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ABSTRACT. We establish a Second Main Theorem for algebraically nondegenerate entire holomorphic curves
f : C → P2 intersecting a generic configuration of three conics C = C1 +C2 +C3 in the complex projective
plane P2. Using invariant logarithmic 2-jet differentials with negative twists, we prove the estimate

Tf (r)⩽ 5
3

∑
i=1

N[1]
f (r,Ci)+o

(
Tf (r)

)
∥,

where Tf (r) is the Nevanlinna characteristic function, and N[1]
f (r,Ci) is the 1-truncated counting function.

We also prove that the logarithmic cotangent bundle of three generic conics is nef and that all of its negatively
twisted symmetric powers have no nonzero global sections. Consequently, within the negatively twisted jet-
differential approach, order two is the first level at which an effective argument can operate.

The key innovation of our approach is establishing new vanishing lemmas of the form

H0(P2, E2,mT ∗
P2(logC )⊗OP2(−t)

)
= 0

for specific pairs (m, t), achieved by combining algebro-geometric arguments with computer-assisted compu-
tations through a mod-p reduction technique. This provides a systematic method for proving vanishing results
for negatively twisted jet differentials — a key component in complex hyperbolic geometry — thereby filling a
missing piece in two-dimensional complex hyperbolicity theory.

1. Introduction

1.1. Motivation. In the complex projective plane P2, the logarithmic Kobayashi conjecture asserts that if
C ⊂ P2 is a generic algebraic curve of degree d ⩾ 5, then the complement P2 \C should be hyperbolic
[39]. Various notions of hyperbolicity exist; here we use the most straightforward one: P2 \C is said to
be hyperbolic if there is no nonconstant holomorphic map f : C → P2 \C . This conjecture generalizes
the classical Little Picard Theorem on the hyperbolicity of P1 \ {3 points}, and is supported by explicit
examples constructed by Zaidenberg [74]. For generic curves C of sufficiently large degree in P2, the
conjecture was confirmed by Siu and Yeung [67] by constructing explicit logarithmic 2-jet differentials
with negative twists. Later, building on the work [18], El Goul [25] improved the degree bound to 15 for
very generic C . Combining this with Siu’s strategy of using slanted vector fields [65] and a technique of
Păun [54], Rousseau [58] further reduced the degree bound to 14.

These results for high-degree curves naturally extend to configurations with multiple components. In the
case where the curve C = ∪q

i=1Ci decomposes into the union of q ⩾ 2 generic algebraic curves Ci of degree
di, the hyperbolicity of the complement P2 \C has been established with smaller degree bounds d = ∑

q
i=1 di

in various works. For instance, a result in [1] settles the case where q ⩾ 5. The case (q = 4,∑4
i=1 di ⩾ 5)

was treated in [21]. The configuration of three conics was studied in [29, 21, 2] by different methods.
Dethloff, Schumacher, and Wong treated the case of two conics and one cubic using symmetric differential
1-forms [22], and settled the case of three generic conics by a clever application of Nevanlinna theory [21].
Rousseau [58] addressed the case q = 2 under the assumptions (d1 = 1,d2 ⩾ 11), (d1 = 2,d2 ⩾ 8), (d1 =
3,d2 ⩾ 5), or (d1 = 4,d2 ⩾ 4). Notably, for q ⩾ 3, Noguchi, Winkelmann, and Yamanoi [53] established the
algebraic degeneracy of every entire curve in P2 \C under the mild condition ∑

q
i=1 di ⩾ 4. Their result also

extends to the corresponding higher-dimensional setting.
Thus, in the aforementioned settings, every algebraically nondegenerate entire curve f : C → P2 must

intersect the curve C . In this article, we aim to quantify these geometric results by means of Nevanlinna
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theory. Specifically, we aim to establish a Second Main Theorem type estimate:

(1.1) Tf (r)⩽ c
q

∑
i=1

N[k]
f (r,Ci)+o

(
Tf (r)

)
∥,

where
N[k]

f (r,Ci) :=
∫ r

1
∑
|z|<t

min{k,ordz f ∗Ci}
d t
t

(i = 1, . . . ,q; r > 1)

are the k-truncated counting functions, measuring the frequency of intersections f (C)∩Ci; and

Tf (r) :=
∫ r

1

d t
t

∫
|z|<t

f ∗ωFS (r > 1)

is the order function, capturing the area growth rate of the holomorphic discs f ({|z|< t}) with respect to the
Fubini-Study metric ωFS on P2. The constant c on the right-hand side of (1.1) is independent of r, and the
notation “∥” indicates that the inequality (1.1) holds for all r > 1 outside a set of finite Lebesgue measure.

When C has at least 4 irreducible components, such a Second Main Theorem type estimate with trunca-
tion at level 2 was established by H. Cartan [7] in the linear case where Ci are lines:

(q−3)Tf (r)⩽
q

∑
i=1

N[2]
f (r,Ci)+o

(
Tf (r)

)
∥ .

In the nonlinear case, analogous results (without truncation) were obtained by Eremenko and Sodin [27]
via pluripotential theory, and by Ru [60] through a synthesis of Cartan’s method and Diophantine geometry.
These results also extend to the corresponding higher-dimensional setting (see [51, 61]).

The above estimate becomes vacuous when q = 3, as the factor (q− 3) vanishes; thus the case of three
curves lies precisely on the borderline where classical methods break down. From the viewpoint of the
logarithmic Bloch–Ochiai theorem, the condition q > 3 was originally required to guarantee algebraic de-
generacy of every entire curve f : C→ P2 \

⋃q
i=1 Ci (see the series of works by Noguchi [47, 48, 49]).

In the prior work [10], the authors established a Second Main Theorem for n+1 hypersurfaces {Di}n+1
i=1

in Pn in general position and intersecting transversally, proving the defect relation

(1.2)
n+1

∑
i=1

δ f (Di)< n+1

for any algebraically nondegenerate entire curve f : C → Pn under the optimal total degree assumption
∑

n+1
i=1 degDi ⩾ n+2. Here, each defect δ f (Di) is defined by

δ f (Di) := 1− limsup
r→∞

N f (r,Di)

deg(Di)Tf (r)
.

The proof combined parabolic Nevanlinna theory [55] with the Second Main Theorems for semi-Abelian
varieties [52] and for n+2 hypersurfaces [59]. Subsequently, Ru and Wang [62] extended the result (1.2) to
moving targets with truncation level 1, while preserving the upper bound n+ 1 on the right-hand side (see
also [63]).

In the case of n = 2, the defect relation (1.2) might be viewed as the weakest, albeit nontrivial, form of
a Second Main Theorem in the vein of (1.1) with noneffective c < ∞. The primary objective of this article
is to establish an effective Second Main Theorem, with truncation level 1, for three generic conics with an
explicit constant c = 5.

1.2. Two Key Theorems. The pursuit of a Second Main Theorem encounters a fundamental obstacle: the
very nature of entire curves exhibits an inherent and wild flexibility in large-scale geometry, as evidenced
by the exotic examples in [38, 73, 71, 9]. Our strategy constrains this flexibility by leveraging additional
algebro-geometric structures to extract the underlying rigidity of entire curves, building on the following
two key results.

Theorem 1.1 (McQuillan [41]). Let C = ∑
q
i=1 Ci be a normal crossings divisor in P2, where each Ci is a

smooth algebraic curve of degree di with d = ∑
q
i=1 di ⩾ 4. Let f : C→ P2 be an algebraically nondegenerate

entire holomorphic curve. If the lifting f[1] : C→ X1 = PTP2(−logC ) is algebraically degenerate, then the
following Second Main Theorem type estimate holds:

(d −3)Tf (r)⩽ N[1]
f (r,C )+o

(
Tf (r)

)
∥ .



3

Theorem 1.2 ([37, Theorem 3.1]). Let C =∑
q
i=1 Ci be a normal crossings divisor in P2. For any logarithmic

jet differential
ω ∈ H0(P2,EGG

k,mT ∗
P2(logC )⊗OP2(−t)

)
(k,m, t ⩾ 1),

and any entire holomorphic curve f : C→ P2 such that f ∗ω ̸≡ 0, the following Second Main Theorem type
estimate holds:

(1.3) Tf (r)⩽
m
t

q

∑
i=1

N[1]
f (r,Ci)+O

(
logTf (r)+ logr

)
∥ .

Here, EGG
k,mT ∗

P2(logC ) denotes the logarithmic Green–Griffiths k-jet bundle of weighted order m (see Sec-
tion 2). The use of such higher-order jet differentials in the study of complex hyperbolicity goes back to
André Bloch [3]. In the present work, we restrict attention to the “invariant” subbundle Ek,mT ∗

P2(logC ) ⊂
EGG

k,mT ∗
P2(logC ), originally introduced by Demailly [17]. This subbundle possesses stronger positivity prop-

erties, making it particularly suitable for constructing sections; further details can be found in Section 2.
Theorem 1.2 can be seen as a quantitative refinement of the Fundamental Vanishing Theorem for entire

curves (cf. [30, pp. 55-59], [66, Lemma 1.2] and [17, Corollary 7.9]). Although the original statement in
[37] is formulated for hypersurfaces in Pn, the proof extends directly to the case of simple normal crossing
divisors in projective manifolds (cf. [61, Theorem A10.7.2]).

1.3. Our First Result. The first result of this article is an application of Theorem 1.2 in the case k = 1.

Theorem 1.3. Let C = ∪3
i=1Ci be a union of three smooth curves Ci of degrees di with simple normal

crossings. Assuming that d1 ⩾ d2 ⩾ d3 ⩾ 2 and d1 ⩾ 3, so that the total degree d = d1 + d2 + d3 ⩾ 7.
For a nonconstant algebraically nondegenerate entire holomorphic curve f : C → P2 whose image is not
contained in any Ci, one has the estimate

Tf (r)⩽ c
3

∑
i=1

N[1]
f (r,Ci)+o

(
Tf (r)

)
∥,

for any positive constant c satisfying

c >
1

(d −3)δ1
, where δ1 =

1
2 −

√
9(d−1)2−12(d1d2+d2d3+d3d1)

6(d−3) .

Here, the numerical conditions on d1,d2,d3 are imposed to ensure the positivity of the Euler characteristic
of the logarithmic symmetric differential bundles SmT ∗

P2(logC ). Specifically, we have:

χ
(
SmT ∗

P2(logC )
)
= Ld1d2d3 ·m

3 +O(m2)> 0, ∀m ≫ 1,

where Ld1d2d3 is a positive leading coefficient.

Remark 1.4. In the case where C consists of two conics and one cubic, a direct computation shows that δ1

takes the value 6−
√

33
12 . This leads to a Second Main Theorem of the form

Tf (r)⩽ c
3

∑
i=1

N[1]
f (r,Ci)+o

(
Tf (r)

)
∥,

valid for any positive constant c satisfying c > 3
6−

√
33

≈ 11.74 . . .. This quantifies the hyperbolicity result of

P2 \C due to Dethloff–Schumacher–Wong [22].

1.4. Proof of Theorem 1.3. Let f be algebraically nondegenerate, as in the statement of the theorem. The
key step is to find a nonzero global negatively twisted logarithmic symmetric differential form

(1.4) ω ∈ H0(P2, Sm T ∗
P2(logC )⊗O(−t)

)
, m ⩾ 1, t ⩾ 1, m/t ⩽ c, ω ̸≡ 0.

Proof of Theorem 1.3 assuming (1.4). If f ∗ω ̸≡ 0, then Theorem 1.2 yields the desired estimate. On the
other hand, if f ∗ω ≡ 0, then f[1](C) lies in the proper zero divisor of ω on X1. We can therefore apply
McQuillan’s Theorem 1.1 to obtain the stronger inequality

(d −3)Tf (r)⩽ N[1]
f (r,C )+o(Tf (r)) ∥ .

In either case, the conclusion of the theorem holds. □

The proof of (1.4) will be given in Section 3, based on Riemann–Roch computations and a Bogomolov-
type vanishing theorem (Theorem 2.1).
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1.5. Our Second, Main Result: Second Main Theorem for Three Conics. Having established an effec-
tive Second Main Theorem for configurations of large degree, we now turn to the more challenging case of
three generic conics C in P2. Put

E := T ∗
P2(logC ).

The residue sequence gives c1(E)= 3H and c2(E)= 9H2. Consequently, Hirzebruch–Riemann–Roch yields
the exact formula

(1.5) χ
(
SmE(−t)

)
=

m+1
2
(
(t −1)(t −2)−3mt

)
.

In particular, χ(SmE) = m+1; thus the untwisted Euler characteristic does not have a negative cubic leading
term. The authors formulated the corresponding one-jet vanishing problem, which is settled completely by
the following theorem.

Theorem 1.5 (One-jet vanishing for three conics). For a generic simple-normal-crossing configuration of
three smooth conics C = C1 +C2 +C3 in P2, the logarithmic cotangent bundle

E = T ∗
P2(logC )

is nef. Moreover, for every pair of integers m, t ⩾ 1,

(1.6) H0(P2,SmT ∗
P2(logC )⊗OP2(−t)

)
= 0.

The proof is given in Appendix B. It is instructive to compare the theorem with known borderline cases.
For certain special configurations of six lines, negatively twisted logarithmic symmetric differentials do
exist; see [34, p. 133] and [69, Theorem 1.4]. For a generic sextic curve, they do not exist [25, Lemma 1.4.1].
Theorem 1.5 shows that three generic conics satisfy the stronger vanishing for every negative twist. Thus the
one-jet route is genuinely unavailable in this low-degree setting. Invariant logarithmic 2-jets are therefore not
merely a technical convenience: they are the first possible jet order for the negatively twisted jet-differential
strategy. This necessity gives the two-jet construction in the present paper additional geometric significance.
This is a precise instance of the principle that “the lower the degree, the harder the hyperbolicity” [23, p. 3].
Our main result is as follows.

Theorem 1.6 (Second Main Theorem for Three Conics). For a generic configuration of three conics {Ci}3
i=1

in P2 and a nonconstant algebraically nondegenerate entire holomorphic curve f : C→ P2 whose image is
not contained in any Ci, the following inequality holds:

(1.7) Tf (r)⩽ 5
3

∑
i=1

N[1]
f (r,Ci)+o

(
Tf (r)

)
∥ .

Remark 1.7. The constant c = 5 in this theorem is smaller than the constant ≈11.74 appearing in Theo-
rem 1.3 for the case of two conics and one cubic. This may seem counterintuitive, since the smaller total
degree 2+2+2 < 2+2+3 would normally suggest a larger constant. Theorem 1.5 shows that negatively
twisted 1-jets do not exist for three generic conics; the improvement therefore comes from the more re-
fined invariant 2-jet method. A detailed 2-jet analysis is likewise expected to sharpen the constants for the
two-conics-and-one-cubic case and for the other configurations covered by Theorem 1.3.

Remark 1.8. An unexpected computational byproduct appears for the three Fermat-type conics C defined
by the quadratic polynomials

2Z2
0 +Z2

1 +Z2
2 , Z2

0 +2Z2
1 +Z2

2 , Z2
0 +Z2

1 +2Z2
2 .

For this explicit configuration, the finite calculation detects a 9-dimensional space of negatively twisted
invariant logarithmic 2-jets of weighted degree 5 and twist −1; see Remark 7.5. Together with the preceding
vanishings in weighted degrees 1,2,3,4, this forces the space to contain two algebraically independent
members and hence yields a Second Main Theorem with constant 5 for this Fermat-type configuration. This
byproduct is not used in the proof of the Main Theorem, whose constant is instead governed by the finite set
of vanishings in Key Vanishing Lemma II.

We now outline the main ideas underlying the proof of Theorem 1.6 for a finite constant c < ∞, be-
fore refining the argument to achieve the sharper goal c = 5. Let f be algebraically nondegenerate, as in
Theorem 1.6.

The core idea is to construct two independent negatively twisted invariant logarithmic 2-jet differentials
ω1 and ω2:
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• If f ∗ω1 ̸≡ 0 or f ∗ω2 ̸≡ 0, then Theorem 1.2 directly gives the desired Second Main Theorem type
estimate.

• If both pullbacks vanish, then their independence forces the lifting f[1](C)⊂ X1 to be algebraically
degenerate. Hence McQuillan’s Theorem 1.1 applies.

In either case, we obtain the desired Second Main Theorem type estimate.

In the numerical range where differentiation preserves a negative twist, Siu’s slanted vector fields realize
this idea directly: the natural action of an invariant vector field on the universal logarithmic jet space sends
ω1 to a genuine global invariant logarithmic 2-jet differential ω2. When this direct construction is not
numerically available, we retain Miyaoka’s zero-locus argument (see also Lu–Yau), in the jet-differential
form used by Demailly–El Goul [45, 40, 18], as a logically necessary fallback. That fallback is not the
conceptual origin of the method; sufficiently many additional Key Vanishing Lemmas would eliminate it.

The central difficulty is to control the common base locus of the resulting jet differentials. Such construc-
tions are available in high degree, as in Siu–Yeung [67], but are far more difficult in low degree because of
the algebraic complexity of jet differentials and the ensuing elimination problem; compare [42]. For three
generic conics, Theorem 1.5 rules out the negatively twisted 1-jet alternative altogether.

A notable illustration of these difficulties arises even in the 1-jet case. Debarre [16] conjectured that
for a generic choice of high-degree hypersurfaces H1, . . . ,Hc ⊂ PN with c ⩾ N/2, the complete intersection
X := H1 ∩ ·· · ∩ Hc should have an ample cotangent bundle T ∗

X , which is equivalent to the existence of
sufficiently many negatively twisted 1-jet differentials on X with empty common base locus. The first proof
of Debarre’s ampleness conjecture was established by Xie [72], using explicit 1-jet differentials obtained by
Brotbek [5] for Fermat-type hypersurfaces. A key step in Xie’s approach is a core lemma [72, p. 969] that
overcomes substantial difficulties in the elimination process. Shortly thereafter, Brotbek and Darondeau [6]
found an alternative proof, which instead applies Nakamaye’s theorem [46] to tackle the elimination.

1.6. Roadmap for Theorem 1.6: Towards an Effective Finite Constant c < ∞. We now outline the
proof of our main result, focusing first on establishing an explicit finite constant c in the inequality (1.7).
The argument proceeds in several steps.

First, for generic three conics C = C1 +C2 +C3, standard Riemann–Roch computations (detailed in
Section 4) guarantee the existence of an irreducible, negatively twisted invariant logarithmic 2-jet differential

(1.8) ω1 ∈ H0(P2,E2,mT ∗
P2(logC )⊗OP2(−t)

)
,

with weighted degree m ⩾ 1, vanishing order t ⩾ 1.
If f ∗ω1 ̸≡ 0, then Theorem 1.2 immediately yields the desired Second Main Theorem with a finite con-

stant c. We may therefore assume f ∗ω1 ≡ 0 in what follows.
The subsequent strategy depends on the values of (m, t):

Case 1: t > 7. We apply Siu’s strategy [65] of slanted vector fields, as realized in dimension two by
Păun [54] (compact case) and Rousseau [58] (logarithmic case). On the universal logarithmic jet space,
an invariant pole-order-7 field acts naturally on the equivariant polynomial representing ω1 and produces a
genuine global invariant logarithmic 2-jet differential

ω2 ∈ H0(P2,E2,mT ∗
P2(logC )⊗OP2(7− t)

)
.

The field can be chosen so that ω1 and ω2 are independent modulo Γ2. Theorem 1.2 applied to ω2 gives the
coefficient m/(t −7); if both pullbacks vanish, their independence forces f[1] to be algebraically degenerate.
See Section 5.

Case 2: t < m. Following Miyaoka’s zero-locus method (see also Lu–Yau), in the form developed by
Demailly–El Goul [45, 40, 18] (see Section 6), Riemann–Roch computations give a nonzero negatively
twisted section on the residual zero divisor of ω1 in the second level X2 of the Demailly–Semple tower; see
Proposition 6.2. We then distinguish two subcases:

• If the canonical evaluation of the restricted section along f[2] is nonzero, we derive a Second Main
Theorem-type estimate from the intrinsic tautological evaluation and the partition-of-unity argument
of [37, Theorem 3.1]; see Theorem 6.5.

• If the canonical evaluation is identically zero, Lemma 6.6 shows that the lifting f[1](C) is alge-
braically degenerate in the first level X1 of the logarithmic Demailly-Semple tower for (P2,C ), and
hence McQuillan’s Theorem 1.1 applies.
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Case 3: The Remaining Possibilities. For the remaining pairs (m, t) not covered by the previous two
cases, we establish the following Key Vanishing Lemma I to rule out the existence of any nonzero ω1 in
these settings. Note that vanishing for (m, t) implies vanishing for all (m, t ′) with t ′ > t. Thus we complete
the proof of a Second Main Theorem for three generic conics with a finite constant c. Moreover, careful
numerical computation shows that we can take c = 19; see Subsection 6.3.

1.7. New Vanishing Results and Proof Strategy.

Key Vanishing Lemma I. For a generic configuration of three conics C = ∪3
i=1Ci in P2, one has:

H0(P2,E2,mT ∗
P2(logC )⊗OP2(−t)

)
= 0

for all (m, t) in the set {(3,3),(4,4),(5,5),(6,6),(7,7)}.

While such vanishing results have long been recognized as fundamental in complex hyperbolicity theory,
a proof has remained out of reach for lack of a viable method. The decisive innovation is a new exponent
bound that converts the a priori infinite extension problem into finitely many exact linear-algebra calcula-
tions.

The project began with the question of whether three conics admit an effective Second Main Theorem
and with an attempt to use slanted vector fields of pole order 3. After substantial work, that route did not
yield a complete argument; moreover, lowering the pole order would not by itself remove the Key Vanishing
obstruction. The present proof therefore uses the classical pole-order-7 package and resolves the remaining
finite obstruction through the new exponent bound.

We later observed, with the benefit of the pole-lowering ideas developed in the subsequent papers [14, 36],
that a pole-order-4 version can also be made to close. We do not pursue that variant here: the pole-order-7
argument keeps the exposition focused on the genuinely new ingredient of the present paper, namely the
exponent bound and the resulting finite Key Vanishing problem. Lowering the pole order changes the finite
list, but does not eliminate the need to prove its members.

Each case in Key Vanishing Lemma I follows from the corresponding stronger case in Key Vanishing
Lemma II by twist monotonicity. The substantive finite verification is therefore the proof of Key Vanishing
Lemma II, presented in Subsection 7.2. It has three steps:

• All-layer finite shape: The exponent bound is established uniformly in the Wronskian layer q. It
gives a finite homogeneous polynomial ansatz for every coefficient, including all layers required
when m is large.

• Exact C++ verification: For explicit Fermat-type conics, a C++ program constructs the complete
coupled transition matrix over F5 and proves full column rank by exact sparse elimination.

• Geometric extension: Upper semicontinuity globalizes the verified vanishing from this explicit
configuration to a nonempty Zariski-open set of triples of conics.

Remark 1.9. An alternative approach to establishing such vanishing results is through cohomological di-
agram chasing based on the filtration structure (2.3). This method enables systematic construction of
long exact sequences in cohomology, thereby facilitating stepwise computation of H0

(
P2,E2,mT ∗

P2(logC )⊗
O(−t)

)
. When m = t is not divisible by 3, the vanishing reduces to negatively twisted logarithmic 1-

jet differentials. This observation is due to Pengchao Wang; see Appendix C. Theorem 1.5 supplies all
the required symmetric-power vanishings. Consequently, Proposition C.2 gives, in particular, the cases
(m, t) = (4,4),(5,5),(7,7) in Key Vanishing Lemma I.

However, in more general cases—such as when m > t or when 3 divides m = t—this diagram-chasing
approach becomes substantially more complicated and its feasibility remains uncertain. Determining the
essential information required for the diagram chasing presents a significant challenge. In particular, com-
puting H i for i = 0,1,2 for each term in the long exact sequence requires either analyzing the connecting
homomorphisms from H i to H i+1, or computing other H i groups that typically do not vanish, thereby intro-
ducing considerable additional complexity.

Remark 1.10. The significance of the present method extends well beyond the numerical constant in the
Second Main Theorem. To the best of our knowledge, this is the first effective Second Main Theorem in
higher-dimensional Nevanlinna theory whose decisive input is a pair of algebraically independent, nega-
tively twisted invariant logarithmic 2-jet differentials, rather than a Cartan-type Wronskian construction.
Here the distinction concerns the proof mechanism: the local algebra of invariant 2-jets still contains its
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intrinsic Wronskian generator, but the Second Main Theorem is not produced by the classical Cartan–
Wronskian method. This introduces a new algebraic-geometric mechanism for effectiveness. Equally im-
portantly, the exponent bound introduced here reduces the extension problem to finite exact algebra and
became a foundational input in the subsequent papers [35, 14]. In those works, the compact threshold case
d = 15 and the logarithmic threshold case d = 11 are reduced to explicit finite rank-verification problems.
The corresponding computer calculations are now in progress; no further conceptual ingredient is required,
so reaching the two threshold degrees predicted by the 2-jet method is now a matter of computation time.

1.8. Proof Blueprint of Theorem 1.6 with c = 5. We first show that in the existence result for ω1 in (1.8),
the ratio t/m can be made close to 4−

√
10

3 ; see Proposition 4.2. If f ∗ω1 ̸≡ 0, then Theorem 1.2 yields the
estimate (1.7) with constant c around 3

4−
√

10
= 3.58 . . .. This value represents the theoretical limit of our

current approach. Our goal of achieving c = 5 is strategically set near this limit.
In Case 1 (t > 7), the original differential ω1 gives the coefficient m/t, while the global differential ω2

produced by a pole-order-7 slanted vector field gives the coefficient m/(t −7). Requiring both to be at most
5 is equivalent to t ⩾ m/5+7.

In Case 2 (t < m), we refine Demailly–El Goul’s approach [18] to estimate the ratio of the vanishing
order of ω2 to its weighted degree. Through the analysis in Section 6, we show that the restricted-section
argument gives any constant c > 3/τ1(

t
m), where

τ1(
t
m ) =

3
2

(
4− t

m

)
−

√
3

2

√
32−8

t
m
+3
( t

m

)2
.

A direct computation shows that 3/τ1(
t
m)< 5 is equivalent to t/m < 43/85.

Although most positive integer pairs (m, t) satisfy either t/m < 43/85 or t ⩾ m/5+7, exceptional cases
remain where neither condition holds. To address these, we need the following strengthened vanishing
results:

Key Vanishing Lemma II. For a generic configuration of three conics C = ∪3
i=1Ci in P2, one has:

(1.9) H0(P2,E2,mT ∗
P2(logC )⊗OP2(−t)

)
= 0

for all
(m, t) ∈

{
(3,2),(4,3),(5,3),(6,4),(7,4),(8,5),(9,5),

(10,6),(11,6),(12,7),(13,7),(14,8),(15,8),(16,9),

(17,9),(18,10),(19,10),(21,11)
}
.

The proof in Subsection 7.2 first establishes the uniform all-layer finite shape. It then specializes to
Fermat-type conics and proves, by exact full-coupled sparse elimination over F5, that the resulting integral
matrix has trivial kernel.

1.9. Structure of the article. Section 2 provides necessary background. Section 3 presents detailed Rie-
mann–Roch computations that form the core of the proof of Theorem 1.3. Section 4 advances to more
sophisticated Riemann–Roch computations, specifically designed to establish the existence of negatively
twisted invariant logarithmic 2-jet differentials for three generic conics. Section 5 details the application
of Siu’s slanted vector fields in Case 1. Section 6 then introduces a refinement of the Demailly–El Goul
argument, adapted to handle Case 2. The main innovation of the article is contained in Section 7, where
we overcome fundamental obstructions in our low-degree setting by establishing Key Vanishing Lemmas.
Appendix A records the explicit quotient polynomials in the four factorization identities, Appendix B proves
the one-jet vanishing theorem, and Appendix C presents Pengchao Wang’s cohomological observation.

2. Preliminaries

2.1. Logarithmic Jet Bundles and Invariant Differential Forms. Let X be an n-dimensional complex
manifold. The k-th jet bundle Jk(X) is defined by considering holomorphic germs f : (C,0) → (X ,x),
where two germs are considered equivalent if their Taylor expansions coincide up to order k in some local
coordinate system. The equivalence class of a germ f , denoted by jk( f ), is said to be regular if f ′(0) ̸= 0.

The total space Jk(X) = ∪x∈X Jk(X)x carries a natural topology and, together with the natural projection
πk : Jk(X)→ X , forms a holomorphic fiber bundle. Note that J1(X) coincides with the tangent bundle TX .
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Now let D ⊂ X be a normal crossing divisor. The logarithmic cotangent bundle T ∗
X (logD) is a locally free

sheaf generated by meromorphic 1-forms with at most logarithmic poles along D. Precisely, for x ∈ X \D,
the stalk T ∗

X ,x(logD) coincides with the stalk T ∗
X ,x of the usual cotangent sheaf T ∗

X at x. For x ∈ D, take a
neighborhood U of x and irreducible holomorphic functions η1, . . . ,ηℓ on U such that D∩U = {η1 · · ·ηℓ =

0}; then the stalk is given by T ∗
X ,x(logD) = ∑

ℓ
j=1 OX ,x

dη j
η j

+T ∗
X ,x. Its dual, the logarithmic tangent bundle

TX(−logD), consists of holomorphic vector fields tangent to each component of D (cf. [50, 25]).
Consider an open subset U ⊂ X , a section ω ∈H0(U,T ∗

X (logD)), and a jet jk( f ) in Jk(X)|U . The pullback
f ∗ω takes the form A(z)dz for some meromorphic function A, and the derivatives A( j)(0) for 0 ⩽ j ⩽ k−1
depend only on the jet jk( f ). This construction induces a well-defined map:

(2.1) ω̃ : Jk(X)|U → (C∪{∞})k, jk( f ) 7→
(
A(0),A′(0), . . . ,A(k−1)(0)

)
.

A holomorphic section s ∈ H0(U,Jk(X)) is called a logarithmic k-jet field on U if for every open subset
U ′ ⊂U and every ω ∈ H0(U ′,T ∗

X (logD)), the composition ω̃ ◦ s is holomorphic on U ′, where ω̃ is defined
as in (2.1). These logarithmic k-jet fields form a subsheaf of Jk(X), which corresponds to the sections of
a holomorphic fiber bundle over X known as the logarithmic k-jet bundle along D, denoted Jk(X ,−logD)
(cf. [50, 25, 58]).

Furthermore, given a local basis ω1, . . . ,ωn of T ∗
X (logD) on U , we obtain a trivialization:

H0(U,Jk(X ,−logD))→U × (Ck)n, σ 7→
(
πk ◦σ ; ω̃1 ◦σ , . . . , ω̃n ◦σ

)
.

A logarithmic jet differential of order k and weighted degree m at a point x∈X is a polynomial Q( f (1), . . . , f (k))
on the fiber of Jk(X ,−logD) over x, satisfying the weighted homogeneity condition:

Q
(
λ f ′,λ 2 f ′′, . . . ,λ k f (k)

)
= λ

mQ
(

f ′, f ′′, . . . , f (k)
)
,

for all λ ∈ C∗ and all ( f ′, f ′′, . . . , f (k)) ∈ Jk(X ,−logD)x.
The vector space EGG

k,mT ∗
X (logD)x consists of all such jet differential polynomials defined at the point

x ∈ X . Then the total space
EGG

k,mT ∗
X (logD) := ∪x∈X EGG

k,mT ∗
X (logD)x,

acquires the structure of a holomorphic vector bundle over X by Faà di Bruno’s formula (cf. e.g. [12, 44]),
referred to as the logarithmic Green–Griffiths bundle of jet differentials of order k and weighted degree m.

Let Gk denote the group of germs of k-jets of biholomorphisms of (C,0):

Gk :=
{

ϕ : t 7→
k

∑
j=1

c jt j
∣∣∣ c1 ∈ C∗, c j ∈ C for j ⩾ 2

}
,

where the group operation is defined by composition modulo tk+1. This group acts naturally on Jk(X) via
the right action:ϕ · jk( f ) := jk( f ◦ϕ).

A logarithmic jet differential operator P ∈ Γ
(
U,EGG

k,mT ∗
X (logD)

)
over an open set U ⊂ X is said to be

invariant under the reparametrization group Gk if for every ϕ ∈Gk the following identity holds:

(2.2) P
(
( f ◦ϕ)′,( f ◦ϕ)′′, . . . ,( f ◦ϕ)(k)

)
= (ϕ ′)m ·P

(
f ′, f ′′, . . . , f (k)

)
.

The subbundle Ek,mT ∗
X (logD) ⊂ EGG

k,mT ∗
X (logD) is then defined as the holomorphic vector bundle whose

fibers consist of all such invariant logarithmic jet differential polynomials.
This notion was initially introduced by Demailly [17] in the compact case, and subsequently generalized

to the logarithmic case by Dethloff-Lu [20].
Throughout this article, we only concern the situation k = 1 or 2. In the case that dimC X = 2, the bundle

of invariant logarithmic jet differentials of order 2 admits a filtration structure with the grading [17]:

(2.3) Gr•E2,mT ∗
X (logD) =

⊕
0⩽ j⩽⌊m/3⌋

Sm−3 jT ∗
X (logD)⊗K j

X ,

where KX is the logarithmic canonical line bundle KX ⊗OX(D). This filtration corresponds to the expression
of an invariant logarithmic 2-jet differential P( f ′, f ′′) outside D as:

P( f ′, f ′′) = ∑
0⩽ j⩽⌊m/3⌋

∑
α1+α2=m−3 j

α1,α2⩾0

Rα1,α2, j( f1, f2) · ( f ′1)
α1( f ′2)

α2( f ′1 f ′′2 − f ′2 f ′′1 )
j,
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where f = ( f1, f2) represents the holomorphic germs in local coordinates, and where R• are holomorphic
functions.

2.2. Logarithmic Demailly-Semple Tower. The main reference of this subsection is [17, 20].
For simplicity, consider the log-direct manifold (X0,D0,V0) associated with three generic conics C1,

C2, C3 in the complex projective plane P2, where X0 = X := P2, D0 := C = ∑
3
i=1 Ci is a simple normal

crossing divisors on X whose irreducible components Ci are smooth conics and V0 := TX(−logD0). Define
X1 := P(V0) with the natural projection π1,0 : X1 → X0. Set D1 := π∗

1,0D0. The subbundle V1 ⊂ TX1(−logD1)
is defined fiberwise by:

(2.4) V1,(x,[v]) := {ξ ∈ TX1,(x,[v])(−logD1) | (π1,0)∗ ξ ∈ C · v},
with C · v ⊂ V0,x = TX0,x(−logD0). Thus we obtain the first level (X1,D1,V1) of the logarithmic Demailly-
Semple tower for (P2,C ).

Proceeding likewise, we can construct the second level of logarithmic Demailly–Semple tower:

(X2,D2,V2)→ (X1,D1,V1)→ (X0,D0,V0),

together with the projections π2,1 : X2 → X1 and π2,0 : X2 → X0.
Let OX1(−1) denote the tautological line bundle of X1 = P(V0) such that OX1(−1)(x,[v]) = C · v. By

definition, there is a short exact sequence

(2.5) 0 // TX1/X0
// V1

(π1,0)∗ // OX1(−1) // 0 ,

where TX1/X0 is the relative tangent bundle of the fibration π1,0 : X1 → X0. Moreover, there is a relative
version of the Euler sequence of the tangent bundle of the fiber P(V0,x):

(2.6) 0 // OX1
// π∗

1,0V0 ⊗OX1(1) // TX1/X0
// 0 .

Furthermore, there exists a canonical injection OX2(−1) ↪→ π∗
2,1V1. Combining this with the above se-

quence yields a natural morphism of line bundles:

OX2(−1) �
� // π∗

2,1V1
π∗

2,1(π1,0)∗ // π∗
2,1OX1(−1) ,

whose zero divisor is the hyperplane subbundle:

(2.7) Γ2 := P(TX1/X0)⊂ P(V1) = X2.

Consequently, we can obtain the isomorphism:

(2.8) OX2(Γ2)∼= π
∗
2,1OX1(−1)⊗OX2(1).

Let f : DR → X0 be a nonconstant holomorphic map from the disc DR = {z ∈ C : |z| < R} of radius
R ∈ R+ ∪{∞}. To define its liftings to the first level X1 of the logarithmic Demailly–Semple tower, we
consider the following two cases for f ′(t) ∈ TX0, f (t):

When 0 ̸= f ′(t) ∈ TX0, f (t) (−logD0), the point [ f ′(t)] ∈ P
(
TX0, f (t) (−logD0)

)
is well defined;

When f ′(t0) = 0 or f ′(t0) ∈ TX0, f (t0) \TX0, f (t0) (−logD0), we can define [ f ′(t0)] ∈ P
(
TX0, f (t0) (−logD0)

)
as following: near t0 ∈ DR, choose a local frame (e1,e2) for TX0(−logD0) in a neighborhood of f (t0). In
this frame, the derivative f ′(t) has a local expression f ′(t) = u1(t)e1 +u2(t)e2, where u1(t),u2(t) are mero-
morphic functions with at most finite-order poles. Let ℓ ∈ Z be the minimum vanishing order (equivalently,
the negative of the maximal pole order) of u1(t) and u2(t) at t0. Factoring out (t − t0)ℓ, we can write

f ′(t) = (t − t0)ℓ
(
v1(t)e1 + v2(t)e2

)
,

where v1(t) and v2(t) are holomorphic near t0 and not simultaneously vanishing at t0. We define the projec-
tive class:

[ f ′(t0)] := [v1(t0) : v2(t0)] ∈ P(TX0, f (t0)(−logD0)).

This definition is independent of the choice of local frame, so [ f ′(t0)] ∈ P
(
TX0, f (t0) (−logD0)

)
is well de-

fined.
With this convention, the first lifting f[1] = ( f ; [ f ′]) of f is a well-defined holomorphic map from DR to X1.

Repeating the process for f[1], the second lifting f[2] = ( f[1]; [ f ′[1]]) of f is also well-defined and holomorphic
from DR to X2.



10

Moreover, from the definition of Γ2 and the identity π1,0 ◦ f[1] = f , it follows that f[2](t) ∈ Γ2 if and only
if (π1,0)∗ f ′[1](t) = f ′(t) = 0.

Demailly [17, Corollary 5.12] observed that, for any w0 ∈ X2, there exists an open neighborhood Uw0 ⊂
X2 such that for all the w ∈ Uw0 , one can find a holomorphic family of germs fw : (C,0) → U such that
( fw)[2] (0) = w and ( fw)

′
[1] (0) ̸= 0. By the construction of the Demailly–Semple tower, we have f ′w(t) ∈

OX1(−1)( fw)[1](t) and ( fw)
′
[1] (t)∈OX2(−1)( fw)[2](t). Then for any P∈ E2,mT ∗

X (logD)x with x ∈ π2,0(Uw0)⊂ X0,
this induces a holomorphic section σP(w) of OX2(m) over the fiber X2,x defined by:

σP(w) := P( f ′w, f ′′w)(0)
(
( fw)

′
[1] (0)

)−m
.

More generally, the following fundamental isomorphism holds:

Direct image formula (cf. [17, Theorm 6.8], [20, Propsition 3.9]). The direct image sheaf

(2.9) (π2,0)∗OX2(m)∼= O
(
E2,mT ∗

P2(logC )
)

is isomorphic to the sheaf of invariant logarithmic 2-jet differentials of weighted degree m.

2.3. A Bogomolov-type Vanishing Theorem. In the subsequent Sections 3 and 4, the existence of nega-
tively twisted logarithmic 1-jet and 2-jet differentials will be established via Riemann–Roch calculations.
This reduces to verifying the vanishing of the corresponding second cohomology groups:

H2(P2,SmT ∗
P2(logC )⊗OP2(−t)

)
and H2(P2,E2,mT ∗

P2(logC )⊗OP2(−t)
)
,

respectively. A key tool in proving these vanishing results is the following Bogomolov-type vanishing
theorem.

Theorem 2.1 (cf. [8, Theorem 4.4]). Let (X ,D) be a log pair where X is a smooth projective surface and D
is a reduced simple normal crossing divisor. Assume that (X ,D) is of general type (i.e., KX +D is big) and
KX +D is nef. Then

H0(X ,SpTX(−logD)⊗OX(q(KX +D))
)
= 0,

for all integers p,q satisfying p > 2q.

In the compact case, Bogomolov [4] established a seminal vanishing theorem under the assumption that
tangent bundle TX is semi-stable. Later, Enoki [26] showed that TX is KX -semi-stable for minimal Kähler
space X with big KX , and Tsuji [68] proved that TX is KX -semi-stable for smooth minimal algebraic variety
(i.e., KX is nef). Combining these results, the Bogomolov-type vanishing theorem holds for projective
variety X with big and nef KX ; see [17, Theorem 14.1].

3. Proof of Theorem 1.3

Let C = ∑
3
i=1 Ci be a simple normal crossing divisor of total degree d = d1 +d2 +d3, where di = degCi

satisfy d1 ⩾ d2 ⩾ d3 ⩾ 2 and d1 ⩾ 3. To derive an effective Second Main Theorem, we seek nontrivial global
sections of the twisted sheaf

SmT ∗
P2(logC )⊗OP2(1)−(d−3)δm ∼= SmT ∗

P2(logC )⊗K−δm
P2 ,

where δ > 0 is a small rational number to be chosen, and m is taken sufficiently divisible.

Definition 3.1 (cf. [18, p. 517], [25, Definition 1.3.1]). The 1-jet log threshold of (P2,C ) is defined by

θ 1(P2,C ) := sup
{ t

m

∣∣∣m, t > 0, H0(P2,SmT ∗
P2(logC )⊗OP2(−t)

)
̸= 0
}
.

If no such pair (m, t) exists, the threshold is defined to be zero.

For a generic configuration of three conics, Theorem 1.5 gives θ 1(P2,C ) = 0.

Proposition 3.2 (Proof of (1.4)). Let C = ∪3
i=1Ci be a union of three smooth curves Ci of degrees di with

simple normal crossings. Assume that d1 ⩾ d2 ⩾ d3 ⩾ 2 and d1 ⩾ 3. Then one has the estimate

0 <
1

θ 1(P2,C )
⩽

1
(d −3)δ1

,

where

(3.1) δ1 =
1
2
−
√

9(d −1)2 −12(d1d2 +d2d3 +d3d1)

6(d −3)
> 0.



11

Proof. We follow the standard Riemann-Roch argument (cf. [18, 25]).
By Serre duality, the dual of

(3.2) H2(P2,SmT ∗
P2(logC )⊗K−δm

P2

)
is

H0(P2,KP2 ⊗SmTP2(−logC )⊗Kδm
P2

)
.

Take m sufficiently divisible that δm is an integer. Multiplication by a nonzero section of OP2(3) injects the
last sheaf into

SmTP2(−logC )⊗Kδm
P2 .

For 0 < δ < 1/2 one has m > 2δm. The Bogomolov-type Vanishing Theorem 2.1 therefore annihilates the
target, and hence also the Serre-dual group. We obtain

H2(P2,SmT ∗
P2(logC )⊗K−δm

P2

)
= 0

which yields
dimH0

(
P2,SmT ∗

P2(logC )⊗K−δm
P2

)
⩾ χ

(
SmT ∗

P2(logC )⊗K−δm
P2

)
,

for large m. A standard Riemann-Roch computation gives

χ

(
SmT ∗

P2(logC )⊗K−δm
P2

)
=

1
6
(
(m−δm)3 − (−δm)3)c̄2

1 −
1
6

m3c̄2 +O(m2)

=
1
2

m3
(
(d −3)2

δ
2 − (d −3)2

δ +
1
3
(d1d2 +d2d3 +d3d1)−d +2

)
+O(m2).

The leading coefficient ϕ(δ ) = (d − 3)2δ 2 − (d − 3)2δ + 1
3(d1d2 + d2d3 + d3d1)− d + 2 has two positive

roots given by

δ1 =
1
2
−
√

9(d −1)2 −12(d1d2 +d2d3 +d3d1)

6(d −3)
, δ2 =

1
2
+

√
9(d −1)2 −12(d1d2 +d2d3 +d3d1)

6(d −3)
> 0.

We can check the positivity of δ1 directly. Hence ϕ(δ ) > 0 for all δ ∈ (0,δ1). Thus we conclude the
proof. □

4. Twisted Invariant Logarithmic 2-Jet Differentials and Threshold

To obtain a constant c as small as possible in the Second Main Theorem for three conics C ⊂ P2, by The-
orem (1.2), we seek negatively twisted invariant logarithmic 2-jet differentials with relatively high vanishing
order t compared to the degree m. This motivates the study of the following threshold:

Definition 4.1 (cf. [18, p. 517], [25, Definition 1.3.1]). The 2-jet log threshold of (P2,C ) is defined by

θ 2(P2,C ) := sup
{ t

m

∣∣∣m, t > 0, H0(X2,OX2(m)⊗π
∗
2,0OX(−t)

)
̸= 0
}
.

If no such pair (m, t) exists, the threshold is defined to be zero.

If θ 2 > 0, then for any sufficiently small ε > 0, there exists a negatively twisted logarithmic 2-jet differ-
ential

ω ∈ H0(P2,E2,mT ∗
P2(logC )⊗OP2(−t)

)
with ratio θ 2 − ε < t

m ⩽ θ 2. Furthermore, if f ∗ω ̸≡ 0 also holds, then Theorem 1.2 yields the Second Main
Theorem with constant

1
θ 2

⩽ c =
m
t
<

1
θ 2 − ε

.

The significance of the 2-jet log threshold stems from its role as the fundamental barrier that dictates the
possibility of constructing jet differentials with a prescribed ratio of vanishing orders to weighted degrees.

The following result establishes an explicit upper bound for 1
θ 2

in the case of three smooth conics with
simple normal crossings:

Proposition 4.2. Let C = ∪3
i=1Ci be a union of three smooth conics Ci with simple normal crossings. Then

one has the estimate
0 <

1
θ 2(P2,C )

⩽
3

4−
√

10
= 3.58 . . . .
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The proof employs a Riemann–Roch calculation, which is standard (cf. [18]).

Proof. We seek nonzero invariant logarithmic 2-jet differential forms with high vanishing order, which
correspond to global sections of the twisted vector bundle

E2,mT ∗
P2(logC )⊗OP2(1)−3δm ∼= E2,mT ∗

P2(logC )⊗K−δm
P2 ,

where the logarithmic canonical line bundle

KP2 = KP2 ⊗O(C )∼= OP2(−3)⊗OP2(6)∼= OP2(3),

with δ > 0 a rational number to be chosen and m sufficiently divisible.
The standard approach begins with Serre duality:

H2(P2,E2,mT ∗
P2(logC )⊗K−δm

P2

)∨
= H0(P2,KP2 ⊗

(
E2,mT ∗

P2(logC )
)∨⊗Kδm

P2

)
.(4.1)

The bundle on the right admits the filtration induced by the dual of (2.3), with graded pieces

Sm−3 jTP2(−logC )⊗K− j
P2 ⊗KP2 ⊗Kδm

P2 = Sm−3 jTP2(−logC )⊗Kδm− j−1
P2

for 0 ⩽ j ⩽ m
3 .

For any rational number δ ∈ (0, 1
3) and sufficiently divisible m ≫ 1, the inequality

m−3 j > 2(δm− j−1)

automatically holds for all 0⩽ j ⩽ m
3 . By applying the Bogomolov-type Vanishing Theorem 2.1, we deduce:

H0
(
P2,Sm−3 jTP2(−logC )⊗Kδm− j−1

P2

)
= 0 for all 0 ⩽ j ⩽ m

3 .

This establishes the vanishing of the right-hand side in (4.1), which consequently implies the vanishing
of the left-hand side as well. We thus obtain the lower bound

dimH0
(
P2,E2,mT ∗

P2(logC )⊗K−δm
P2

)
⩾ χ

(
E2,mT ∗

P2(logC )⊗K−δm
P2

)
,

since the Euler characteristic decomposes as

χ(· · ·) = dimH0(· · ·)−dimH1(· · ·)+dimH2(· · ·) = dimH0(· · ·)−dimH1(· · ·).

To estimate the asymptotic growth of the Euler characteristic, we employ the Schur bundle filtration
(see (2.3)):

Gr•E2,mT ∗
P2(logC ) =

⊕
a+3b=m

Γ
(a+b,b)T ∗

P2(logC ) (cf. [17, p. 67], [25, p. 474])

=
⊕

0⩽b⩽m
3

Γ
(m−2b,b)T ∗

P2(logC ).(4.2)

Together with the Pieri formula (cf. [28, p. 455], [17, p. 66]):

Γ
(ℓ1, ℓ2)T ∗

P2(logC )⊗K−δm
P2 = Γ

(ℓ1−δm, ℓ2−δm)T ∗
P2(logC ),

we derive the following computation (cf. [44, p. 77]):

χ
(
E2,mT ∗

P2(logC )⊗K−δm
P2

)
=

m
3

∑
b=0

χ
(
Γ
(m−2b−δm,b−δm)T ∗

P2(logC )
)

=

(
1
6

∫ m
3

0

[
(m−2b−δm)3 − (b−δm)3]db

)
c̄2

1 −
(

1
6

∫ m
3

0
(m−3b)3db

)
c̄2 +O(m3)

=
m2(m+3)

108
(54δ

2m−48δm+13m−18δ +15)c̄2
1 −

m4

72
c̄2 +O(m3)

=
m4

648
(
(54δ

2 −48δ +13)c̄2
1 −9c̄2

)
+O(m3).

Here the logarithmic Chern numbers are determined by the formula c̄2
1 = (d −3)2 = 9 and c̄2 = d2 −3d +

3−∑i< j did j = 9, where d1 = d2 = d3 = 2 and d = d1 +d2 +d3 = 6.
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The quadratic leading coefficient (after removing the common factor 9
648 )

ϕ(δ ) := (54δ
2 −48δ +13)−9 = 54δ

2 −48δ +4

has two positive roots given by δ1 =
4−

√
10

9 and δ2 =
4+

√
10

9 .
Hence, ϕ(δ ) > 0 for all δ ∈ (0,δ1). It follows that θ 2 ⩾ 3δ1 = 0.279 . . ., which completes the proof of

Proposition 4.2. □

To apply Siu’s strategy of slanted vector fields, we follow the argument of Siu [65, pp. 558–559] to extend
a negatively twisted invariant logarithmic 2-jet differential as a holomorphic family, invoking the following
standard result in algebraic geometry:

Theorem 4.3 ([33, p. 288]). Let τ : Z → S be a flat holomorphic family of compact complex spaces and let
L → Z be a holomorphic vector bundle. Then there exists a proper subvariety Z ⊂ S such that for each
s0 ∈ S\Z, the restriction map H0

(
τ−1 (Us0) ,L

)
→ H0

(
τ−1(s0),L |τ−1(s0)

)
is onto, for some Zariski-dense

open set Us0 ⊂ S containing s0.

Now we apply Demailly–El Goul’s argument (cf. [18, p. 532], [25, Lemma 1.3.2]) to show the existence
of “irreducible” negatively twisted invariant logarithmic 2-jet differentials.

Proposition 4.4. For some positive integer m, t ⩾ 1 with m < 5t, there exists a Zariski-open subset Um,t in
the parameter space P5 ×P5 ×P5 (see (5.1)) of three conics C in P2, such that:

(1) For each parameter a ∈Um,t , the corresponding Ca forms a simple normal crossing divisor.
(2) There is a holomorphic family{

ω1,a
∣∣ 0 ̸≡ ω1,a ∈ H0 (P2,E2,mT ∗

P2(logCa)⊗OP2(−t)
)
, a ∈Um,t} ,

which varies holomorphically with respect to the variable a ∈ Um,t . Moreover, each zero locus
{ω1,a = 0} on the second level X2,a of the logarithmic Demailly-Semple tower for (P2,Ca) is irre-
ducible and reduced modulo Γ2,a (see (2.7)).

Proof. First, for any integers M,T ⩾ 1, Theorem 4.3 guarantees that there exists a proper Zariski-closed
subset ZM,T in the parameter space P5×P5×P5 of three conics, such that, for any parameter a outside ZM,T ,
every nonzero global section of E2,MT ∗

P2(logCa)⊗OP2(−T ) extends to a holomorphic family parameterized
by some Zariski open neighborhood of a. Thus, to ensure the local extendability of any nonzero negatively
twisted logarithmic 2-jet differential on (P2,Ca0), we choose a point a0 in (P5×P5×P5)\∪M,T⩾1ZM,T such
that Ca0 is a simple normal crossing divisor. Such a point exists because the parameter space is irreducible
over the uncountable field C, so it cannot be covered by countably many proper closed subsets; Bertini
supplies the additional simple-normal-crossing open condition.

By Proposition 4.2, noting that 5 > 3
4−

√
10

= 3.58 . . ., for some integer M,T ⩾ 1 with ratio 1
5 < T

M ⩽

θ 2(P2,Ca0), there exists a nonzero negatively twisted invariant logarithmic 2-jet differential

ω0 ∈ H0(P2,E2,MT ∗
P2(logCa0)⊗OP2(−T )

)
.

Next, we decompose the zero locus {ω0 = 0} in the second level X2,a0 of the logarithmic Demailly-Semple
tower of (P2,Ca0) into irreducible components. By the same argument as Demailly and El Goul [18, p. 532],
[25, Lemma 1.3.2], we can extract an irreducible and reduced component Z, which in fact “corresponds” to
some irreducible negatively twisted invariant logarithmic 2-jet differential

(4.3) ω1 ∈ H0(P2,E2,mT ∗
P2(logCa0)⊗OP2(−t)

)
, with t

m ⩾ T
M > 1

5 ,

in the sense that {ω1 = 0} = Z + bΓ2,a0 (see (2.7) and (2.8)) for some integer b > 0. The argument is as
follows.

Let u1 = π∗
2,1OX1,a0

(1), u2 = OX2,a0
(1) and h = OP2(1). Then the zero divisor Zω0 = {ω0 = 0} ⊂ X2,a0 is

linearly equivalent to Mu2 −T π∗
2,0h in the Picard group

Pic(X2,a0)
∼= Pic(P2)⊕Zu1 ⊕Zu2 ∼= Z3.

Let Zω0 = ∑ p jZ j be the irreducible decomposition of the divisor Zω0 , with each Z j irreducible and reduced.
Decompose each component Z j linear equivalently in the Picard group Pic(X2,a0) as

Z j ∼ b1, ju1 +b2, ju2 − t jπ
∗
2,0h, b1, j , b2, j , t j ∈ Z.

By [18, Lemma 3.3], the effectiveness of Z j implies that exactly one of the following mutually exclusive
cases holds:
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• (b1, j,b2, j) = (0,0) and Z j ∈ π∗
2,0 Pic

(
P2
)
, −t j > 0;

• (b1, j,b2, j) = (−1,1), then Z j contains Γ2,,a0 , where Γ2,,a0 is an irreducible divisor on X2,a0 . Thus
Z j = Γ2,a0 and t j = 0;

• b1, j ⩾ 2b2, j ⩾ 0 and m j := b1, j +b2, j > 0.
In the third case, the irreducible and reduced divisor Z j corresponds a section

ω j ∈ H0(X2,a0 ,π
∗
2,1OX1,a0

(b1, j)⊗OX2,a0
(b2, j)⊗π

∗
2,0OP2(−t j)

)
.

Noting that π∗
2,1OX1,a0

(b1)⊗OX2,a0
(b2)∼= OX2,a0

(b1 +b2)⊗OX2,a0
(−b1Γ2,a0) (see (2.8)), we may regard

ω j ∈ H0(X2,a0 ,OX2,a0
(m j)⊗π

∗
2,0OP2(−t j)

)
,

whose zero divisor is Z j + b1, jΓ2,a0 . Since both Z j and Γ2,a0 are irreducible and reduced, ω j can not be
factorized into a product of other logarithmic 2-jet differentials.

Let max{t j/m j} denote the maximum ratio among those sections obtained from the third case. Since
M = ∑ p jm j and T = ∑ p jt j, we have max{t j/m j} ⩾ T/M > 1/5. Without loss of generality, we may
assume that t1/m1 = max{t j/m j}, and denote m := m1 and t := t1. By applying the direct image formula
(2.9) and abusing the notation for ω1, we thus obtain (4.3).

By our choice of a0 /∈ ∪M,T⩾1ZM,T , automatically ω1 extends to a holomorphic family{
ω1,a

∣∣ 0 ̸≡ ω1,a ∈ H0 (P2,E2,mT ∗
P2(logCa)⊗OP2(−t)

)
, a ∈Um,t

a0

}
,

which varies holomorphically with respect to the parameter a in some Zariski-open neighborhood Um,t
a0 of

a0, with ω1,a0 = ω1. By shrinking to a smaller Zariski-open subset Um,t ⊂Um,t
a0 if necessary, we may ensure

that each a ∈ Um,t defines three conics Ca with simple normal crossings while the zero locus {ω1,a = 0}
on the second level X2,a of the logarithmic Demailly-Semple tower for (P2,Ca) is irreducible and reduced
modulo Γ2,a. □

5. Generating Independent Twisted Jet Differentials via Slanted Vector Fields

To construct an additional family of independent negatively twisted jet differentials, we employ Siu’s
method of slanted vector fields [65]. This approach generalizes to k-jet spaces the original technique devel-
oped for 1-jet spaces by Clemens [11], Ein [24], and Voisin [70] in their study of rational curves.

The method was first implemented by Păun [54] for compact surfaces in P3. Rousseau [58] subsequently
established the logarithmic theory for pairs (P2,D) with curve configurations D, while in [57, 56] he further
extended both Păun’s setting and the logarithmic case to threefolds. For hypersurfaces H ⊂ Pn of arbitrary
dimension, Merker [43] established the complete generalization, thereby realizing Siu’s original vision con-
cerning generic global generation. The logarithmic counterpart for pairs (Pn,H) was subsequently obtained
by Darondeau [15].

This section adapts the standard technique of Siu’s slanted vector fields to the case of three generic conics
in P2. The content is entirely classical and no originality is claimed.

5.1. Logarithmic Slanted Vector Fields for Three Conics in P2. The framework presented in this subsec-
tion specializes Rousseau’s logarithmic setting in P2 to configurations of three conics. We emphasize that
this subsection contains no original contributions and is included solely for completeness and the reader’s
convenience.

Let

(5.1) X = ∪3
λ=1Xλ ⊂ P2 ×∏

3
λ=1P

Nd
λ

denote the universal family of algebraic curves in P2 consisting of three components of degrees d1, d2, and
d3, respectively. Here, each Xλ is the universal curve of degree dλ , defined by the equation ∑|α|=dλ

Aλ
αZα =

0, where [Aλ ] = [Aλ
α ]|α|=dλ

∈ PNd
λ are the homogeneous coefficients and [Z] = [Z0 : Z1 : Z2] ∈ P2 are the

projective coordinates. For a multi-index α = (α0,α1,α2)∈N3 with length |α| := α0+α1+α2, we employ
the notation Zα := Zα0

0 Zα1
1 Zα2

2 . The dimension of the parameter space for each component is given by
Ndλ

=
(dλ+2

2

)
−1.

For any integer k ⩾ 1, the vertical logarithmic k-jet space is then defined as

Jv
k

(
P2 ×∏

3
λ=1P

Nd
λ

)
:= ker(pr2)∗ ⊂ Jk

(
P2 ×∏

3
λ=1P

Nd
λ ,−logX

)
,
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where pr2 : P2 × ∏
3
λ=1P

Nd
λ −→ ∏

3
λ=1P

Nd
λ denotes the natural projection onto the parameter space and

Jk
(
P2 ×∏

3
λ=1P

Nd
λ ,−logX

)
is the logarithmic k-jet bundle along the universal family X .

We define the universal intersection family

Y = ∩3
λ=1Yλ ⊂ P5 ×∏

3
λ=1P

Nd
λ
+1,

where for each 1⩽ λ ⩽ 3, the hypersurface Yλ is the universal family of degree dλ hypersurfaces in P5, given
explicitly by Yλ :=

{
Aλ

0 Zdλ

2+λ
+∑|α|=dλ

Aλ
αZα = 0

}
⊂ P5 ×PNd

λ
+1. Here, the space P5 has homogeneous

coordinates [Z : Z3 : Z4 : Z5] = [Z0 : · · · : Z5], and the parameter space PNd
λ
+1 is equipped with homogeneous

coordinates [Aλ : Aλ
0 ] = [. . . : Aλ

α : . . . : Aλ
0 ]|α|=dλ

.
For notational convenience, we denote the exceptional locus {Z = 0}∪∪3

λ=1{Aλ = 0}, where {Z = 0}
denotes the subset of P5 defined by Z0 = Z1 = Z2 = 0 and {Aλ = 0} refers to the locus in PNd

λ
+1 where all

coordinates vanish except Aλ
0 . There exists a natural forgetful map

π : P5 ×∏
3
λ=1P

Nd
λ
+1 \

(
{Z = 0}∪∪3

λ=1{Aλ = 0}
)
−→ P2 ×∏

3
λ=1P

Nd
λ

that forgets the auxiliary coordinates. Explicitly, π is given by(
[Z : Z3 : Z4 : Z5], [A1 : A1

0], [A
2 : A2

0], [A
3 : A3

0]
)
7−→

(
[Z], [A1], [A2], [A3]

)
.

We observe the containment relation

(5.2) Y ∩
(
{Z = 0}∪∪3

λ=1{Aλ = 0}
)
⊂ Y ∩

(
∪3

λ=1

(
{Aλ

0 = 0}∪{Aλ = 0}
))

,

from the inclusion Y ∩{Z = 0} ⊂ Y ∩∪3
λ=1{Aλ

0 = 0}, which is deduced by the definition of Y .
Now we consider Y ∗ := Y \

(
∪3

λ=1

(
{Aλ

0 = 0}∪{Aλ = 0}
))

on which the restricted forgetful map

π|Y ∗ : Y ∗ → P2 ×∏
3
λ=1P

Nd
λ

is well-defined according to the containment relation (5.2). Furthermore, we obtain the identification of the
preimage (π|Y ∗)−1 (X ) = {Z3Z4Z5 = 0} =: D . This shows that π induces a logarithmic morphism from
(Y ∗,D) to

(
P2 ×∏

3
λ=1P

Nd
λ ,X

)
, which consequently gives rise to a dominant map between jet spaces:

(5.3) π[2] : Jv
2(Y

∗)−→ Jv
2

(
P2 ×∏

3
λ=1P

Nd
λ

)
.

Here, Jv
2(Y

∗) represents the space of vertical logarithmic 2-jets with respect to the normal crossing divisor
D = {Z3Z4Z5 = 0}. This construction allows us to perform all local computations on the more tractable
space Y ∗ through pullback via π , where we have access to explicit coordinate expressions.

On the affine chart {Z0 ̸= 0}×∏
3
λ=1{Aλ

0 ̸= 0}, we employ the affine coordinates zi := Zi/Z0 for i =
1, . . . ,5 and aλ

α := Aλ
α0α1α2

/Aλ
0 with α0 = dλ −α1 −α2. To streamline notation, for each jet of order j = 1,2

we define:

ξ
( j)
i :=

{
z( j)

i for i = 1,2,
(logz2+λ )

( j) for i = 3,4,5 (λ = i−2).

Then local coordinates for J2
(
{Z0 ̸= 0}×∏

3
λ=1{Aλ

0 ̸= 0}
)
⊂ J2

(
P5 ×∏

3
λ=1P

Nd
λ
+1,−logD

)
are given by

the coordinate tuple
(
zi,aλ

α ,ξ
′
i1 ,ξ

′′
i2

)
.

Following the strategy of Siu [65] and the realizations of Păun [54] and Rousseau [58], we consider the
following family of Siu’s slanted vector fields with pole order 7:

Theorem 5.1. Let Σ0 be the zero locus of the 2×2 Wronskian det(ξ ( j)
i )1⩽i, j⩽2:

Σ0 =

{(
zi,aλ

α ,ξ
′
i1 ,ξ

′′
i2

)∣∣∣∣det
(

ξ
( j)
i

)
1⩽i, j⩽2

= 0
}
⊂ Jv

2

(
Y ∩

(
{Z0 ̸= 0}×∏

3
λ=1{Aλ

0 ̸= 0}
))

,

and Σ be the closure of Σ0 in Jv
2(Y

∗). Then the twisted tangent bundle

(5.4) T
Jv

2

(
P2×∏

3
λ=1P

Nd
λ

)⊗ p∗pr∗1OP2(7)⊗ p∗pr∗2O
∏

3
λ=1 P

Nd
λ
(1,1,1),
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is generated by its global sections at every point of Jv
2(P2 ×∏

3
λ=1P

Nd
λ )\

(
π[2] (Σ)∪ p−1 (X )

)
, where π[2] is

introduced in (5.3), p is the natural projection

p : Jv
2

(
P2 ×∏

3
λ=1P

Nd
λ

)
−→ P2 ×∏

3
λ=1P

Nd
λ ,

and pr1 (resp. pr2) is the projection from P2 ×∏
3
λ=1P

Nd
λ to P2 (resp. ∏

3
λ=1P

Nd
λ ). □

5.2. Producing an Independent 2-Jet via Siu’s Slanted Vector Fields of Pole Order 7.

Proposition 5.2 (The second global jet differential). Let {ω1,a}a∈U be the holomorphic family supplied by
Proposition 4.4, with weighted degree m and negative base twist t ⩾ 8. For a generic parameter a, one can
choose a pole-order-7 slanted vector field V such that

ω2,a := LV P|a ∈ H0(P2,E2,mT ∗
P2(logCa)⊗OP2(7− t)

)
is nonzero and the common zero locus of ω1,a and ω2,a in X2,a has codimension at least 2 modulo Γ2,a.
Consequently, if f ∗ω1,a ≡ 0, then either

Tf (r)⩽
m

t −7

3

∑
i=1

N[1]
f (r,Ci)+O

(
logTf (r)+ logr

)
∥,

or f[1](C) is algebraically degenerate in X1,a.

This is Siu’s global differentiation mechanism [65], in the logarithmic form developed by Rousseau [58];
see also the explicit invariant formulation in [19, pp. 171–173]. The point is that P is not being differentiated
as an abstract line-bundle-valued section after an arbitrary choice of frame. On the universal vertical jet
space it is an equivariant polynomial function of the jet variables, and an invariant slanted vector field acts
on it naturally by derivation. Equivariance makes the result independent of the homogeneous chart and
preserves the weighted degree and reparametrization invariance.

Proof. Regard the family {ω1,a}a∈U as the equivariant holomorphic map

P : Jv
2

(
P2 ×∏

3
λ=1P

Nd
λ

)∣∣
pr−1

2 (U)
−→ p∗pr∗1OP2(−t).

If V is a global invariant section of the twisted tangent bundle (5.4), its natural action on equivariant functions
gives

LV P : Jv
2

(
P2 ×∏

3
λ=1P

Nd
λ

)∣∣
pr−1

2 (U)
−→ p∗pr∗1OP2(7− t),

where the parameter-space twist becomes a constant one-dimensional factor after restriction to a fixed fibre.
Since V is invariant, LV P is again an invariant polynomial of weighted degree m in the jet variables. Its
restriction to the fibre over a is therefore the asserted global differential ω2,a.

By Proposition 4.4, the residual zero divisor of ω1,a is irreducible and reduced modulo Γ2,a. The global
generation in Theorem 5.1 allows us to choose V non-tangent to that divisor at a general smooth point. Hence
LV P does not vanish identically there, and the common zero locus has codimension at least 2 modulo Γ2,a.

If f ∗ω2,a ̸≡ 0, apply Theorem 1.2 to ω2,a, whose negative twist is t − 7. If both pullbacks vanish, then
f[2](C) lies in their common zero locus. Its image in X1,a has dimension at most 2, strictly smaller than
dimX1,a = 3; hence f[1] is algebraically degenerate. □

6. Refinement of Demailly–El Goul’s Arguments

6.1. More Riemann-Roch Computations. In Proposition 4.4, we show the existence of a nonzero nega-
tively twisted invariant logarithmic 2-jet differential

ω1 ∈ H0(X2,OX2(m)⊗π
∗
2,0OX(−t)

)
,

for some positive integers m, t ⩾ 1 with t/m ⩾ 1/5, whose zero divisor on the second level of the Demailly-
Semple tower X2 is of the form Z +b1Γ2, where Z ⊂ X2 is irreducible and reduced. Moreover, we have the
linear equivalence

(6.1) Z ∼ b1u1 +b2u2 − tπ∗
2,0h, (b1,b2) ∈ Z2, b1 ⩾ 2b2 > 0, b1 +b2 = m, t ∈ Z+,

where u1 = π∗
2,1OX1(1), u2 = OX2(1), and h = OP2(1).
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Hereafter, we use the standard notation:

OX2(b1,b2) := π
∗
2,1OX1(b1)⊗OX2(b2), b1,b2 ∈ Z.

Using the same argument as in Demailly–El Goul [18, Proposition 3.4] — Miyaoka’s method [45]; see
also Lu–Yau [40] — one can show that OX2(2,1)|Z is big, provided that t < m. Now, our goal is to determine
an effective small rational number τ > 0 such that the Q-line bundle

(
OX2(2,1)⊗π∗

2,0OP2(−τ)
)
|Z remains

big. This will be achieved through Riemann-Roch computations and the following proposition observed by
Demailly [17, p. 73].

Proposition 6.1. Let a1,a2 ∈ Z.
(1) If a2 =−1, then

Rq(π2,0)∗OX2(a1,−1) = 0 for every q ⩾ 0.
(2) If a2 ⩾ 0, then

Rq(π2,0)∗OX2(a1,a2) = 0 for every q ⩾ 2,
and

R1(π2,0)∗OX2(a1,a2) = 0 ⇐⇒ a1 −2a2 ⩾−1.
In particular, for every p ⩾ 0,

Rq(π2,0)∗OX2(2p, p) = 0 for every q ⩾ 1.

Proof. Set
ρ := π2,1 : X2 = P(V1)−→ X1, π := π1,0 : X1 −→ X0.

Recall that V1 is the rank-two directed bundle defined by (2.5), and that V ∗
1 denotes its dual. We use the

convention that P(V1) parametrizes lines in the fibers of V1, so that OX2(−1)⊂ ρ∗V1 is the tautological line
subbundle.

Suppose first that a2 = −1. The restriction of OX2(a1,−1) to every fiber of ρ is OP1(−1), whose coho-
mology vanishes in every degree. Cohomology and base change therefore gives

Rq
ρ∗OX2(a1,−1) = 0 (q ⩾ 0),

and the first assertion follows from π2,0 = π ◦ρ .
Assume now that a2 ⩾ 0. By the projective bundle formula and the projection formula,

(6.2) Rq
ρ∗OX2(a1,a2) = 0 (q ⩾ 1), ρ∗OX2(a1,a2) = OX1(a1)⊗Sa2V ∗

1 .

Hence the Leray spectral sequence yields

Rq(π2,0)∗OX2(a1,a2)≃ Rq
π∗
(
OX1(a1)⊗Sa2V ∗

1
)
.

Fix x ∈ X0 and set
Fx := π

−1(x)≃ P1.

Restricting (2.5) to Fx gives

0 −→ OP1(2)−→V1|Fx −→ OP1(−1)−→ 0.

This sequence splits, since

Ext1
(
OP1(−1),OP1(2)

)
= H1(P1,OP1(3)

)
= 0.

Thus
V ∗

1 |Fx ≃ OP1(−2)⊕OP1(1),
and, since OX1(1)|Fx ≃ OP1(1),

(6.3) (OX1(a1)⊗Sa2V ∗
1 )
∣∣
Fx
≃

a2⊕
j=0

OP1(a1 +a2 −3 j).

The smallest degree in (6.3) is a1 −2a2. Since

H1(P1,OP1(d)
)
= 0 ⇐⇒ d ⩾−1,

the fiberwise first cohomology vanishes precisely when a1 −2a2 ⩾−1. The splitting type is independent of
x, so Grauert’s theorem gives

R1(π2,0)∗OX2(a1,a2) = 0 ⇐⇒ a1 −2a2 ⩾−1.
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Finally, π has one-dimensional fibers; hence

Rq
π∗
(
OX1(a1)⊗Sa2V ∗

1
)
= 0 (q ⩾ 2).

Together with (6.2), this proves the remaining assertion. Taking (a1,a2) = (2p, p) gives a1 −2a2 = 0, and
therefore all higher direct images vanish. □

Proposition 6.2. If 0 < t
m < 1 and 0 ⩽ τ < τ1(

t
m),τ ∈Q, where

τ1

( t
m

)
=

3
2

(
4− t

m

)
−

√
3

2

√
32−8

t
m
+3
( t

m

)2
,

then the restricted Q-line bundle
(
OX2(2,1)⊗π∗

2,0OP2(−τ)
)
|Z is big on Z.

Proof. We begin by recalling some key intersection formulas on the Demailly–Semple tower. By [25,
p. 478], we have the identities:

u2
1 + c̄1u1 + c̄2 = 0 and u2

2 + c̄1(V1)u2 + c̄2(V1) = 0,

where c̄1(V1) = c̄1 +u1 (see (2.4)) and c̄2(V1) = c̄2 −u2
1 = 2c̄2 + c̄1u1.

On the second level X2 of the Demailly-Semple tower, the following identities hold:

u4
1 = 0, u3

1u2 = c̄2
1 − c̄2, u2

1u2
2 = c̄2, u1u3

2 = c̄2
1 −3c̄2, u4

2 = 5c̄2 − c̄2
1.

Furthermore, for any pullback F ∈ π∗
2,0 Pic(P2), we have:

u3
1 ·F = 0, u2

1u2 ·F =−c̄1 ·F, u1u2
2 ·F = 0, u3

2 ·F = 0.

A crucial part of our approach relies on the following additional identities:

u2
1 ·F1 ·F2 = 0, u1u2 ·F1 ·F2 = F1 ·F2, u2

2 ·F1 ·F2 =−F1 ·F2, ∀F1,F2 ∈ π
∗
2,0 Pic(P2).

Then by direct computation, we can obtain

(6.4)
(
2u1 +u2 − τπ

∗
2,0h
)3 ·Z = m

(
13c2

1 −9c2
)
+12t(c1 ·h)+12m(c1 ·h)τ +3m

(
h2)

τ
2 +9

(
h2) tτ.

In our setting of three generic conics, we have c1 = −3h and c2 = 9h2. Substituting these into (6.4),
together with h2 = 1, yields:

(6.5)
(
2u1 +u2 − τπ

∗
2,0h
)3 ·Z = 3

(
mτ

2 −3(4m− t)τ +12(m− t)
)
.

This quadratic polynomial has two real roots:

(6.6) τ1

( t
m

)
=

3
2

(
4− t

m

)
−

√
3

2

√
32−8

t
m
+3
( t

m

)2
< τ2

( t
m

)
=

3
2

(
4− t

m

)
+

√
3

2

√
32−8

t
m
+3
( t

m

)2
,

because 32−8 t
m +3( t

m)
2 > 0. Moreover, τ1(

t
m)> 0 if and only if t

m < 1.
Thus when 0 < t

m < 1 and 0 ⩽ τ < τ1(
t
m), we have (2u1+u2−τπ∗

2,0h)3 ·Z > 0. Riemann-Roch Theorem
then gives, for sufficiently divisible integer p ≫ 1, that:

h0(Z,(OX2(2,1)⊗π
∗
2,0OP2(−τ))p|Z

)
+h2(Z,(OX2(2,1)⊗π

∗
2,0OP2(−τ))p|Z

)
⩾χ
(
Z,(OX2(2,1)⊗π

∗
2,0OP2(−τ))p|Z

)
=

(
2u1 +u2 − τπ∗

2,0h
)3 ·Z

3!
p3 +O(p2)≫ 1.

Now we prove that

(6.7) H2(Z,(OX2(2,1)⊗π
∗
2,0OP2(−τ)

)p ∣∣
Z

)
= 0

for all sufficiently divisible p ≫ 1. Put

Lp = OX2(2p, p)⊗π
∗
2,0OP2(−τ p).

Tensoring 0 → OX2(−Z)→ OX2 → OZ → 0 with Lp gives

h2(Z,Lp|Z)⩽ h2(X2,Lp)+h3(X2,Lp ⊗OX2(−Z)).(6.8)

For the first term, Proposition 6.1 applies because 2p−2p = 0 ⩾−1. Hence

Rq(π2,0)∗OX2(2p, p) = 0 (q ⩾ 1)

and
(π2,0)∗OX2(2p, p)≃ E2,3pT ∗

P2(logC ).
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Indeed, in filtration layer q a weighted-degree 3p invariant monomial has 3p−3q first-derivative factors and
q Wronskian factors. On X2 its class is

OX2(3p−q,q) = OX2(3p)
(
−(3p−q)Γ2

)
.

Since 0 ⩽ q ⩽ p, every section of OX2(3p) coming from an invariant differential vanishes along Γ2 at least
to order 2p. Hence

(π2,0)∗OX2(2p, p)≃ (π2,0)∗OX2(3p)≃ E2,3pT ∗
P2(logC ),

which justifies the displayed zeroth-direct-image identification. By Leray and the projection formula,

H2(X2,Lp)≃ H2(P2,E2,3pT ∗
P2(logC )⊗OP2(−τ p)

)
.

The argument of Proposition 4.2, with jet degree 3p and δ = τ/9, gives the vanishing of this group. Indeed,

0 ⩽ τ < τ1(t/m)⩽ 6−2
√

6 < 3,

so that 0 ⩽ δ < 1/3. Therefore

(6.9) H2(X2,Lp) = 0.

It remains to treat the second term in (6.8). By (6.1), set

Mp := Lp ⊗OX2(−Z) = OX2(2p−b1, p−b2)⊗π
∗
2,0OP2(t − τ p).

Write
r := b1 −2b2 ⩾ 0.

Choose p so large that p−b2 ⩾ 0 and, when r ⩾ 2,

p−b2 ⩾

⌊
r−2

3

⌋
.

Let ρ = π2,1 and π = π1,0. Since p−b2 ⩾ 0,

Rq
ρ∗Mp = 0 (q ⩾ 1),

whereas ρ∗Mp has a filtration induced by

0 −→ OX1(1)−→V ∗
1 −→ π

∗KP2 ⊗OX1(−2)−→ 0.

After reindexing by j = p−b2 − k, the corresponding graded terms are

(6.10) Qp,k = π
∗
(

K p−b2−k
P2 ⊗OP2(t − τ p)

)
⊗OX1(−r+3k), 0 ⩽ k ⩽ p−b2.

Set
Ap,k := K p−b2−k

P2 ⊗OP2(t − τ p), dk :=−r+3k,
so that

Qp,k = π
∗Ap,k ⊗OX1(dk).

If dk ⩾−1, then the projective bundle formula and the projection formula give

R1
π∗Qp,k ≃ Ap,k ⊗R1

π∗OX1(dk) = 0.

Since π has one-dimensional fibers and dimP2 = 2, the Leray spectral sequence yields

H3(X1,Qp,k)≃ H2(P2,R1
π∗Qp,k

)
= 0.

Consequently, only the indices satisfying dk ⩽−2 may contribute; equivalently,

0 ⩽ k ⩽
⌊

r−2
3

⌋
.

The only possible nonvanishing terms are therefore indexed by the fixed finite set

(6.11) 0 ⩽ k ⩽
⌊

r−2
3

⌋
.

For such k, relative Serre duality for π : X1 = P(TP2(−logC ))→ P2 gives

R1
π∗Qp,k ≃ Sr−3k−2TP2(−logC )(6.12)

⊗OP2

(
(3− τ)p+ t −3(b2 + k+1)

)
,(6.13)
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because KP2 ≃ OP2(3). For each k in (6.11), the symmetric power in (6.12) is independent of p, while the
twist tends to +∞ since τ < 3. Serre vanishing therefore gives

H2(P2,R1
π∗Qp,k

)
= 0 (p ≫ 1).

The Leray spectral sequence for π now yields H3(X1,Qp,k) = 0 for every graded term of the filtration.
Induction along the filtration gives

H3(X1,ρ∗Mp) = 0.
Using Rqρ∗Mp = 0 once more, we obtain

(6.14) H3(X2,Mp) = 0.

Combining (6.8), (6.9), and (6.14) proves (6.7). Thus Riemann–Roch gives

h0(Z,Lp|Z)⩾
(2u1 +u2 − τπ∗

2,0h)3 ·Z
3!

p3 +O(p2),

and the positive leading coefficient proves that the restricted Q-line bundle is big. □

6.2. A Refined Estimate. Here is a key step in proving our main theorem.

Lemma 6.3 (Tautological evaluation of a restricted section). Let Z ⊂ X2 be an effective Cartier divisor, let
p, t̃ ∈ Z>0, and let

σ ∈ H0(Z,OX2(2p, p)⊗π
∗
2,0OP2(−t̃)

∣∣
Z

)
.

Suppose that g : C → P2 is nonconstant, g(C) ̸⊂ C , and that its logarithmic Semple lift extends across
its isolated indeterminacy points and satisfies g[2](C) ⊂ Z. On C \ g−1(C ), regard dg[1] : TC → g∗[1]V1 as a
differential in the directed structure. Wherever it is nonzero, its image is the tautological line g∗[2]OX2(−1). It
therefore defines, by meromorphic continuation across the remaining discrete set, the intrinsic tautological
derivative

Dg[1] ∈ H0
mer

(
C,KC⊗g∗[2]OX2(−1)

)
.

Here H0
mer(Y,L) denotes the vector space of global meromorphic sections of a line bundle L on a complex

manifold Y . The canonical inclusion

ιp : OX2(2p, p) = OX2(3p)(−2pΓ2) ↪→ OX2(3p)

defines an intrinsic meromorphic section

(6.15) sσ ,g :=
〈

g∗[2](ιpσ),(Dg[1])
⊗3p
〉
∈ H0

mer

(
C,K⊗3p

C ⊗g∗OP2(−t̃)
)
,

This construction is independent of every choice of an ambient local lifting of σ . If sσ ,g ̸≡ 0, then its pole
divisor satisfies

(6.16) div∞(sσ ,g)⩽ 3p
3

∑
i=1

(g∗Ci)red,

and, outside a set of finite Lebesgue measure,

(6.17)
∫ 2π

0
log+∥sσ ,g(re

√
−1θ )∥ dθ

2π
= O(logTg(r)+ logr) .

Proof. Since the map g[2] factors through Z, one may pull back ιpσ directly from Z, without extending σ

to a neighborhood. Pairing the two line bundles gives (6.15). If one nevertheless represents σ by ambient
local liftings, two such liftings differ by a section in the ideal of Z; their pullbacks by g[2] therefore agree.

Equip the line bundles on X2 and P2 with smooth Hermitian metrics. Since Z is projective, the norm of
the holomorphic section ιpσ is bounded on Z. Consequently, for a uniform constant C > 0,

∥sσ ,g∥⩽C∥Dg[1]∥3p.

This estimate uses only the intrinsic section on Z and does not extend it to a saturated inverse image in the
Semple tower.

We next analyze the tautological derivative. Near a point of g−1(C ), choose logarithmic coordinates
with C = {x1 · · ·xq = 0}, q ⩽ 2. The horizontal components of the derivative of the regular first lift are
(xi ◦ g)′/(xi ◦ g) in the boundary directions; all vertical projective-coordinate components are holomorphic
because the first lift extends. Thus Dg[1] has at most a simple pole along each (g∗Ci)red. Its 3p-th tensor
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power gives (6.16). At an isolated zero of g′ outside g−1(C ), the regular Semple lift extends and the evalu-
ation has only a removable singularity or a zero. If the critical point lies over C , a logarithmic component
such as (xi ◦ g)′/(xi ◦ g) may still have a simple pole; this is precisely one of the boundary poles already
counted in (6.16), and no additional Semple-type pole occurs.

Finally choose a finite logarithmic coordinate cover and, above it, a finite cover by relatively compact
Semple charts. A partition of unity is used only to estimate the norm of the already-defined global sec-
tion. On each chart, the components of Dg[1] are logarithmic derivatives of local coordinate functions. A
projective Semple coordinate u is a rational function on X1 and, in a logarithmic frame, a ratio of two first
logarithmic derivatives. Hence

Tu◦g[1](r) = O
(
Tg(r)+ logr

)
.

For a partition function χ supported in a relatively compact Semple chart, choose a /∈ u(supp χ). On this
support, u−a is bounded above and away from zero, and

(u◦g[1])
′ = (u◦g[1]−a)

(u◦g[1])′

u◦g[1]−a
.

The logarithmic-derivative lemma applied to u◦g[1]−a controls the vertical component by

O
(
log+Tg(r)+ logr

)
.

Summing this estimate and the analogous horizontal estimates over the finite cover gives (6.17); this is the
partition-of-unity argument of [37, Thm. 3.1, (3.3)–(3.6)] with the preceding Semple-coordinate adaptation
made explicit. □

Lemma 6.4 (Tautological evaluation of a restricted OX2(m)-section). Let Z ⊂ X2 be a projective subvariety
and let

σ ∈ H0(Z,OX2(m)⊗π
∗
2,0OP2(−s)|Z

)
, m,s ⩾ 1.

If g[2](C)⊂ Z, the tautological pairing defines an intrinsic meromorphic section〈
g∗[2]σ ,(Dg[1])

⊗m
〉
∈ H0

mer
(
C,K⊗m

C ⊗g∗OP2(−s)
)
.

If it is not identically zero, then

Tg(r)⩽
m
s

3

∑
i=1

N[1]
g (r,Ci)+O

(
logTg(r)+ logr

)
∥ .

Proof. The proof is the same intrinsic pairing and logarithmic/Semple-coordinate estimate as in Lemma 6.3,
with OX2(m) paired directly against OX2(−m). Thus the reduced boundary pole divisor has coefficient at
most m; Poincaré–Lelong and Jensen’s formula give the stated inequality. □

Theorem 6.5. Let g : C→ P2 be an entire curve whose lift g[2] : C→ X2 satisfies g[2](C)⊂ Z. Suppose there
exists a section

(6.18) σ ∈ H0
(

Z,
(
OX2(2,1)

m̃ ⊗π
∗
2,0OX(−t̃)

)
|Z
)
∼= H0

(
Z,
(
OX2(3)⊗O(−2Γ2)

)m̃ ⊗π
∗
2,0OX(−t̃)

∣∣
Z

)
,

such that the canonical evaluation sσ ,g of Lemma 6.3, with p = m̃, is not identically zero. Then the following
Second Main Theorem type estimate holds:

Tg(r)⩽
3m̃
t̃

3

∑
i=1

N[1]
g (r,Ci)+o

(
Tg(r)

)
∥ .

The fixed double vertical factor is retained through the canonical inclusion in Lemma 6.3. The lemma,
rather than an identification of an arbitrary local lifting with a jet polynomial, supplies the global meromor-
phic evaluation and the coefficient 3m̃/t̃.

Proof. Equip OX(−1) with the standard norm, whose Chern curvature is −ωFS. By (6.18), the canonical
evaluation sσ ,g is a nonzero meromorphic section of K⊗3m̃

C ⊗g∗OP2(−t̃). Give KC the flat metric defined by
dz. Poincaré–Lelong and Jensen’s formula give

t̃ Tg(r)⩽ N(r,div∞(sσ ,g))+
∫ 2π

0
log+∥sσ ,g(re

√
−1θ )∥dθ

2π
+O(1).
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Applying (6.16) and (6.17), with p = m̃, yields

t̃ Tg(r)⩽ 3m̃
3

∑
i=1

N[1]
g (r,Ci)+O(logTg(r)+ logr) ∥,

which is the asserted estimate. □

Lemma 6.6 (The zero-evaluation branch). In the setting of Theorem 6.5, assume that Z is irreducible and
that σ ̸= 0. If the canonical evaluation sσ ,g is identically zero, then

g[2](C)⊂ Z(σ)⊊ Z,

and g[1](C) is contained in a proper algebraic subset of X1.

Proof. The tautological derivative Dg[1] is not identically zero, since otherwise g[1], and hence g, would
be constant. On the dense open set where this derivative is nonzero and g[2] is outside Γ2, the canonical
inclusion ιp is nonvanishing. The equality sσ ,g = 0 therefore implies σ(g[2](z)) = 0. Analytic continuation
gives the first inclusion. Since σ is a nonzero section on the irreducible threefold Z, Z(σ) is proper and has
dimension at most 2. Its image under the proper morphism π2,1 is consequently a proper algebraic subset of
the threefold X1 containing g[1](C). □

6.3. An Effective Constant c in the Second Main Theorem for Three Conics. Suppose there exists a
nonzero negatively twisted invariant logarithmic 2-jet differential

ω1 ∈ H0(P2, E2,mT ∗
P2(logC )⊗OP2(−t)

)
satisfying 0 < t < m and such that the divisor Z of ω1 on the second level X2 of the logarithmic Demailly-
Semple tower for (P2,C ) is irreducible and reduced modulo Γ2. Then, by the argument in Section 6.1, for
any rational number τ ∈ (0,τ1(t/m)), we obtain a nontrivial global section

σ ∈ H0
(

Z,
(
OX2(2,1)⊗π

∗
2,0OP2(−τ)

)⊗ℓ
)

for sufficiently divisible ℓ≫ 1 (depending on τ).
Furthermore, if f ∗ω1 ≡ 0 and the canonical evaluation of σ along f[2] is nonzero, then Theorem 6.5 yields

the estimate (1.7) with constant (see (6.6)) c = 3
τ
> 3

τ1(t/m) . If the canonical evaluation is zero, Lemma 6.6

shows that f[1] is algebraically degenerate, and Theorem 1.1 gives the stronger estimate 3Tf ⩽ ∑i N[1]
f +

o(Tf ). Thus, in either branch and by the arbitrariness of τ , the estimate (1.7) holds for any constant c >
3/τ1(

t
m).

Direct computation shows that inf0<x<1
3

τ1(x)
= 3+

√
6

2 . Thus 3
τ1(t/m) < c is equivalent to c > 3+

√
6

2 and

0 < t
m < 4c2−12c+3

c(4c−3) .

Meanwhile, in Case 1, Proposition 5.2 gives the coefficient m/(t −7). For this coefficient to be at most
c, the positive integers m and t associated to the first family ω1 must satisfy t ⩾ m

c +7.
Taking c = 19, we obtain the desired estimate (1.7) for positive integer pairs (m, t) satisfying 0 < t <

1219
1387 m or t ⩾ m

19 +7. Note that 8 · 1219
1387 > 7, whereas 7 · 1219

1387 < 7. To exclude the exceptional cases of (m, t), it
therefore suffices to prove Key Vanishing Lemma I. In fact, the exact real boundary is c > (75+

√
5241)/8,

so 19 is the smallest integral constant supplied by this argument.
Taking c = 5, we obtain the desired estimate (1.7) for positive integer pairs (m, t) satisfying 0 < t < 43

85 m
or t ⩾ m

5 +7. For m ⩾ 23 these two regions overlap, since 43m/85 ⩾ m/5+7. For 3 ⩽ m ⩽ 22, direct integer
enumeration shows that, after using monotonicity in the negative twist, the only minimal uncovered pairs
are precisely the eighteen pairs in Key Vanishing Lemma II. (For m = 20 and m = 22 there is no gap.)

Proof of Theorem 1.6. Work on the common nonempty Zariski-open locus on which Proposition 4.4, the
slanted-vector-field construction, and Key Vanishing Lemma II hold. Let f be algebraically nondegenerate.
The threshold and irreducible-component argument give a section ω1 with m < 5t and residual irreducible
divisor Z modulo Γ2. If f ∗ω1 ̸≡ 0, Theorem 1.2 gives the result because m/t < 5.

Assume f ∗ω1 ≡ 0. A nonconstant lifted curve is not contained in Γ2, so analytic continuation gives
f[2](C)⊂ Z. If t ⩾ m/5+7, Proposition 5.2 either gives the constant-5 estimate or makes f[1] algebraically
degenerate, in which case Theorem 1.1 is stronger. If t/m < 43/85, then τ1(t/m)> 3/5; choose 3/5 < τ <
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τ1(t/m). The restricted-section construction and Theorem 6.5 give coefficient 3/τ < 5 when the canonical
evaluation is nonzero, while Lemma 6.6 and Theorem 1.1 handle the zero-evaluation branch.

It remains only to see that one of these alternatives occurs. For m = 1,2 this follows from Theorem 1.5.
For m ⩾ 23 the two numerical regions overlap. For 3 ⩽ m ⩽ 22, the eighteen minimal uncovered pairs are
exactly those excluded by Key Vanishing Lemma II; twist monotonicity excludes every larger twist with
the same m. Finally, algebraic nondegeneracy implies O(logTf (r) + logr) = o(Tf (r)) outside the usual
exceptional set. This proves (1.7). □

7. Proof of the Key Vanishing Lemmas

7.1. Basic Calculations. Let C = C1 +C2 +C3 be a divisor of three smooth conics in P2, defined by
homogeneous quadratic polynomials:

A(Z) = A200Z2
0 +A020Z2

1 +A002Z2
2 +A110Z0Z1 +A101Z0Z2 +A011Z1Z2,

B(Z) = B200Z2
0 +B020Z2

1 +B002Z2
2 +B110Z0Z1 +B101Z0Z2 +B011Z1Z2,

C(Z) =C200Z2
0 +C020Z2

1 +C002Z2
2 +C110Z0Z1 +C101Z0Z2 +C011Z1Z2,

where Z = (Z0,Z1,Z2) and all coefficients A•,B•,C• ∈ C are generic.
On the affine chart U0 = {Z0 ̸= 0} with coordinates (x1,x2) = (Z1/Z0,Z2/Z0), the dehomogenized poly-

nomials are:

a(x1,x2) = A200 +A020x2
1 +A002x2

2 +A110x1 +A101x2 +A011x1x2,

b(x1,x2) = B200 +B020x2
1 +B002x2

2 +B110x1 +B101x2 +B011x1x2,

c(x1,x2) =C200 +C020x2
1 +C002x2

2 +C110x1 +C101x2 +C011x1x2.

Their partial derivatives are given by:

a1 :=
∂a
∂x1

= 2A020x1 +A110 +A011x2, a2 :=
∂a
∂x2

= 2A002x2 +A101 +A011x1,

b1 :=
∂b
∂x1

= 2B020x1 +B110 +B011x2, b2 :=
∂b
∂x2

= 2B002x2 +B101 +B011x1,

c1 :=
∂c
∂x1

= 2C020x1 +C110 +C011x2, c2 :=
∂c
∂x2

= 2C002x2 +C101 +C011x1.

The Jacobian determinant is the homogeneous cubic polynomial:

J(Z) :=

∣∣∣∣∣∣∣
∂

∂Z0
A ∂

∂Z0
B ∂

∂Z0
C

∂

∂Z1
A ∂

∂Z1
B ∂

∂Z1
C

∂

∂Z2
A ∂

∂Z2
B ∂

∂Z2
C

∣∣∣∣∣∣∣ .
Its vanishing locus {J = 0} is the ramification divisor of the endormorphism:

(7.1) σ : P2 → P2, [Z0 : Z1 : Z2] 7→ [A : B : C].

The utility of such Jacobian curves has been well-documented in the literature, cf. e.g. [2, 13, 31, 32, 10].
Under generic coefficient assumptions, the Jacobian curve {J = 0} satisfies the following transversality

properties (cf., e.g., [32, 10]):
(TP1) Transverse intersection with each conic Ci for i = 1,2,3.
(TP2) Transverse intersection with each coordinate hyperplane {Zi = 0} for i = 0,1,2.

For the Key Vanishing Lemma I (but not for II), we will work with parameters satisfying these transversality
conditions.

We begin with the following two results, which follow from direct computation on the affine charts
{Zi ̸= 0} ⊂ P2, i = 0,1,2.

Proposition 7.1. Let H := {Z0 = 0}+{Z1 = 0}+{Z2 = 0} be a divisor consisting of the three coordinate
hyperplanes in P2. Then the logarithmic cotangent bundle T ∗

P2(logH ) is globally generated by the sections
(log Z0

Z2
)′ and (log Z1

Z2
)′. □
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Proposition 7.2. The logarithmic 2-jet differential bundle E2,mT ∗
P2(logH ) of weighted degree m is globally

generated by the following sections:

(7.2)
((

log
Z0

Z2

)′)k((
log

Z1

Z2

)′)m−3 j−k
∣∣∣∣∣∣
(

log Z0
Z2

)′ (
log Z1

Z2

)′(
log Z0

Z2

)′′ (
log Z1

Z2

)′′
∣∣∣∣∣∣

j

(0 ⩽ j ⩽ ⌊m/3⌋, 0 ⩽ k ⩽ m−3 j).

□

The endomorphism σ defined in (7.1) is in fact a morphism σ : (P2,C ) → (P2,H ) between two log
pairs. The functoriality immediately yields the relations between logarithmic differential 1-forms(

log
A
C

)′
= σ

∗
(

log
Z0

Z2

)′
and

(
log

B
C

)′
= σ

∗
(

log
Z1

Z2

)′
.

Combining this with Proposition 7.1, we obtain:

Proposition 7.3. On the Zariski-open set {J ̸= 0} ⊂ P2, the logarithmic 1-forms (log A
C )

′ and (log B
C )

′ gen-
erate the sheaf T ∗

P2(logC ).

We complement this conceptual proof with explicit computations. While the functorial approach is ele-
gant, the detailed coordinate computations reveal specific algebraic structures that will play an essential role
in our later analysis.

Proof. The sections
(
log A

C

)′
and

(
log B

C

)′ are clearly holomorphic on {J ̸= 0}. We prove generation by
working on affine charts.

On U0 = {Z0 ̸= 0} with coordinates (x1,x2), consider the transformation matrix between differentials:((
log a

c

)′(
log b

c

)′)= M
(

x′1
x′2

)
, M =

(
∂

∂x1
log a

c
∂

∂x2
log a

c
∂

∂x1
log b

c
∂

∂x2
log b

c

)
.

A direct computation gives the determinant of M:

(7.3) detM =
D

abc
, where D =

∣∣∣∣∣∣
a b c
a1 b1 c1
a2 b2 c2

∣∣∣∣∣∣= J
2Z3

0
.

Thus the matrix M is invertible on the Zariski open set U0 ∩{J ̸= 0}∩{ABC ̸= 0}, with its inverse given
explicitly by:

M−1 =
1
D

(
a(cb2 −bc2) b(ac2 − ca2)
a(bc1 − cb1) b(ca1 −ac1)

)
.

Hence inverting the relation (7.3) yields the explicit coordinate transformation:

(7.4)
(

x′1
x′2

)
=

1
D

(
a(cb2 −bc2) b(ac2 − ca2)
a(bc1 − cb1) b(ca1 −ac1)

)((
log a

c

)′(
log b

c

)′) .

This establishes that the logarithmic differential forms
(
log A

C

)′
and

(
log B

C

)′ generate the sheaf of logarith-
mic cotangent bundle T ∗

P2(logC ) over the Zariski-open set {J ̸= 0} ∩ {ABC ̸= 0}, as the transformation
matrix consists of regular functions on this domain.

Furthermore, the differential (logc)′ can be expressed in terms of our generators:

(logc)′ =
c′

c
=
( c1

c
c2
c

)(x′1
x′2

)
[use (7.4)] =

1
D

(
a
∣∣∣∣c1 b1
c2 b2

∣∣∣∣ b
∣∣∣∣a1 c1
a2 c2

∣∣∣∣)
((

log a
c

)′(
log b

c

)′) .

Thus the sections
(
log A

C

)′
and

(
log B

C

)′ continue to generate the logarithmic cotangent bundle T ∗
P2(logC )

in a neighborhood of {J ̸= 0} ∩ {C = 0} inside {J ̸= 0}, as the transformation matrix remains regular
when approaching this locus. The analogous argument holds on charts U1 = {Z1 ̸= 0} and U2 = {Z2 ̸= 0},
completing the proof. □

Using Proposition 7.2 and considering the morphism σ : (P2,C )→ (P2,H ), by functoriality, we obtain:
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Proposition 7.4. The bundle E2,mT ∗
P2(logC ) is freely generated over {J ̸= 0} by the logarithmic jet differ-

entials:

(7.5)
((

log
A
C

)′)k((
log

B
C

)′)m−3 j−k
∣∣∣∣∣
(
log A

C

)′ (
log B

C

)′(
log A

C

)′′ (
log B

C

)′′
∣∣∣∣∣

j

(0 ⩽ j ⩽ ⌊m/3⌋, 0 ⩽ k ⩽ m−3 j). □

Let P ∈ Γ
(
{J ̸= 0},E2,mT ∗P2(logC )⊗O(−t)

)
. To check and verify the global extendability of P, it

suffices to demonstrate that P admits a holomorphic extension across the Jacobian divisor {J = 0}. Note
that the intersection {J = 0}∩ {Z0ABC = 0} constitutes a Zariski-closed subset of codimension 2 in P2.
By Hartog’s extension theorem, it is thus sufficient to extend P to {J = 0}∩{Z0ABC ̸= 0}. This extension
problem necessitates an analysis of the transition formula for E2,mT ∗

P2(logC )⊗O(−t) from {J ̸= 0} to
{Z0ABC ̸= 0}.

Our carefully chosen basis (7.5) induces a highly homogeneous representation of the logarithmic jet
differentials and keeps the affine transition problem finite.

The remaining argument treats all Wronskian layers simultaneously. This is essential for the strengthened
list, whose largest target has m = 21; a small-m pole bound does not determine the higher layers that occur
there.

7.2. All-layer finite shape and exact C++ verification. In what follows, we will abbreviate the first-order
jet transfer formulas from standard jets (x′1,x

′
2) to logarithmic jets ((log a

c )
′,(log b

c )
′) as:(

log
a
c

)′
= α x′1 +β x′2,(

log
b
c

)′
= γ x′1 +δ x′2,

α :=
a1c−ac1

ac
, β :=

a2c−ac2

ac
,

γ :=
b1c−bc1

bc
, δ :=

b2c−bc2

bc
.

Because logarithmic jet differentials are by definition assumed to exist and to be holomorphic outside the
divisor C = {ABC = 0}, the presence of a, b, c (within the affine chart C2 ⊂ P2) in denominators does not
produce any singularity.

The only possible singularity—which clarifies why Proposition 7.4 holds only on the complement P2 \
{J = 0}—comes from inverting the transfer formulas from logarithmic jets back to standard jets:

(7.6)
x′1 =

δ

αδ −βγ

(
log

a
c

)′
− β

αδ −βγ

(
log

b
c

)′
,

x′2 =− γ

αδ −βγ

(
log

a
c

)′
+

α

αδ −βγ

(
log

b
c

)′
,

and this requires the nonvanishing of the 2×2 determinant (see (7.3)):

(7.7) αδ −βγ = det
(

α β

γ δ

)
= detM =

D
abc

, where D =

∣∣∣∣∣∣
a b c
a1 b1 c1
a2 b2 c2

∣∣∣∣∣∣= J
2Z3

0
.

By a direct computation in the affine chart {Z0 ̸= 0}, this determinant happens to be a nonzero multiple
of the Jacobian determinant J.

The transfer of the logarithmic Wronskian,

W ′′′ :=
∣∣∣∣(log A

C

)′ (
log B

C

)′(
log A

C

)′′ (
log B

C

)′′∣∣∣∣= ∣∣∣∣(log a
c

)′ (
log b

c

)′(
log a

c

)′′ (
log b

c

)′′∣∣∣∣ ,
to standard affine jet coordinates is more delicate, and is captured in the following Key Observation.

Key Observation 7.8. When expressed in standard affine jet coordinates (x′1,x
′
2,x

′′
1 ,x

′′
2), the logarithmic

Wronskian takes the form:

(7.9) W ′′′
= (αδ −βγ)

∣∣∣∣x′1 x′2
x′′1 x′′2

∣∣∣∣+κ x′1
3
+λ x′1

2x′2 +µ x′1x′2
2
+ν x′2

3
,

where the cubic terms in the first-order jets x′1, x′2 have coefficients κ , λ , µ , ν given in terms of the second-
order derivatives

a11, a12, a22, b11, b12, b22, c11, c12, c22,
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and the coefficients α , β , γ , δ as follows:

κ :=−γ
a11

a
+α

b11

b
− (α − γ)

c11

c
+α

2
γ −αγ

2,

λ :=−δ
a11

a
−2γ

a12

a
+β

b11

b
+2α

b12

b
− (β −δ )

c11

c
−2(α − γ)

c12

c
+α

2
δ +2αβγ −2αγδ −βγ

2,

µ :=−2δ
a12

a
− γ

a22

a
+2β

b12

b
+α

b22

b
−2(β −δ )

c12

c
− (α − γ)

c22

c
+2αβδ −αδ

2 +β
2
γ −2βγδ ,

ν :=−δ
a22

a
+β

b22

b
− (β −δ )

c22

c
+β

2
δ −βδ

2.

Proof. This follows by direct computation. □

According to Key Vanishing Lemma II, it is enough to consider m ⩽ 21. On the affine chart (x1,x2) ∈
C2 ⊂ P2, away from the Jacobian zero-locus

{D = 0}= {J = 0}∩{Z0 ̸= 0},

the basis in Proposition 7.4 gives the uniform expansion

(7.10) JetABC =
⌊m/3⌋

∑
q=0

∑
i+ j=m−3q

P(q)
i, j

((
log

a
c

)′)i((
log

b
c

)′) j(
W ′′′)q

.

Every coefficient P(q)
i, j is holomorphic away from {D = 0}.

The GAGA principle then ensures that every such coefficient is a rational expression whose denominator
is an integral power of D. Our preliminary objective is to determine a uniform bound for that power in each
Wronskian layer.

To this end, we consider the transfer formulas from logarithmic jets to standard jets. The first-order jet
transfer formulas are already given in (7.6). Using (7.9), we have

W ′′′ :=
∣∣∣∣x′1 x′2
x′′1 x′′2

∣∣∣∣= 1
αδ −βγ

W ′′′− 1
αδ −βγ

(
κ x′1

3
+λ x′1

2x′2 +µ x′1x′2
2
+ν x′2

3
)
,

where the cubic term κ x′1
3 +λ x′1

2x′2 +µ x′1x′2
2 +ν x′2

3 can be expanded using (7.6) as:

(
x′1

3 x′1
2x′2 x′1x′2

2 x′2
3)


κ

λ

µ

ν


=
(((

log a
c

)′)3 ((log a
c

)′)2(log b
c

)′ (log a
c

)′((log b
c

)′)2 ((log b
c

)′)3
)

· 1
(αδ −βγ)3


δ 3 −γδ 2 γ2δ −γ3

−3βδ 2 αδ 2 +2βγδ −2αγδ −βγ2 3αγ2

3β 2δ −2αβδ −β 2γ α2δ +2αβγ −3α2γ

−β 3 αβ 2 −α2β α3




κ

λ

µ

ν

 .

Let us examine this more closely. Define
δ 3 −γδ 2 γ2δ −γ3

−3βδ 2 αδ 2 +2βγδ −2αγδ −βγ2 3αγ2

3β 2δ −2αβδ −β 2γ α2δ +2αβγ −3α2γ

−β 3 αβ 2 −α2β α3




κ

λ

µ

ν

=:


τ3,0
τ2,1
τ1,2
τ0,3

 .
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Miracle Factorizations 7.11. The four expressions:

τ3,0 := δ
3

κ − γ δ
2

λ + γ
2

δ µ − γ
3

ν

=
(
α δ −β γ

)(
· · ·
)
,

τ2,1 := − 3β δ
2

κ +
(
α δ

2 +2β γ δ
)

λ +
(
− 2α γ δ −β γ

2)
µ +3α γ

2
ν

=
(
α δ −β γ

)(
· · ·
)
,

τ1,2 := 3β
2

δ κ +
(
− 2α β δ −β

2
γ
)

λ +
(
α

2
δ +2α β γ

)
µ −3α

2
γ ν

=
(
α δ −β γ

)(
· · ·
)
,

τ0,3 := − β
3

κ +α β
2

λ −α
2

β µ +α
3

ν

=
(
α δ −β γ

)(
· · ·
)
,

are all multiples of αδ −βγ .

Proof. Substitute the displayed formulas for κ,λ ,µ,ν and divide in the polynomial ring generated by
α,β ,γ,δ and the normalized second derivatives. Each division has zero remainder. The four quotients
are displayed and independently checked by exact symbolic expansion in Appendix A. □

Therefore: 
τ3,0
τ2,1
τ1,2
τ0,3

=: (αδ −βγ)


θ3,0
θ2,1
θ1,2
θ0,3

 ,

and finally:

(7.12)
∣∣∣∣x′1 x′2
x′′1 x′′2

∣∣∣∣= 1
αδ −βγ

∣∣∣∣(log a
c

)′ (
log b

c

)′(
log a

c

)′′ (
log b

c

)′′∣∣∣∣− 1
(αδ −βγ)3 ∑

i+ j=3
θi, j
((

log
a
c

)′)i((log
b
c

)′) j
.

Recall that our main assumption is that, in the standard affine coordinates (x1,x2) ∈ C2, the logarithmic
2-jet differential JetABC is holomorphic over C2 \{abc = 0}. Therefore, it can be expressed as

(7.13) JetABC =
⌊m/3⌋

∑
q=0

∑
r+s=m−3q

P(q)
r,s x′1

rx′2
s(W ′′′)q

,

where every P(q)
r,s is holomorphic on C2 \{abc = 0}. By the GAGA principle it is a rational function whose

denominator may contain only a, b, and c.
We now compare (7.10) with (7.13). Substitution of (7.6) and (7.12) shows that the coefficients {P(q)

i, j }i+ j=m−3q
can be written as rational expressions whose denominators consist of factors a, b, c (which are coprime to
D) and D (see (7.7)). In Wronskian layer q, the maximal possible pole order with respect to D is m−2q.

Indeed, an ordinary first derivative contributes at most one inverse power of D, while each occurrence of
the lower cubic term in (7.12) trades three first-derivative weights for two additional inverse powers of D.
For a monomial of total weight m in layer q, this gives precisely D−(m−2q). The argument is independent of
q and therefore covers every 0 ⩽ q ⩽ ⌊m/3⌋.

Consequently the invariant logarithmic 2-jet differential JetABC in (7.10), of weighted order m ⩽ 21, has
the following uniform all-layer form in homogeneous coordinates:

(7.14) JetABC =
⌊m/3⌋

∑
q=0

∑
i+ j=m−3q

P(q)
i, j (Z0,Z1,Z2)

J(Z0,Z1,Z2)m−2q

((
log

A
C

)′)i((
log

B
C

)′) j(
W ′′′)q

,

where

(7.15) nq := m−2q, P(q)
i, j ∈ C[Z0,Z1,Z2]dq , dq := 3nq − t.

Indeed, homogeneity gives dq − 3(m− 2q) = −t in every layer. Thus (7.14) is not a truncation at a fixed
Wronskian power: it is the complete finite shape, and it is precisely the shape enumerated by the C++
verifier. It represents a meromorphic (rational) section of

E2,mT ∗
P2

(
logC

)
⊗OP2(−t).
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For JetABC to be a genuine holomorphic logarithmic jet differential, the coefficients of all polynomials
P(q)

i, j must satisfy a finite homogeneous linear system. The system records that, after the complete coupled
transition to ordinary affine jets, every coefficient has the divisibility required to cancel the appropriate
power of the Jacobian J. Cancellations are taken only after summing the contributions of all Wronskian
layers to the same ordinary-jet monomial; testing the layers separately would give only a diagnostic, not the
desired kernel computation.

The number of homogeneous coefficient variables is

(7.16) N(m, t) =
⌊m/3⌋

∑
q=0

(m−3q+1)
(

3(m−2q)− t +2
2

)
,

where a summand is omitted when 3(m−2q)− t < 0. In particular, N(13,9) = 12,550, whereas the largest
strengthened target (m, t) = (21,11) has N(21,11) = 81,840 variables.

To streamline explicit computer-assisted computations, we adopt a strategic simplification by choosing
specific coefficients A•,B•,C• such that the three conics C are of Fermat type; for example:

A(Z) = 2Z2
0 +Z2

1 +Z2
2 , B(Z) = Z2

0 +2Z2
1 +Z2

2 , C(Z) = Z2
0 +Z2

1 +2Z2
2 .(7.17)

Each of the three conics in (7.17) is smooth. Any two meet transversally, and the three have no common
point: subtracting their equations gives Z2

0 = Z2
1 = Z2

2 , after which any one equation forces all three coordi-
nates to vanish. Hence their union is a simple normal crossing divisor. This choice also gives J = 32Z0Z1Z2,
which makes the divisibility test particularly transparent.

The auxiliary Jacobian condition (TP2) nevertheless fails at finitely many points. We therefore test ex-
tension on both {Z0ABC ̸= 0} and {Z2ABC ̸= 0}. On P2 \C , their union contains {J = 0} except for the
single point [0 : 1 : 0]. That omitted set has codimension two, so Hartogs’ theorem completes the extension
there.

More precisely, we work in the two affine charts:

{Z0 ̸= 0} and {Z2 ̸= 0},
with the coordinate substitutions:

(Z0,Z1,Z2) 7−→ (1,x1,x2) and (Z0,Z1,Z2) 7−→ (y0,y1,1).

In these coordinates, J reads as 32x1x2 or 32y0y1. Thus the required cancellation is equivalent to divisibility
by (x1x2)

m−2k or (y0y1)
m−2k in the coefficient of the ordinary Wronskian power W k. These conditions form

the finite homogeneous linear system computed below.

The exact matrix computed by the C++ verifier. On either affine chart, write again A,B,C for the affine
equations, and put

H := ABC, L̂1 := B(CA′−AC′), L̂2 := A(CB′−BC′).

Thus H(log(A/C))′ = L̂1 and H(log(B/C))′ = L̂2. If W = x′1x′′2 − x′′1x′2 is the ordinary affine Wronskian,
define the cubic first-jet polynomial R3 by

(7.18) L̂1(L̂2)
′− L̂2(L̂1)

′ = HDW +R3.

Equivalently,

(7.19) H3W ′′′
= H2DW +HR3.

The program constructs R3 from (7.18); it does not enter a precomputed formula for it.
Fix a source layer q in (7.14), and put

nq = m−2q, sq = m−3q, i+ j = sq, degP(q)
i, j = 3nq − t.

After substituting (7.19), the contribution of P(q)
i, j to the coefficient of W k, 0 ⩽ k ⩽ q, is placed over the

common denominator Hm−2kJm−2k. Its numerator is exactly

(7.20)
(

q
k

)
P(q)

i, j L̂i
1L̂ j

2Dk(HJ2R3
)q−k

.

For fixed k and a fixed velocity monomial, the program first sums (7.20) over all q ⩾ k and only then
tests divisibility by Jm−2k. This order matters: cancellation between different Wronskian layers is part of
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the extension problem. A layer-by-layer rank test would therefore compute a different, generally stronger
system.

Each scalar coefficient of each homogeneous polynomial P(q)
i, j is a column. A row is indexed by a chart,

the power k, a velocity monomial, and a base monomial that is not divisible by the required power of the
monomial Jacobian. The verifier generates these sparse columns on demand and performs exact column
elimination over F5; it never materializes a dense matrix. No parity split, character decomposition, involu-
tion, root-of-unity filter, or symmetry reduction is used.

Before a rank computation, the self-test verifies the determinant identity for D, checks (7.19) directly on
nonsingular jets in both charts, and checks the expected variable counts. The transition matrix has integer
entries. Hence full column rank after reduction modulo 5 exhibits an integer maximal minor that is nonzero
modulo 5; that minor is nonzero over Q, and the original matrix has zero kernel over C.

The source can be compiled and the largest target rerun from the root of the evidence archive as follows:

clang ++ -std=c++17 -O3 -DNDEBUG -static \

source/paper1_three_conics_full_verifier.cpp -o verifier

./ verifier --self -test

./ verifier --case 21 11 --max -seconds 3600 \

--max -pivot -nonzeros 650000000 \

--certificate certificates/recheck_m21_t11_p5.json

On Windows, the last two commands may be run with verifier.exe. Exit code 0 together with the verdict

PROVED FULL COLUMN RANK MOD 5

means that every expected column was processed and the exact nullity is zero. A time or memory guard
returns

UNRESOLVED RESOURCE LIMIT

and is never accepted as a vanishing proof. The JSON files record ranks, pivot rows, and fingerprints for
reproducibility; the auditable proof object is the exact source together with a successful deterministic rerun.

All eighteen matrices in Key Vanishing Lemma II have full column rank. For the largest case (m, t) =
(21,11), the program processes 81,840 columns, finds rank 81,840, and returns nullity zero.1

Remark 7.5. For the explicit Fermat-type configuration (7.17), our exact finite computations give the van-
ishings for (m, t) = (1,1),(2,1),(3,1),(4,1),(5,2). For (m, t) = (5,1), by contrast, they give

dim H0(P2,E2,5T ∗
P2(logC )⊗OP2(−1)

)
= 9.

Let η1, . . . ,η9 be a basis of this space. The vanishings in weighted degrees 1,2,3,4 exclude a common
invariant jet generator of smaller positive weight. The standard minimal-weight argument therefore shows
that the 9-dimensional space contains two algebraically independent members, say η and θ . If either pull-
back is nonzero, Theorem 1.2 gives the desired estimate with coefficient m/t = 5. If both pullbacks vanish,
the common zero locus of η and θ has proper image in the first Semple stage; hence f[1] is algebraically
degenerate and Theorem 1.1 applies. Thus the nine sections give a Second Main Theorem with constant 5
for the Fermat-type configuration (7.17). This special conclusion is not needed in the proof of Theorem 1.6.
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APPENDIX A. EXPLICIT QUOTIENTS IN THE FOUR FACTORIZATION IDENTITIES

We complete the calculation in Miracle Factorizations 7.11. Set

âi j :=
ai j

a
, b̂i j :=

bi j

b
, ĉi j :=

ci j

c
, ∆ := αδ −βγ.

After substituting the formulas for κ,λ ,µ,ν , direct expansion gives

τ3,0 = ∆θ3,0, τ2,1 = ∆θ2,1, τ1,2 = ∆θ1,2, τ0,3 = ∆θ0,3,

where

θ3,0 = δ
2(b̂11 − ĉ11)−2δγ(b̂12 − ĉ12)+ γ

2(b̂22 − ĉ22),

θ2,1 = −δ
2â11 +2δγ â12 − γ

2â22 −2βδ b̂11 +2(αδ +βγ)b̂12 −2αγ b̂22

+(2βδ +δ
2)ĉ11 −2(αδ +βγ +δγ)ĉ12 +(2αγ + γ

2)ĉ22 +∆
2,

θ1,2 = 2βδ â11 −2(αδ +βγ)â12 +2αγ â22 +β
2b̂11 −2αβ b̂12 +α

2b̂22

− (β 2 +2βδ )ĉ11 +2(αβ +αδ +βγ)ĉ12 − (α2 +2αγ)ĉ22 −∆
2,

θ0,3 = −β
2(â11 − ĉ11)+2αβ (â12 − ĉ12)−α

2(â22 − ĉ22).

For completeness, we also verified these identities by exact symbolic computation. The calculation was
performed with SymPy 1.14.0 in the polynomial ring

Z[α,β ,γ,δ , â11, â12, â22, b̂11, b̂12, b̂22, ĉ11, ĉ12, ĉ22].

For each of the four expressions, exact division by ∆ returned the quotient displayed above and remainder
zero. A second expansion of τi, j −∆θi, j returned the zero polynomial. Thus the factorization is an identity
in the coefficient ring, not merely a numerical check at sampled values.

APPENDIX B. PROOF OF THE ONE-JET VANISHING THEOREM

Proof of Theorem 1.5. The proof has three steps. First, two natural logarithmic forms identify E as an
elementary transform of the trivial rank-two bundle along a smooth ramification cubic. A Chern-class
computation then determines the transform and allows us to prove that E is nef by the curve criterion.
Finally, an intersection calculation on P(E) excludes every negative twist.

Choose homogeneous quadratic equations

C1 = {A = 0}, C2 = {B = 0}, C3 = {C = 0}.
For a generic triple, A,B,C have no common zero and therefore define a morphism

(B.1) σ : P2 −→ P2, [Z0 : Z1 : Z2] 7−→ [A : B : C].

The morphism σ is proper. If one of its fibers were positive-dimensional, that fiber would contain a curve
Γ0. The restriction of σ∗OP2(1) to Γ0 would then be trivial, whereas

σ
∗OP2(1)≃ OP2(2)
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has positive degree on every curve. Thus σ is quasi-finite and hence, being proper, finite. If H = {Y0Y1Y2 =
0} is the coordinate triangle in the target, then C = σ−1(H ). Hence the logarithmic forms

η1 = dlog
A
C
, η2 = dlog

B
C

induce a bundle morphism
ϕ : O⊕2

P2 −→ E.
Let

J = det
(

∂ (A,B,C)

∂ (Z0,Z1,Z2)

)
∈ H0(P2,OP2(3)

)
, R = {J = 0},

and set
Ω = Z0 dZ1 ∧dZ2 −Z1 dZ0 ∧dZ2 +Z2 dZ0 ∧dZ1.

A direct homogeneous computation gives

(B.2) η1 ∧η2 =
J
2

Ω

ABC
.

Thus R is the degeneracy divisor of ϕ . For a generic triple it is a smooth cubic; the relevant generic locus
is shown to be nonempty in Remark B.1. Along R the determinant vanishes, so rankϕ ⩽ 1. If the rank
were zero at some point, all four entries of a local matrix would belong to the maximal ideal there, and its
determinant would vanish to order at least two. This contradicts the smoothness of R. Hence rankϕ = 1
everywhere on R. Consequently, with i : R ↪→ P2, there is a line bundle L on R and an exact sequence

(B.3) 0 −→ O⊕2
P2

ϕ−→ E −→ i∗L −→ 0.

Indeed, elementary row and column operations reduce a local matrix of ϕ along R to diag(1,u), where u = 0
is a local equation of R.

The residue sequence

0 −→ Ω
1
P2 −→ E −→

3⊕
j=1

OC j −→ 0

gives

(B.4) ch(E) = 2+3H − 9
2

H2, c1(E) = 3H, c2(E) = 9H2.

Grothendieck–Riemann–Roch for the smooth cubic i : R ↪→ P2 gives the explicit identity

ch(i∗L) = i∗

(
ch(L)

td(R)
i∗ td(P2)

)
= 3H +

(
degL− R2

2

)
H2 = 3H +

(
degL− 9

2

)
H2.

Comparison with (B.3) and (B.4) gives

(B.5) degL = 0.

For completeness, the same Chern-character computation also gives

ch(SmE) = (m+1)+
3m(m+1)

2
H − 9m(m+1)

4
H2.

Applying Hirzebruch–Riemann–Roch after twisting by OP2(−t) proves formula (1.5).
We next prove that E is nef. By the curve criterion, it is enough to show that, for every morphism

ν : B → P2 from a smooth projective curve, every quotient line bundle of ν∗E has nonnegative degree. We
first treat curves contained in R. Restrict (B.3) to R. Since R is Cartier,

TorP
2

1 (i∗L,OR)≃ L⊗OR(−R),

and tensoring gives

(B.6) 0 −→ L(−R)−→ O⊕2
R −→ E|R −→ L −→ 0.

The constant-rank-one property shows that the first arrow is a subbundle inclusion. If M denotes the image
of O⊕2

R → E|R, then

(B.7)
0 −→ L(−R)−→ O⊕2

R −→ M −→ 0,

0 −→ M −→ E|R −→ L −→ 0.
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Both L and M are line bundles, and

(B.8) degM =−degL(−R) = R2 = 9.

It follows that E|R is nef. Indeed, for a quotient line bundle E|R ↠ Q, either M → Q is nonzero, in which
case degQ ⩾ degM = 9, or the quotient factors through L, in which case Q ≃ L and degQ = 0.

Let now ν : B → P2 be a nonconstant morphism from a smooth projective curve. If ν(B) ̸⊂ R, tensoring
(B.3) with OB may produce TorP

2

1 (i∗L,OB). This is a torsion sheaf, and its image in the torsion-free sheaf
O⊕2

B is zero. Hence ν∗ϕ is injective; it is generically an isomorphism and fits into

(B.9) 0 −→ O⊕2
B −→ ν

∗E −→ T −→ 0,

where T is torsion. For every quotient line bundle ν∗E ↠ Q, the composite O⊕2
B → Q is nonzero; otherwise

the quotient would factor through T , whereas Hom(T,Q) = 0. Thus Q has a nonzero global section and
degQ ⩾ 0. If ν(B)⊂ R, the same conclusion follows from the nefness of E|R. Therefore E is nef.

Finally, use the quotient convention for

p : Y = PP2(E)−→ P2, ξ = c1(OY (1)), h = p∗H.

Then p∗OY (m) = SmE for m ⩾ 0, and the nefness of E is equivalent to that of ξ . With the quotient conven-
tion, the projective-bundle relation is

ξ
2 −ξ p∗c1(E)+ p∗c2(E) = 0.

Together with (B.4), it gives the intersection numbers

(B.10) ξ
3 = c1(E)2 − c2(E) = 0, ξ

2h = c1(E) ·H = 3.

By the projection formula, a nonzero section in (1.6) would define an effective divisor Γ ∼ mξ − th on Y .
Since ξ is nef, the intersection of the two nef classes ξ ,ξ with the effective surface Γ is nonnegative; hence
ξ 2 ·Γ ⩾ 0. On the other hand,

ξ
2 ·Γ = mξ

3 − tξ 2h =−3t < 0.

This contradiction proves the asserted vanishing. □

Remark B.1 (Nonemptiness of the genericity conditions). The conditions used in the proof are Zariski open
and nonempty. For example, take

A = Z2
0 +Z1Z2, B = Z2

1 +Z2Z0, C = Z2
2 +Z0Z1.

The conics are smooth, have no common point, and meet pairwise transversally. Indeed, if one coordinate
vanishes, the three equations force all three to vanish; if none vanishes, multiplying A = B = C = 0 gives
(Z0Z1Z2)

2 =−(Z0Z1Z2)
2, again a contradiction. For instance, if A = B = 0 and ∇A = λ∇B, then

2Z0 = λZ2, Z2 = 2λZ1, Z1 = λZ0.

If Z0 = 0, all coordinates vanish; otherwise λ 3 = 1, and then A = 3Z2
0 ̸= 0, a contradiction. The other pairs

follow cyclically. Moreover,

J =−2
(
Z3

0 +Z3
1 +Z3

2 −5Z0Z1Z2
)
,

which is a smooth Hesse cubic. Indeed, a common zero of its three partial derivatives would satisfy

3Z2
0 = 5Z1Z2, 3Z2

1 = 5Z2Z0, 3Z2
2 = 5Z0Z1.

Multiplication gives 27(Z0Z1Z2)
2 = 125(Z0Z1Z2)

2 when no coordinate vanishes, while if one coordinate
vanishes, the three identities force all of them to vanish. Both alternatives are impossible in P2.

APPENDIX C. A COHOMOLOGICAL OBSERVATION

This appendix was authored by Pengchao Wang
(School of Mathematical Sciences, Peking University, Beijing 100871, P. R. China).
Email: 2200010773@stu.pku.edu.cn.
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Let C ⊂ P2 be three generic smooth conics with simple normal crossings. Let

0 ⊂ SmT ∗
P2(logC ) = F0(E2,mT ∗

P2(logC ))

⊂ F1(E2,mT ∗
P2(logC ))⊂ ·· ·

⊂ F⌊m/3⌋(E2,mT ∗
P2(logC ))

= E2,mT ∗
P2(logC )

be the ascending filtration of subsheaves that defines the grading (2.3). We set Fk(E2,mT ∗
P2(logC )) = 0 for

k ⩽−1. From (2.3) we obtain:

Proposition C.1. For every 0 ⩽ k ⩽ m/3, the following sequence is exact:

0 −→ Fk−1(E2,mT ∗
P2(logC ))−→ Fk(E2,mT ∗

P2(logC ))

−→ Sm−3kT ∗
P2(logC )⊗K⊗k

P2 −→ 0.

For convenience, from now on we write T ∗
P2 := T ∗

P2(logC ) and O(1) := OP2(1).

Proposition C.2. For integer q ⩾ 0 and r ∈ {1,2}, the following vanishing holds:

H0(P2,E2,3q+rT
∗
P2 ⊗OP2(−(3q+ r))

)
= 0,

provided that H0
(
P2,S3ℓ+rT ∗

P2 ⊗OP2(−(3ℓ+ r))
)
= 0 for all ℓ= 0,1, . . . ,q.

Proof. By Proposition C.1, for every integer k = 0,1, . . . ,q, we have a short exact sequence:

0 −→ Fk−1(E2,3q+rT
∗
P2)⊗O(−(3q+ r))

−→ Fk(E2,3q+rT
∗
P2)⊗O(−(3q+ r))

−→ S3q+r−3kT ∗
P2 ⊗K⊗k

P2 ⊗O(−(3q+ r))−→ 0.

Note that the last term S3q+r−3kT ∗
P2 ⊗K⊗k

P2 ⊗O(−(3q+ r)) ∼= S3(q−k)+rT ∗
P2 ⊗O(−(3(q− k) + r)) has no

global section by our assumption. Considering the induced long exact sequence in cohomology, we obtain

H0
(
P2,Fk(E2,3q+rT

∗
P2)⊗O(−(3q+ r))

)
∼= H0

(
P2,Fk−1(E2,3q+rT

∗
P2)⊗O(−(3q+ r))

)
.

Iterating backwards for k = q,q−1, . . . ,1 gives the desired vanishing, since by assumption

H0(P2,S3q+rT ∗
P2 ⊗O(−(3q+ r))

)
= 0.

□

Remark C.3. For r = 0 the argument fails: when q = k, the term

S3q+r−3kT ∗
P2 ⊗K⊗k

P2 ⊗O(−(3q+ r))∼= OP2

has one-dimensional global sections.
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[46] Michael Nakamaye. Stable base loci of linear series. Math. Ann., 318(4):837–847, 2000. ↑ 5
[47] Junjiro Noguchi. Holomorphic curves in algebraic varieties. Hiroshima Math. J., 7(3):833–853, 1977. ↑ 2
[48] Junjiro Noguchi. Supplement to ”holomorphic curves in algebraic varieties”. Hiroshima Math. J., 10(1):229–231, 1980. ↑ 2
[49] Junjiro Noguchi. Lemma on logarithmic derivatives and holomorphic curves in algebraic varieties. Nagoya Math. J., 83:213–

233, 1981. ↑ 2
[50] Junjiro Noguchi. Logarithmic jet spaces and extensions of de Franchis’ theorem. In Contributions to several complex vari-

ables, Aspects Math., E9, pages 227–249. Friedr. Vieweg, Braunschweig, 1986. ↑ 8
[51] Junjiro Noguchi and Jörg Winkelmann. Nevanlinna theory in several complex variables and Diophantine approximation, vol-

ume 350 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical Sciences]. Springer,
Tokyo, 2014. ↑ 2

[52] Junjiro Noguchi, Jörg Winkelmann, and Katsutoshi Yamanoi. The second main theorem for holomorphic curves into semi-
abelian varieties. Acta Math., 188(1):129–161, 2002. ↑ 2

[53] Junjiro Noguchi, Jörg Winkelmann, and Katsutoshi Yamanoi. Degeneracy of holomorphic curves into algebraic varieties. J.
Math. Pures Appl, 88:293–306, 2007. ↑ 1
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[55] Mihai Păun and Nessim Sibony. Value distribution theory for parabolic Riemann surfaces. In Hyperbolicity properties of
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