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Ax-Lindemann theorem
Abelian varieties

1. Introduction

The classical Lindemann-Weierstrass Theorem states that, if a1, ..., a, are Q-linearly
independent algebraic numbers, then their exponentials exp(a1),...,exp(a,) are Q-
algebraically independent. Inspired by a conjecture of Schanuel in the same spirit, by
means of differential fields, Ax [Ax71] established the following geometric analogues.

Ax-Lindemann Theorem. (i) (for tori) Let m, := (exp(2mi-),...,exp(2mi-)) : C" —
(C*)™ be the uniformizing map and let Y C C™ be an algebraic subvariety. Then any
irreducible component of the Zariski closure of the image i (Y') is a translate of some
subtorus of (C*)™.

(i) (for abelian varieties) Let w, : C™ — A be the uniformizing map of a complex abelian
variety A and let Y C C™ be an algebraic subvariety. Then any irreducible component of
the Zariski closure of the image m,(Y') is a translate of some abelian subvariety of A.

The uniformizing map 7 (resp. m,) satisfies an exponential differential equation as-
sociated with the commutative group scheme (G,,)™ (resp. A) over C. For an arbitrary
differential field K of characteristic zero and for any semi-abelian variety G over K,
one can still formulate an exponential differential equation associated with G and Lie G,
though there is in general no uniformization of G by Lie G. In [Kir09] Kirby proved an
analogue of Ax’s theorem in this setting, which over K = C implies the above theorem.

Along another direction, Pila in his seminar paper [Pilll] obtained a hyperbolic
version of the above Ax-Lindemann theorem, which concerns about the (orbifold-) uni-
formization of products of modular curves. This version of Ax-Lindemann theorem plays
an essential role in his proof of André-Oort conjecture for products of modular curves.
Thereafter, Ullmo, Yafaev and Klingler established further generalization in a broader
setting [Ull14,UY14,KUY16,KUY18]; see also [PS17,DV20] for other generalizations.
Such transcendental results have drawn extensive attention, by its own interests as well
as the linkage to prominent problems, notably for instance, the André-Oort conjecture
[PT14,Tsil8].

Parallelly, it would be natural to seek Ax-Lindemann type results in non-archimedean
settings. Throughout this paper, we work in the setting of rigid analytic geometry
(cf. [FvdP04]). Let us emphasize, first of all, that most complex uniformizations are
not known to have appropriate non-archimedean counterparts for our purpose at the
moment. For instance, every complex abelian variety C™/T" of dimension n can be uni-
formized by C™ — C"/T" which is an infinite, transcendental morphism, while an abelian
variety over a non-archimedean field with good reduction admits no such uniformization.
The readers are referred to [FvdP04, §6.7] or §4.1 for the theory of non-archimedean
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uniformization of abelian varieties. Thus we focus on totally degenerate abelian varieties
in this paper.

Accessibly, for products of hyperbolic Mumford curves which are known to have
nice non-archimedean uniformizations by Mumford’s theory [Mum?72], Chambert-Loir
and Loeser [CLL17] established a non-archimedean analogue of Pila’s hyperbolic Ax-
Lindemann theorem. Inspired by their work, in this paper we prove

Theorem 1.1 (Non-archimedean Ax-Lindemann). Let F be a complete algebraically closed
non-archimedean valued field of characteristic zero. Let p : (Gﬁr{"F)g — A" be the uni-
formizing map of a totally degenerate abelian variety A over F. Let X C (G, r)? be
an affine variety over F. Then any irreducible component of the Zariski closure of the
image p(X®") is a translate of some abelian subvariety of A.

We emphasize here the difference between non-archimedean uniformization and com-
plex uniformization. In our situation the universal covering space is not the Lie algebra
Lie A but the rigid torus (G, )¢ which comes from the identity component of the
Néron model of the totally degenerate abelian variety A, and the uniformizing map
p: (G;",{‘,F)g — A" is constructed from formal lifting of torus and applying the functor
of Raynaud’s generic fiber (cf. Subsection 4.1 for details). When g = 1 this is exactly the
famous Tate curve. Due to the abstract nature of the non-archimedean uniformization,
it is in general not clear that which differential equation should be satisfied by the uni-
formizing map p, and thus we do not know how to implement Kirby’s differential field
argument to derive Theorem 1.1.

The non-archimedean uniformization is a natural analogue of the complex one, despite
that its relation with Lie algebra and differential equation is unclear. It plays crucial role
in many important results. In the fundamental work [Che94], by employing the aforemen-
tioned non-archimedean universal coverings of abelian varieties, Cherry proved that over
a non-archimedean valued field, any analytic map from A! or G,,, to some abelian vari-
ety must be constant. In [Liul1], non-archimedean uniformization of totally degenerate
abelian varieties is used for understanding a non-archimedean analogue of the Calabi-
Yau theorem. In [ACWO08] An-Cherry-Wang generalized a classical result of Noguchi and
Winkelmann about the algebraic degeneracy of holomorphic maps to some rigid analytic
setting. Consequently they obtained a rigid analytic Bloch-Ochiai type result for subva-
rieties in a semi-abelian variety (cf. [ACWO08, Theorem 2.7]). This result was revisited by
Morrow [Mor21] in the study of non-archimedean hyperbolicity of subvarieties of semi-
abelian varieties, and in the proof, the non-archimedean uniformization plays again a
significant role.

We briefly explain the proof strategy of Theorem 1.1. Avoiding the difficulty of in-
vestigating the uniformizing differential equation in non-archimedean case, we employ a
geometric approach from complex hyperbolic geometry. More precisely, our proof is an
adaptation of a strategy of Noguchi [Nogl8] using strong tools from Nevanlinna theory.
Indeed, we will implement the classical jet differential technique, originated in Bloch’s
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seminal paper [Blo26,5iu04] about 100 years ago, in the non-archimedean setting, by
establishing the following Schwartz’s Lemma type result, which generalizes a theorem of
Cherry and Ru [CR04] about 1-jet.

Theorem 1.2 (Big Picard Theorem for jet differentials). Let X be a nonsingular projective
variety defined over F and let D be a simple normal crossing divisor on X. Let f :
A(0,R] — X \ D be a rigid analytic map. If there exists some global logarithmic jet
differential form along D wvanishing on some ample line bundle A on X, namely

w € H(X,E{G Ty (log D) ® A7),
such that f*w £ 0, then f extends to a rigid analytic map from A[0, R] to X.

As a second application of the above theorem, we prove the following result concern-
ing Borel hyperbolicity, a notion introduced by Javanpeykar and Kucharczyk [JK20] to
capture the essence of Borel’s Algebraicity Theorem [Bor72] for arithmetic varieties.

Theorem 1.3 (Non-archimedean pseudo-Borel hyerbolicity). Suppose that X is a closed
subvariety of general type contained in an abelian variety A over F. Denote by Sp(X)
the union of translates of positive-dimensional abelian subvarieties of A contained in
X. Then X is F-analytically Borel hyperbolic modulo Sp(X). That is, for any algebraic
variety S over ¥, any rigid analytic map f : S — X°?™ with f(S**) ¢ Sp(X)"® is
induced from an algebraic morphism.

Here is the outline of this paper. In Section 2 we recall some basic non-archimedean
Nevanlinna theory. Next, in Section 3 we present the jet differential technique, and es-
tablish an analytic extension type Theorem 1.2, which is a key ingredient of our strategy.
Lastly, in Section 4 we prove our main Theorems 1.1, 1.3 in the same vein as [Nog1§],
with extra effort of showing the transcendence of the uniformizing map in the absence
of “area-comparison method” in non-archimedean geometry, see Subsection 4.2.

Acknowledgment. This paper is inspired by Professor Noguchi’s talk given in the work-
shop “Diophantine Approximation and Value Distribution Theory” in Montreal, 2019.
We thank D.-V. Vu for his interest and comments on our paper. We also thank A. Javan-
peykar, Professor S.S.Y Lu, Professor J. Xie and Professor Yamanoi for their interests
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Grant No. 12288201. Huynh is supported by the Vietnam Ministry of Education and
Training under grant number B2024-DHH-01. Sun would like to thank Professor K. Zuo
for his constant supports and encouragements.
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2. Non-archimedean Nevanlinna theory

We give a brief introduction about non-archimedean Nevanlinna theory and collect
some useful results for our applications. The reader is referred to [CW02,CR04] for more
details. Let F be an algebraically closed field, with characteristic zero, being complete
with respect to a non-archimedian valuation |- |. For 0 < r1 < ry < +o0, let Afry, 9]
denote the closed annulus {z € F : r; < |z| < r2}. Analogously, we denote the semi-
bordered annuli by A[r1,72) = {# € F : 11 < |2| < ro} with the convention that
Alr1,00) := {z € F : |z| > 71}, and by A(r1,7r2] := {# € F : 11 < |z] < ro}. Set
|F|:={|z]: z € F}. Then for any r1,7o € |F|, the annulus A[ry, 7] is affinoid.

An analytic function f on the annulus Alry, o] is a Laurent series

fz)= Z anz",

nez

where the coefficients a,, € F satisfy lim, | lan|r™ = 0 for any m < r < ro. This
definition can be generalized accordingly to any type of annulus mentioned above.
For each r € [ry, ro], we define

|f|7" ‘= sup ‘an|rna
n

which turns out to be a non-archimedean absolute valuation on the ring of analytic
functions on A[rq,re]. A function is said to be meromorphic on Ary,rs] if it can be
written as a quotient of two analytic function on this annulus. By multiplicity law, the
absolute valuation | - |, can be extended to meromorphic functions.

Following [CR04], an analytic function f on Alry, 00) is said to be analytic at infinity
if f(271) can be extended to an analytic function on A|0, %] A meromorphic function f
on Alry,00) is said to be meromorphic at infinity if f(z~!) is meromorphic on A[0, %]

Now we introduce the standard notations of Nevanlinna theory in the non-
archimedean setting. Let f = >  _;a,z" be an analytic function on the annulus
Alry,r2]. The proximity function of f at a point a € F is defined by

my(a,r) := max{0, —log|f — a|.} (ri<r<ra).

At the infinity where a = oo, we set my(r) := my (o0, r) := max{0, log|f|,}.
The definition of a suitable counting function for f is delicate. We first denote

ki(r):=inf{n € Z : |f|, = |an|r"} and Kf(r):=sup{n € Z :|f|, = |a,|r"}

(Tl <r<ra),

with the convention that k;(0) = 0 and K;(0) = inf{n : a, # 0} in the special case
when r = 0 and f(0) = 0. Then by a non-archimedean analogue of the Weierstrass
Preparation Theorem, we can show that, for any » and R with r; < r < R < 7y, the
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analytic function f has exactly K;(R) — ks(r) zero counted with multiplicities, in the
annulus A[r, R] (cf. [CW02]). Hence it is natural to define the counting functions of f by

T

dt

np(0,7) := K¢(r) —ks(r) and Ny(0,7):= /nf((),t)7 (ri <r<r).
T1
In the case where r1 = 0, the above definition is modified to be
/ dt
N¢(0,7) =nys(0,0) + /[nf(O,t) - nf(O,())]T (0<r<ra).

0

For a point a € F, the counting function of f with respect to a is defined by Ny(a,r) =
N¢_q(0,r). The above definitions of proximity function and counting function can be
generalized to the case where f is meromorphic, see [CR04] for more details. Regarding
a meromorphic function f as an analytic function on P*(F), we can define N¢(r,a) for
any meromorphic function f and any point a € P1(F).

Lastly, the characteristic function of f is given by

Tf(T) :mf(OO,T)+Nf(OO7T) (1"1 <r<ra).

As an application of the Poisson—Jensen formula in the non-archimedean setting (cf.
[CW02, Theorem 3.2]), we receive

First Main Theorem. Let f be a meromorphic function on the annulus Alry,rs). Then,
for any point a in P1(F),

Ty(r) = ms(a,r) + Ny(a,r) + O(logr).

Furthermore, if ri = 0, then we can replace the error term O(logr) in the above estimate
by a bounded term O(1).

Most of the results in the classical Nevanlinna Theory have their counterparts in
our current setting. We recall some of them below, which will be used in the sequence
(see [CRO4]).

Logarithmic Derivative Lemma. Let f be a monconstant meromorphic function on the
annulus Alry,r3). For each r € [r1,12) and for each integer k € N, we have
k
&r .
f

1
rk

T

and there exists some constant C independent of f such that



D.T. Huynh et al. / Journal of Number Theory 253 (2023) 257-277 263
& C
‘d log f‘ <=
T r

The above standard notions for Nevanlinna theory can be extended to the case of
nonconstant rigid analytic maps into projective varieties [Ru01]. Let X be a nonsingular
projective variety X with a very ample line bundle L on it. Let H be a very ample divisor
in the complete linear system of L. For a nonconstant rigid analytic map f: A[ry,r2) —
X, denote by N;(H,r) the counting function of f with respect to the H. We also denote
by T¢(L,r), or sometime T¢(H, ) the order function of f with respect to L. In order to
prove the Theorem 1.2, we need the following two results of Cherry and Ru [CRO04].

Proposition 2.1. Let X be a nonsingular projective variety and let L be a very ample
divisor on X. Then for any nonconstant rigid analytic map f : Alri,r2) — X and for
any € > 0, one can find some very ample divisor H in the complete linear system of L
such that

Ny(H,r) > (1 —€)Tf(H,r)+ O(logr).

Proposition 2.2. Let X be a nonsingular projective variety with a very ample divisor H
on it. Let f be a rigid analytic map from the annulus A(0, R] to X. If the rigid analytic
map g: A[1/R,00) = X obtained from f by setting (&) = f(1/€) satisfies

T,(H,r) = O(logr),
then f extends to a rigid analytic map f: Al0,R] — X.
3. Jet differentials and non-archimedean big Picard theorem
3.1. Non-archimedean logarithmic Green-Griffiths k-jet bundles

Let F be an algebraically closed field, with characteristic zero, being complete with
respect to a non-archimedian valuation |-|. Let X be a smooth projective variety defined
over F. For z € X, consider the analytic germs (D, 0) — (X, z), where D, denotes the
disc {z € F : |z| < €}. Two such germs are said to be equivalent if they have the same
Taylor expansion up to order k in some local coordinates around z. The equivalence class
of an analytic germ f: (D.,0) — (X, ) is called the k-jet of f, denoted by ji(f), which
is independent of the choice of local coordinates. A k-jet ji(f) is said to be regular if
d f(0) # 0. For a given point « € X, denote by j,(X), the vector space of all k-jets of
analytic germs (F,0) — (X, ), set

Jr(X) = ng Ji(X)a,

and consider the natural projection
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Then J(X) carries the structure of an analytic fiber bundle over X, which is called the
k-jet bundle over X. Note that in general, Jx(X) is not a vector bundle. When k = 1,
the 1-jet bundle J;(X) is canonically isomorphic to the tangent bundle Tx of X.

For an open subset U C X, for a section w € H°(U, T%), for a k-jet jx(f) € Ji(X)|v,
the pullback f*w is of the form A(¢) d £ for some analytic function A, where ¢ is the global
coordinate of F. Since each derivative AU) (0 < j < k — 1) is well-defined, independent
of the representation of f in the class ji(f), the analytic 1-form w induces the analytic
map

@ (X))o — FF Gk(f) = (A(2), A(2)Y, ..., A(2) D). (3.1)

Hence on an open subset U, a given local analytic coframe wi A -+ A w, # 0 yields a
trivialization

HO(U, Jp(X)) = U x (FF)"
by providing the following new nk independent coordinates:
oc— (mpoo;d00,...,0n000),
where @; are defined as in (3.1). The components xl(.j) 1<i<n,1<j<k)ofwoo
are called the jet-coordinates. In a more general situation where w is a section over U of
the sheaf of meromorphic 1-forms, the induced map @ is meromorphic.
Now, in the logarithmic setting, let D be a normal crossing divisor on X. This means
that at each point z in the support of D, there exist some local (in the algebraic Zariski

topology or analytically locally) coordinates z1,...,2¢, 2e41,-.-,2n (£ = £(x)) centered
at x in which D is defined by

D ={z--2z =0}

Following litaka [lit82], the logarithmic cotangent bundle of X along D, denoted by
T% (log D), corresponds to the locally free sheaf generated by

dz; dz,
R R A PR}

<1 &7

in the above local coordinates around =z.

An analytic section s € H°(U, Jx(X)) over an open subset U C X is said to be a
logarithmic k-jet field if & o s are analytic for all sections w € HO(U’, T% (log D)), for all
open subsets U’ C U, where @ are the induced maps defined as in (3.1). Such logarithmic
k-jet fields define a subsheaf of Ji(X), and this subsheaf is itself a sheaf of sections of
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an analytic fiber bundle over X, called the logarithmic k-jet bundle over X along D,
denoted by Ji (X, —log D) (see [Nog86]).

The group F* admits a natural fiberwise action defined as follows. For local coordi-
nates

Zlsee s 20,2041, -5 2n (e=t(x))

centered at x in which D = {z1 ...z, = 0}, for any logarithmic k-jet field along D
represented by some germ f = (f1,..., fn), if pa(2z) = Az is the homothety with ratio
X € F*, the action is given by

(log (fio o))V =N (log )P opn  a<i<o,
(fio w)m =N fP oy ((+1<i<n).

Now we are in position to introduce the logarithmic Green-Griffiths k-jet bundle
[GG80] in non-archimedean setting. By a logarithmic jet differential of order k and
degree m at a point z € X, we mean a polynomial Q(f<1), ceey f(k)) on the fiber over x
of Ji(X, —log D) enjoying weighted homogeneity:

QUr(fo@x)) = A"QUk(f)) (reF).
Consider the symbols
djlogzi (1<j<k1<i<9)
and
&’ 2 (1<j<ke+1<i<n).

Set the weights of d? log z; and d” z; to be j. Then a logarithmic jet differential of order
k and weight k along D at x is a weighted homogeneous polynomial of degree m whose
variables are these symbols. Denote by E,?:S;T;}(log D), the vector space spanned by
such polynomials and set

EfmTx (log D) i= U ELTx (log D).

By Faa di Bruno’s formula [CS96,Mer15], EE%T)*( (log D) carries the structure of a vector
bundle over X, called logarithmic Green-Griffiths vector bundle. A global section of
E,?fflT)*( (log D) is called a logarithmic jet differential of order k and weight m along D.

Locally, a logarithmic jet differential form can be written as

£ n 4 n
Z Aoy, O‘k(H (dlogz;)*t H (dzi)a“) ( (d’C log z;) ™ H (dk zi)ak"),
Qs €NT i=1 i—41 i=1 i=041

o [+2] g+ +E|ag[=m
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where
ay = (axn1,...,ax,) € N” (1<x<k)

are multi-indices of length

lonl = > e,

1<i<n

and where A, . o, are locally defined analytic functions. As in the complex case,
EﬁgT;{(log D) admits the following natural filtration

Gr* E,?G Tx(log D) = @ Sym‘ 7% (log D) ® - - - ® Sym®* T% (log D),
Ly, L2,..., Ly €N
0420tk by =m

(3.3)
where Sym® T%(log D) denote the symmetric powers of the logarithmic cotangent bun-
dle.

We first obtain the following generalization of [CR04, Proposition 4.2] for symmetric
1-forms.

Proposition 3.1. Let X be a nonsingular projective variety defined over ¥, considered as
a Tigid analytic variety, smoothly embedded in projective space. Let D be a simple normal
crossing divisor on X. Then there exists a finite affinoid covering U of X such that for
any logarithmic jet differential form w € H°(X, EggTj‘}(log D)), there exists a finite
collection R of rational functions on X such that on each U € U, we can write

Ly n d g \ > o d* ¢\ oxs
w = > I r,k<1_[(dl<>g¢,m)a:,, II ( ) > (H (d*logpi) ] ( - ) ),
ar,..apENT i=1 ity 41 N =t =i ¥
le|+2]az |+ +klag|=m

(3.4)

for some ¢; € R and g, ... o, are rational functions which are all regular on U.

Proof. By simple normal crossing assumption, we can take a finite covering U of X by
affinoid subdomain of X such that for any U € U, the local defining equation of D is
given by D = {zy1---2zu,e, = 0}, where 2y 1,...2u,, are parts of a local coordinates
system on U. For each U € U, let Viy be the associated affine open set on X. By (3.2),
there are rational functions ¢;, Xa, ....ax € Ox (V) such that

n

II (a*60™)

i=Ly+1

wly = 3 Xewn ak(ﬁ(dlogm)““ I (60 ) (i:[ (d* log )

Qyyap €NT i=1 i=fp 41
oy [+2|as |+ +k|ag|=m

= Z Xovr,.. o H (ps)ri - H (1) x

Qy,...,ap€NR i=ty+1 i=ly+1
Jey |42 g |4+ ay | =m
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. o T (i o T A
X (H(dlogd)i) L H (¢ ) )(H(d logd)i) ki H ( 5 > > (35)
i=1 i=Ly+1 v i=1 i=fy+1 K
Putting
n n

1,4 (67593

wal,...,ak = Z Xay,...,o H ( ’L) H (¢z) )
Q1y..ny apeN” i=ly+1 i=fly+1

|t [+2|az |+ +k|ak|=m
and noting that the number of U and V' are finite, the proof is finished. O
3.2. Logarithmic directed manifolds and direct image formula

A log—direct manifold is a triple
(X, D7 V)7

where X is a projective manifold, D is a simple normal crossing divisor on X and V'
is an algebraic subbundle of the logarithmic tangent bundle T'x (—log D). Starting with
a log—direct manifold (Xo, Do, V) := (X, D, Tx(—log D)), we then define X; := P(Vp)
together with the natural projection m; : X1 — Xp. Setting D; := 7{ Doy, so that m
becomes a log-morphism, Vi C Tx, (—log D) is then defined by

Vvl,(;c,[v]) = {5 S TXl,(ac,[v])(_log Dl) : 7T*§ eF 'U}.

Any germ of a rigid analytic map f : (D.,0) — (X \ D, ) can be lifted to fI/ : F —
X1\ D;. By induction, we can construct on X = Xy the Demailly-Semple tower:

(—Xk:7Dk7 Vk) — = (X17 D17 Vl) — (X07 D07 ‘/b);
together with the projections 7, : X — Xo. Denote by Ox, (1) the tautological line
bundle on X}. Then the direct image (7). Ox, (m) of Ox, (m) = Ox, (1)®™, denoted by
Ek.mT%(log D), is a locally free subsheaf of E,?g’;T % (log D) generated by all polynomial
operators in the derivatives up to order k, which are furthermore invariant under any

change of parametrization (D.,0) — (D, 0). We can easily check the following

Direct image formula. For any ample line bundle A on X, we have

H°(X, Ey, Tk (log D) ® A™') = Hy(Xy, Ox, (m) @ mpA™Y). (3.6)
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3.8. Logarithmic derivative lemma for jet differentials

Theorem 3.2. Let X be a nonsingular projective variety defined over F and let D be a
simple normal crossing divisor on X. Let w € H°(X, EﬁgT}(log D)) be a logarithmic
jet differential of order k and weight m along D. Let f be an analytic map from Alrq,rs)
to X. If

Frw=e©)(d",

where € is the global coordinate of F, then there exists some constant C' which is inde-
pendent of r such that

C
|50‘T < — (Tl <r<rs).

,,qm

Proof. Let U be an affinoid covering of X as in Proposition 3.1. Suppose that f(§) € U
for some U € U. Then by (3.4), we have

@(g) = > (%ar oo © F)(E) %
Q..o ENT
|ay|+2|az |+ +k|ag|=m

£

e" o T (80 F)(€)\ o TS o T (AR (i 0 f)(E)\
dlog (¢; i e ——— d” 1 i ki B ——— ] .
« (1;[( 08 (61 0 F)(©)) :H+( <¢iof)<§>) ) (1;[( o0& (61 0 F)(©)) :H+( e )

Hence

@l < max {1Garion o D@1

iy, €ENT
[en|+2|az |+ +k[ay[=m

&

v o, (@i 0 F)(E)\ x o, T (dE(di 0 £)(E)\
dl ;O Li _ d” 1 i O kit _
IT (108 (92 0 £)©) :H+( (WM@) ) (13( o8 (1 0 1)(€)) :H+( T )

X

g

Since Yq, ,....a;, are regular, and hence bounded, we can apply the Logarithmic Derivative
Lemma to the remaining terms in the right hand side of the above inequality to obtain
the desired estimate. O

3.4. Proof of Theorem 1.2

We mimic the reasoning of [CR04, Theorem 6.1]. Let g: A[1/R,o0) — X be the rigid
analytic map obtained from f by setting g(&) = f(1/£). Since A is ample, we can take
an integer ¢ large enough such that ¢A is very ample. By Proposition 2.1, there exists
another section H in the linear system |¢.A| such that

(1= €)Ty(r) < Ny(H,r) + O(logr),

and {g(&) : f*w(&) # 0} ¢ H. Let ¢ be a rational function on X whose zero divisor is
H —(A. Then
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o= pw®
is a logarithmic jet differential form of order k and weight ¢m vanishing on H. Set

gE(E) = (€)™

Then ¢ # 0 by the choice of H and the assumption that f*w # 0. Furthermore, by the
construction of w, it is not hard to check that N, (H,r) < N,(0,7). Therefore

(1—€)Ty(H,r) < Ny(H,r)+ O(logr)
< Ny(0,7) 4+ O(logr)
[by the First Main Theorem] <log|g|r + O(logr).

By the Logarithmic Derivative Lemma for logarithmic jet differential, we have |p|, —
0 as » — oo. Hence, the above estimate yields T,(H,r) = O(logr). We then apply
Proposition 2.2 to conclude. O

4. Proofs of Theorems 1.1, 1.3
4.1. Transcendence of the uniformizing map

Let R be a complete discrete valuation ring with fraction field F. Let m be a generator
of the maximal ideal of R and k = R/7R be the residue field. Let A be an abelian variety
over F, with the Néron model 2 over R. Then A = g, the generic fiber of 2. Let A% C A
be the identity component of the Néron model. According to the Semi-stable Reduction
Theorem [Gro72, exp.IX 3.6, the closed fiber 29 is a semi-abelian variety over k. We

say that A is totally degenerate if 2% is a torus, i.e. A = an’k,

We then consider the formal scheme AQ
the formal completion of A° along the closed fiber A?. On the other hand, we have the
formal torus an,for over Spf R. Hence by the rigidity of tori [DG70, exp.IX §3], the

isomorphism between closed fibers can be lifted to

for g = dim A.
over the formal spectrum Spf R, which is

GY . — A?

m,for for»

which extends to a rigid analytic map
p: (Grip)? — A™

between rigid analytic spaces over the field F. We call it the uniformizing map of A.
Denote the split torus by T'= G? ., and the uniformizing map by p : T°" — A",

m,F»

Without risk of confusion, we also use p to denote the group homomorphism

p: T*"(F) — A*"(F)
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between rigid analytic groups. Then the kernel I' := Ker(p) C T*"*(F) is a lattice.

Theorem 4.1 (¢f. Theorem 1.2 in [BLI1]). The quotient T** /T is a rigid analytic space,
and p induces an isomorphism

T* T =5 A*",

Now consider an affine curve X C T with a projective completion X. Denote by px
the composition

Xan ey pan By pan, (4.1)
Our goal is to show:

Theorem 4.2. The rigid analytic map px is not extendable, i.e. it can not be extended to
a rigid analytic map px : X*™ — A between projective varieties.

A proof will be reached at the end of the next subsection.
4.2. Valuation map and the proof of Theorem J.2

Let X(T) := Homg (T, G,, r) be the character group of the torus T. We have the
following valuation map

£: T - Hom(X(T),R), x+— (l(x): x — —log|x(x)]).

By fixing a basis {x1, ..., Xq} of X(T'), we receive that X (T') = Z9, and Hom(X (T),R) =
RY. Consequently, for a lattice I' C T**(F), its image ¢(T") is also a lattice in RY in the
usual sense (cf. [FvdP04, §6.4]). Then we have the commutative diagram

Tan ¢ RY

P
A = an P A R /()

where R9/¢(T") is a real torus.
Recall that the valuation of R is discrete and —log|w| = 1. Then —log|-|: F* = Z
yields

¢: T (F) — Hom(X(T),Z) = Z°.

In particular, /(I') C Z9. Note that for any cube S C RY, the preimage £~1(S) is a
rational subdomain of T°" (cf. [FvdP04, §6.4]).
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We now prove Theorem 4.2 by contradiction. Suppose that px is extendable. Then
by the rigid GAGA theorem, it must be induced from an algebraic morphism

between projective F-schemes. Denote by W := px(X) the image curve in A. Then
Px : X — W is a finite morphism between curves. In particular px : X — W is
quasi-finite. We have the following diagram

Xan C Tan Rg

14
WanC s gan o Tan/p 25 R /(T

Lemma 4.3. Consider the induced quotient map
@ 1= T[gxany o LX) = La(WA).

Then it is a finite map, that is, for every point y € L4(W?»), the preimage ¢~ 1(y) is a
finite set.

Proof. Suppose that for some y € £4(W?3"), the preimage ¢~ !(y) is infinite. We shall
get a contradiction in this case.

Choose w € W such that £4(w) = y. Since ¢! (y) is infinite, we can choose a sequence
of disjoint cubes {9;}2°; in RY such that every point € p~1(y) is contained in exactly
one cube S;. Note that here we use the fact that £(T") is a lattice in RY.

Then we notice that the preimage of w in X, p;(1 (w), is contained in infinitely many
disjoint rational subdomains {£=1(S5;)}22,. So py'(w) cannot be a finite set, which con-
tradicts to the quasi-finiteness of px. O

Corollary 4.4. There exists a cube S C RY such that {((X**) C S.

Proof. Let R C RY be the fundamental domain of the lattice £(T') in RY. Put W :=
o (la(Wa)) N R. Then

(x=yc | rw.
~Y€EL(T)

By Lemma 4.3 we know that there exist only finitely many v € ¢(T') such that £(X?*) N
(v-W) # @. Let {71, ...,7,} be this finite subset. Then one can find a sufficiently large
cube S which contains |J{_, v; - R. Since W C R, it is clear that £(X*") C S. O
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End of the proof of Theorem 4.2. By Corollary 4.4, X" is contained in a rational sub-
domain ¢71(S) of T". But this is impossible since X®" is the analytification of an
algebraic curve [JV18, Proposition 2.8]. O
4.5. Jets projection on abelian varieties and stabilizers of subvarieties

Denote by

WktAk—)AOZA

the k-th projection in the Demailly-Semple tower associated to the abelian variety A of
dimension g. Then the flatness of the geometry of A yields that

Ak =Ax 'R%k,
where R i, is a general fiber of 7.
Now we consider a rigid analytic map f: C*" — A®" from a smooth quasi-projective
curve C' to A. Let Z be the Zariski closure of the image f(C?") in A. Denote by
fr o O — A

the k-th lifting of f. Let Z), C Ay be the Zariski closure of the image of fi. The compo-
sition map

Th: Zik = A = Rk
is called the jets projection on Zj. There is only one alternative holds:

o for every k > 1, the general fiber of 7, has positive dimension;
o there exists a positive integer k such that 73 is generically finite onto its image.

For the first case, by the same argument as in [PS14, Proposition 5.3], we have

Proposition 4.5. Suppose that for each k > 1, the general fiber of 1, has positive dimen-
sion. Then the dimension of the stabilizer

Stab(Z) :={a€ A; a+Z =7}
of Z is strictly positive.

In the second case, thanks to the bigness of the tautological line bundle on Ry
[Dem97, page 31, Theorem 6.8] and the direct image formula, we have
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Proposition 4.6. (/PS14, Proposition 5.4], [RS20, Proposition 6.5]) Let k be a positive
integer such that the jet projection

Tk © Zk — 'Rng

is generically finite onto its image. Then there exists a jet differentialw € H*(Z, Ey /Ty ®
A~YY) for some ample line bundle A over Z and some positive integer m.

4.4. Non-archimedean Ax-Lindemann theorem

Our goal in this subsection is to prove Theorem 1.1. The proof goes first by treating
the 1-dimensional case. The general case then follows by some reductions. We first recall
the following terminology of [Nogl18].

Definition 4.7. Let v : X?" — A®" be a rigid analytic map from a smooth quasi-projective
variety X to an abelian variety A. Then ~ is called strictly transcendental if for ev-
ery abelian subvariety B C A and for every projective compactification X of X, the
composition X** L A*" — (A/B)*" is either constant, or it can not be extended to
X 5 (A/B).

When the source X is of 1-dimension, such strictly transcendental maps enjoy the
following property.

Theorem 4.8. Let X be a smooth quasi-projective curve. Suppose that v : X" — A" jg
a strictly transcendental map. Then the Zariski closure Zar(y(X?™)) of the image of v is
a translate of some abelian subvariety.

Proof. Denote Z := Zar(y(X®")) the Zariski closure and B := Stab’(Z) the identity
component of the stabilizer. Consider the quotient map A — A/B and denote by Zquot
the image of Z in A/B. For the case that Zyuo is zero-dimensional, we have already
proved that Z is a finite union of translates of abelian subvariety. Thus we focus on the
case that dim Zgy0¢ > 0.

By the structure theorem due to Ueno and Kawamata [Uen75,Kaw80], we know that
Zquot is of general type and its stabilizer has zero dimension. Hence the assumption of
Proposition 4.5 does not happen here. Now thanks to Proposition 4.6, we can find some
nonzero jet differential w € H O(unot,Ekﬂnqumt ®@ A~1) for some ample line bundle
A over Zguot and some positive integer m. Denote by f : X" — Z& the induced
analytic map. Since the image of fi in Zgyot,k is Zariski dense (cf. Section 4.3), we have
f*w # 0. Thus by Theorem 1.2, f is extendable. This contradicts to the assumption of
strict transcendence of v. O

Now we consider an affine curve X C (G, r)? contained in the uniformizing torus of
A. Let px be the restriction of the uniformizing map to X as in (4.1). By Theorem 4.8,
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to conclude Theorem 1.1 in 1-dimensional case, it suffices to verify the strictly transcen-
dental property of px. Although we only need to consider the case that X is a curve, we
state the following theorem in its full generality.

Theorem 4.9. Let p : (Gf,ﬁF)g — A" be the uniformizing map of a totally degenerate
abelian variety A over F. Let X C (G, r)9 be an irreducible affine variety with the
restricted map px = p|xsn. Then px is strictly transcendental.

Proof. We argue by contradiction. Suppose that there exists an abelian subvariety B C A
such that

xan p_X>Aan_» (A/B)an

is nonconstant and extendable. Then we can find an algebraic curve C' C X such that
the restriction

o p_C>Aan_»(A/B)an

is also nonconstant and extendable.

Since A is totally degenerate, so is the abelian subvariety B. Precisely, for the identity
component BY of the Néron model B of B, the special fiber B¢ is not only a split torus
but also a subtorus of A} Therefore p~!(B*) =: T is a subtorus of (G2 ). Denote

by Tquot the quotient torus. Then we have the following commutative diagram

can o (Gfr?F)g sy Tan

l |
A (A/B)™.

By our assumption, the composition C** — (G'g)? — T — (A/B)*" is extendable.

However, the image of following composition of algebraic morphisms
C — (Gm,F)g — Lquot

is an algebraic curve Cqyot in the torus Tgyet, thus by Theorem 4.2 the restricted uni-
formizing map
ca . — T;ﬁlot — (A/B)*"

quot

is not extendable, which is absurd. O

Proof of the Theorem 1.1. The case that dim X = 1 follows from Theorems 4.8, 4.9.
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Now we consider the case that X is of higher dimension. We argue by contradiction.
Suppose that Zar(px) := Zar(px(X?®")) is not a finite union of translates of abelian
subvariety. Then by the structure theorem of Ueno and Kawamata [Uen75,Kaw80], we
only need to consider the case that Sp(Zar(px)) C Zar(px). In particular, we can assume
that Z := Zar(px) is of general type. Then one can find a point z € p(X?") \ Sp(Z)>".
Now we choose a point x € p;(l (z) and an algebraic curve C' C X which passes through
x. Since we already proved Theorem 1.1 for curves, the Zariski closure Zar(px (C?")) is
a translate of abelian subvariety contained in Z. Thus Zar(px (C*")) C Sp(Z). On the
other hand, we also know that z € Zar(px(C?®")) and z is outside Sp(Z) by our choice
of z, which gives us a contradiction. O

4.5. Pseudo-Borel hyperbolicity of closed subvarieties of abelian varieties

Let X be a closed subvariety of an abelian variety A over F. Here we do not assume
that A is totally degenerate. Recall that the special set Sp(X) of X is defined to be
the union of translates of positive-dimensional abelian subvarieties of A contained in X.
Assume that X is of general type, then by Kawamata’s theorem [Kaw80, Theorem 4],
one has Sp(X) C X.

Proof of the Theorem 1.3. By [Sun20, Theorem 3.1] we can assume that S is a quasi-
projective curve. After replacing X by the Zariski closure of f(S*") we can assume that
f has Zariski dense image in X. Note that this process will not violate the condition
that X is of general type since f(S*") ¢ Sp(X)*". Now we consider the jet projection

Tr: Xp = Ap = Rk,

as in Section 4.3. Since X is of general type, the dimension of Stab(X) must be zero.
Hence by Proposition 4.6, we can find some nonzero jet differential w € H°(X, Ex mT% ®
A=) for some ample line bundle A over X and some positive integer m. By the Zariski
density assumption, we know that f*w # 0. Now the algebraicity of f follows from
Theorem 1.2 and the rigid GAGA theorem. 0O

Remark 4.10. Using Theorem 1.3 and the criterion [JV18, Theorem 2.18], it follows that
a general type closed subvariety X of an abelian variety over F is F-analytically Brody
hyperbolic modulo Sp(X). Note that this result was obtained in [Mor21] by an alternative
approach.
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