ≥ 1). (4.7)

For each j ≥ 1, note that at least one vector in {n j · a + ĉi }ki=1 is near to 0 + Z · b
within distance δ, since the segment between −n j · a − δ · b

||b|| and −n j · a + δ · b
||b||

cannot avoid all vectors in {ĉi + Z · b}1≤i≤k by our construction (4.4). Hence we can
rewrite

n j · a + ĉi = m j · b + δ′ (4.8)

for one i ∈ {1, 2, . . . , k}, m j ∈ Z and some residue ||δ′|| < δ.
Summarizing (4.3), (4.5), (4.6), (4.7), for any z in B(0, r), we obtain

T
(m j )

b f (z) = f (m j · b + z)

[from (4.8)] = f (n j · a + ĉi − δ′ + z)

[by (4.7)] ≈ ĝ(ĉi − δ′ + z)

[use(4.6)] ≈ g2(ĉi − δ′ + z)

[see (4.5)] = g(−δ′ + z)

[check (4.3)] ≈ g(z).

Thus the estimate (4.1) is guaranteed by adding up small differences in the above three
“≈”. 
�

4.2 Proof of Theorem A

We now show that for every θp, by our Algorithm, any obtained F in (3.18) is hyper-

cyclic for Tθp . Indeed, for any pair
(
fi = ( f [ j]

i )1≤ j≤m, ri
)
in (3.16), for any ε > 0,

we will show that for some integer n ≥ 1 there holds

||F(z + n · θp) − fi (z)|| ≤ ε (∀ z ∈B(ri )) (4.9)
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By {ε�}�≥1 in (3.5), we can find a large M such that
∑

�≥M ε� < ε. Recalling (3.17)
and (3.21), we now select a step number k > M such that ϕ1 ◦ ϕ1(k) = i and
ϕ2◦ϕ1(k) = p. It is easy to check that n = nk satisfies the proximity requirement (4.9)
by keeping track of the Algorithm.

Lastly, by Lemma 1.5, F is hypercyclic for all nontrivial translations Ta where
a ∈ R+ · θp. 
�

4.3 Proof of Theorem B

The idea is to choose a holomorphic function F : Cn → C
m+1 such that:

� 1. F has sufficiently slow growth and is hypercyclic for translation operators
{Tθi }i≥1;

� 2. F(Cn) avoids the origin 0 ∈ C
m+1.

It is clear that f := πm ◦ F satisfies the required hypercyclicity in Theorem B, where
πm is the canonical projection from C

m+1 \ {0} to CPm .
The existence of such F is guaranteed by Theorem A and the following

Observation 4.1 If m ≥ n, then for any holomorphic map h : Cn → C
m+1, by Sard’s

theorem, the image h(Cn) has zero Lebesgue measure in C
m+1. 
�

Later, we will take some universal holomorphic function F̃ : Cn → C
m+1 with

slow growth, which is hypercyclic for all {Tθi }i≥1, and choose certain v /∈ F̃(Cn), so
that F := F̃ −v satisfies our requirements � 1 and � 2 above. The remaining difficulty
is to make sure (1.7).

We need some insight from higher dimensional Nevanlinna theory for constructing
such F .

By homogeneity, the angular form γ := dclog ||z||2 ∧ ( d dclog ||z||2)n−1

contributes constant integral

∫
||z||=r

γ = 1 (∀ r > 0) (4.10)

on each sphere {||z|| = r}. By Jensen’s formula [27, Lemma 2.1.33], the characteristic
function of f := πm ◦ F can be rephrased as (denote α := ddc||z||2)

T f (r) =
∫ r

1

d t

t2n−1

∫
B(t)

d dclog

( m∑
i=0

|Fi |2
)

∧ αn−1

=
∫

||z||=r
log

( m∑
j=0

|Fj (z)|2
) 1

2

γ (z) −
∫

||z||=1
log

( m∑
j=0

|Fj (z)|2
) 1

2

γ (z).

(4.11)

Define φ : R+ → R+ to be constantly 1 on the interval (0, 1) and

φ(r) := r
ψ(r)
2 (∀ r ≥ 1). (4.12)
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Then φ is continuous and nondecreasing. By TheoremA, given {θi }i≥1 ⊂ S
2n−1, there

is some universal holomorphic map F̃ : Cn → C
m+1 with slow growth

||F̃(z)|| ≤ φ(||z||)
2k

(∀ z ∈C
n), (4.13)

such that F̃ is hypercyclic for all translations {Tθi }i≥1. Here, the value k � 1 is to be
determined.

By Observation 4.1, we can find a vector v ∈ C
m+1\F̃(Cn) in the open region

1 − 1

2k−1 < ||v|| < 1 − 1

2k
. (4.14)

Set F(z) := F̃(z) − v. It is clear that F is hypercyclic for all {Tθi }i≥1. By (4.13),
(4.14), and by φ(r) ≥ 1 for r ≥ 1, we have

||F(z)|| ≤ φ(||z||)
2k

+ 1 − 1

2k
≤ φ(||z||) (∀ |z| ≥ 1). (4.15)

In particular

sup
||z||=1

||F(z)|| ≤ φ(1) = 1. (4.16)

Applying (4.13) and (4.14) again, we can estimate the lower bound of ||F || on the unit
sphere

inf||z||=1
||F(z)|| ≥ ||v|| − max||z||=1

||F̃(z)|| >

(
1 − 1

2k−1

)
− 1

2k
. (4.17)

Thus we can estimate (4.11) by

T f (r) =
∫

||z||=r
log

( m∑
j=0

|Fj (z)|2
) 1

2

γ (z) −
∫

||z||=1
log

( m∑
j=0

|Fj (z)|2
) 1

2

γ (z)

≤ logφ(r) ·
∫

||z||=r
γ (z) −

∫
||z||=1

log ||F(z)|| · γ (z) [by ((4.15))]

≤ 1

2
ψ(r) · log r − log

(
1 − 1

2k−1 − 1

2k

)
[by (4.10), (4.12), (4.16), (4.17)].

(4.18)

Fix ε0 ∈ (0, 1). Choose some large M1 > 0 such that

−log

(
1 − 1

2k−1 − 1

2k

)
≤ log (1 + ε0) · ψ(1)

2
(∀ k ≥ M1).
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Plugging the above estimate into (4.18), we get

T f (r) ≤ ψ(r) · log r (∀ r ≥ 1+ ε0). (4.19)

Next, we prove the remaining part of (1.7) for 1 < r < 1+ε0 < 2 by an alternative
method.

The pullback of Fubini-Study form f ∗ωFS is

d dclog

( m∑
i=0

||Fi (z)||2
)

=
√−1

2π

(∑
i,s,l

∂Fi
∂zs

dzs ∧ ∂Fi
∂zl

dzl

||F(z)||2

− (
∑

i,s Fi
∂Fi
∂zs

dzs) ∧ (
∑

j,l Fj
∂Fj
∂zl

dzl)

||F(z)||4
)

.

We now estimate F and its derivatives on {||z|| ≤ 2}.
By the same reasoning as (4.16) and (4.17), we can obtain

(
1 − 1

2k−1

)
− φ(2)

2k
≤ inf||z||≤2

||F(z)|| ≤ sup
||z||≤2

||F(z)|| ≤ φ(2).

By Cauchy’s integral formula for derivatives, we have

∂Fi
∂zs

(z) = ∂ F̃i
∂zs

(z) = 1

2π
√−1

∫
|ζk−zk |=1

F̃i (z0, . . . , ζs, . . . , zm)

(zs − ζs)2
dζs (∀ ||z|| ≤ 2).

Hence by (4.13)

∣∣∂Fi
∂zs

(z)
∣∣ ≤ max|ζs−zs |=1

|F̃i (z0, . . . , ζs, . . . , zm)| ≤ φ(2 + 1)

2k
(∀ ||z|| ≤ 2).

Hence the (n, n) form d dclog (
∑m

i=0 |Fi (z)|2) ∧ αn−1 on the ball B(2) ⊂ C
n is

bounded from above by O(1) · 1
4k

· αn for some O(1) depending on φ. Thus for any
r ∈ [1, 2] we have

T f (r) =
∫ r

1

d t

t2n−1

∫
B(t)

d dclog

( m∑
i=0

|Fi |2
)

∧ αn−1≤
∫ r

1

d t

t2n−1

∫
B(t)

O(1) · 1

4k
· αn

= O(1) · 1

4k
(r2 − 1) ≤ O(1) · 1

4k
· log r [caution: two O(1)′ s are different].

(4.20)

Choose M2 > 0 such that O(1) · 1
4M2

≤ ψ(1). Setting k ≥ max{M1, M2}, by (4.19)
and (4.20), we conclude the proof of (1.7). 
�
Remark 4.2 When n > m, if one considers universal meromorphic maps or correspon-
dences betweenCn andCPm (cf. [27, p. 50]), then a likewise estimate (1.7) still holds
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true by much the same construction. However, the more essential problem is about
minimal growth of universal holomorphic maps, and we are interested in whether the
shapes depend on n or not.

4.4 Proof of Theorem C

Given countably many directions {θi }i≥1 in the unit sphere S2n−1 ⊂ C
n and a contin-

uous nondecreasing function ψ : R≥1 → R+ tending to infinity. Define a continuous
positive function φ : R≥0 → R+ by

φ(r) =
{
1 (0 ≤ r < 1),

r
ψ(r)
2 (r ≥ 1).

By Theorem A, we receive some universal holomorphic map F̃ : Cn → C
m with

slow growth ||F̃(•)|| ≤ φ(|| • ||), which is hypercyclic for translation operators along
these directions {θi }i≥1.

It is clear that F = π ◦ F̃ satisfies our desired universality and hypercyclicity. Now
we check the growth. By Jensen’s formula [27, Lemma 2.1.33], for any r > 1, we
have

TF (r) =
∫ r

1

d t

t2n−1

∫
B(t)

d dc||F̃ ||2 ∧ αn−1

= 1

2

∫
||z||=r

||F̃(z)||2 γ (z) − 1

2

∫
||z||=1

||F̃(z)||2 γ (z).

Noting that
∫
||z||=r γ = 1 and that ||F̃(z)||2 ≤ φ(||z||)2 ≤ rψ(r) for ||z|| = r , we

conclude the proof. 
�

Remark 4.3 The slow growth rate (1.8) is optimal, since TF (•) must grow faster than
any polynomial due to the universality of F .

4.5 Proof of TheoremD

Consider the set of hypercyclic angles of F

Î := {[θ ] ∈ R/2π · Z : F is hypercyclic for Te
√−1θ }.

The angular circle R/2π ·Z has a natural metric induced from the Euclidean norm of
R, and our goal is to show that, for any α > 0 and δ > 0, there holds

Hα
δ ( Î ) = 0, (4.21)
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where we use the standard notation

Hα
δ ( Î ) = inf

{ ∑
i≥1

(diamUi )
α : ∪i≥1Ui ⊃ Î , diamUi < δ

}
,

the infimum being taken over all countable covers {Ui }i≥1 of Î having diameters less
than δ.

Our strategy of proving (4.21) is by using the slow growth of the zeros-counting
function of F

nF (t, 0) := cardinality of {z ∈ Dt : F(z) = 0}
counting multiplicities (∀ t > 0). (4.22)

The insight comes from the First Main Theorem in Nevanlinna theory.
Suppose F is hypercyclic for Te

√−1θ . It is clear that F cannot be any translation of
the identity map z 
→ z. Hence for any ε > 0, there is some positive integer rε such
that T(rε )

e
√−1θ

(F) approximates the identity map on the unit disc

sup
|z|≤1

|F(z + rε · e
√−1θ ) − z| < ε.

If ε is sufficiently small, say ε < 1, then by Rouché’s theorem, F has exactly one zero
in the disc D(rε · e

√−1θ , 1). By taking an infinite shrinking sequence {εi }i≥1 ↘ 0,
we see the corresponding {rεi }i≥1 ↗ +∞. Thus F must have infinitely many zeros

within Euclidean distance 1 to the ray R+ · e
√−1θ .

For a fixed universal holomorphic function F in Theorem C, set

Ek := {[θ ] ∈ R/2π · Z : ∃ r ∈ [2k, 2k+1) such that F

has zeros inD(r · e
√−1θ , 1)} (∀ k ≥ 1). (4.23)

Then Î ⊂ ∩�≥1 ∪k≥� Ek .

We are going to show that, if φ grows sufficiently slow, there must hold

∑
k≥1

Hα
δ (Ek) < +∞, (4.24)

hence (4.21) follows immediately by the Borel–Cantelli lemma.
Now Nevanlinna theory plays a key rôle. Recall Nevanlinna’s inequality [27,

Theorem 1.1.18] that the growth of F “controls” the number of zeros of F (see (4.22)):

TF (r) + O(1) ≥ NF (r , 0) :=
∫ r

t=1
nF (t, 0)

d t

t
, (∀ r > 1), (4.25)

wherewe constantly abuse the notation O(1) for uniformly bounded terms. For an aux-
iliary positive increasing functionψ : R+ → R+ tending to infinity limr→+∞ ψ(r) =
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+∞, we consider the transcendental growth rate

φ(r) := rψ(r). (4.26)

Then, by Cartan’s formula (1.5), the growth condition (1.9) implies that the left-hand
side of (4.25)

TF (r) + O(1) ≤ ψ(r) · log r + O(1) (∀ r > 1).

Combing the estimates

NF (r2, 0) ≤ TF (r2) + O(1) ≤ ψ(r2) · log (r2) + O(1) (∀ r > 1)

and

NF (r2, 0) ≥
∫ r2

r
nF (r , 0)

d t

t
= nF (r , 0) · log r (∀ r > 1),

we receive that

nF (r , 0) ≤ 2 · ψ(r2) + o(1) (∀ r > 1). (4.27)

Now we choose ψ in (4.26) to grow extremely slowly, say

ψ((2k+2)2) ≤ k (∀ k ≥ 1). (4.28)

Whence the number of zeros of F in each annulus Ak := {2k − 1 < |z| < 2k+1 + 1}
(for k ≥ 1) is at most (see (4.27), (4.28))

nF (2k+1+1, 0) − nF (2k − 1, 0)≤nF (2k+2, 0) ≤ 2 · ψ((2k+2)2)+o(1) ≤ 2k+o(1).

Hence by (4.23) and by plane geometry, Ek can be covered by intervals of the shape
[θ j − π

r j
, θ j + π

r j
] (mod 2π · Z), where r j · e

√−1θ j is a zero of F in Ak . Thus

Hα
δ (Ek) ≤

(
2k + o(1)

)
· Hα

δ

([
− π

2k−1
, π
2k−1

])

≤ (
2k + o(1)

) ·
(

2π
2k−1

)α (
∀ k � 1, s.t. 2π

2k−1
<δ

)
.

Therefore
∑
k≥1

Hα
δ (Ek) < +∞

is guaranteed for any α > 0.
Lastly, we use Lemma 2.1 to replace φ in (4.26) by an inferior real analytic function

of the shape (1.4). This concludes the proof. 
�
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4.6 Proof of Theorem E

The insight is that certain Cantor set in the interval [0, 1] has zero Lebesgue measure
but is uncountable. We now modify our algorithm to construct some direction set I
likewise.

Notice that each positive integer n has a finite length l(n) in binary expansion

n =
l(n)∑
k=0

ak 2
k, a0, a1, a2, ..., al(n) ∈ {0, 1}, al(n) = 1.

We reset the sequence {(g j , r̂ j )} j≥1 in (3.3) as g j := fϕ1(l( j)), r̂ j := rϕ1(l( j)). Thus
each ( fi , ri ) for i = 1, 2, 3, . . . still repeats infinitely many times in (g j , r̂ j ) j≥1,
while

g2k = g2k+1 = · · · = g2k+1−1 = fϕ1(l(2k )), r̂2k = r̂2k+1

= · · · = r̂2k+1−1 (∀ k ≥ 0). (4.29)

The second place we adjust is the choice of ck = rk · e
√−1θk in polar coordinates

rk ∈ Z+, θk ∈ R/2π · Z. Since each Gk obtained by our Algorithm is continuous and
satisfies (3.7), we can retain the modulus rk and slightly perturb the argument θk of ck
within a small angle 0 < δk � 1 so that a similar estimate

|Gk(rk · e
√−1η + z) − gk(z)| ≤ 2εk

(∀ z ∈Dr̂k
; ∀ η ∈ (θk−δk , θk+δk )mod 2π ·Z) (4.30)

still holds true. By our Algorithm, we can subsequently choose rk ∈ R+, θk ∈
R/2π · Z and 0 < δk � 1 for k = 1, 2, 3, . . . with the additional requirements
that (θ2k − δ2k, θ2k + δ2k) and (θ2k+1 − δ2k+1, θ2k+1 + δ2k+1) are disjoint subsets of
(θk − δk, θk + δk) and that 1 � δ1 � δ2 � δ3 � · · · .

Gathering all possible angles

Ek =
2k+1−1⋃
i=2k

(θi − δi , θi + δi ) (∀ k ≥ 0)

obtained in adjacent steps, we see a fast decreasing pattern E0 ⊃ E1 ⊃ E2 ⊃ · · · .

Thus the Cantor-like set ∩+∞
k=0 Ek is uncountable.

On the other hand, by (4.29), (4.30) and by the arguments in Sect. 3.1, we can show
that all arguments θ ∈ ∩+∞

k=0 Ek produce a = e
√−1·θ such that that F is hypercyclic

for Ta .
It suffices to check that for any pair ( fi , ri ) in Sect. 3.1 and any ε > 0, there is

some large integer n � 1 such that

||F(z + n · θ) − fi (z)|| ≤ ε (4.31)
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uniformly for z ∈ B(ri ). Using the sequence {ε�}�≥1 defined in (3.5), we can find a
large integer M such that

∑
�≥M ε� < ε. Then, recalling (4.29) and (3.21), we select

a step number k > M such that ϕ1 ◦ l(k) = i and θ ∈ (θk − δk, θk + δk). It is easy to
check that n = nk satisfies the proximity requirement (4.31) by chasing the algorithm
and by noticing (4.30).

Lastly, by Lemma 1.5, we conclude the proof. 
�

5 Reflections

Constructing interesting holomorphic objects is one central theme in complex
geometry. Let us recall the modern Oka principle [15, p. 369]:

Analytic problems on Stein manifolds which can be formulated in terms of maps
to Oka manifolds, or liftings with respect to Oka maps, have only topological
obstructions.

In light of Nevanlinna theory we shall test the above slogan by seeking interesting
holomorphic maps into Oka manifolds Y with slow growth. See e.g. [11] in this line of
thought. In particular, we are interested in minimal growths of universal holomorphic
maps from various source spaces into Y . In general, such questions are very diffi-
cult, because certain effective version of Runge’s approximation theorem ought to be
required. For instance, from C

n to C
m , it is our Algorithm. Nevertheless, we would

like to ask

Question 5.1 Is it true that for any compact OkamanifoldY , there exist some universal
entire curves f : C → Y having slow growth no more than the shape (1.8)?

Question 5.2 If the answer to the above question is yes, is the same statement holds
true for any compact Oka-1 manifold?

RecallKusakabe’s result [24, Theorem1.4] that anOkamanifoldY admits universal
holomorphic maps f : X → Y from various source spaces X with mild symmetry.

Question 5.3 What can we say about minimal growth of f from other source space
X �= C? Here if Y is not compact, we shall find appropriate metrics on Y for defining
Nevanlinna characteristic functions T f .

The above questions seek quantitative invariants of Oka (resp. Oka-1) manifolds.
They could also provide new insight for certain classification problems, e.g., whether
any K3 surface or Fano manifold is Oka or not. Moreover, the techniques developed
along this line shall shed light for constructing entire and rational curves on Fano
manifolds via analytic methods, which has been a long standing challenge in complex
geometry.
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