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Ax-Lindemann theorem
Abelian varieties

1. Introduction

The classical Lindemann-Weierstrass Theorem states that, if α1, . . . , αn are Q-linearly 
independent algebraic numbers, then their exponentials exp(α1), . . . , exp(αn) are Q-
algebraically independent. Inspired by a conjecture of Schanuel in the same spirit, by 
means of differential fields, Ax [Ax71] established the following geometric analogues.

Ax-Lindemann Theorem. (i) (for tori) Let πt := (exp(2πi·), . . . , exp(2πi·)) : Cn →
(C∗)n be the uniformizing map and let Y ⊂ Cn be an algebraic subvariety. Then any 
irreducible component of the Zariski closure of the image πt(Y ) is a translate of some 
subtorus of (C∗)n.
(ii) (for abelian varieties) Let πa : Cn → A be the uniformizing map of a complex abelian 
variety A and let Y ⊂ Cn be an algebraic subvariety. Then any irreducible component of 
the Zariski closure of the image πa(Y ) is a translate of some abelian subvariety of A.

The uniformizing map πt (resp. πa) satisfies an exponential differential equation as-
sociated with the commutative group scheme (Gm)n (resp. A) over C. For an arbitrary 
differential field K of characteristic zero and for any semi-abelian variety G over K, 
one can still formulate an exponential differential equation associated with G and LieG, 
though there is in general no uniformization of G by LieG. In [Kir09] Kirby proved an 
analogue of Ax’s theorem in this setting, which over K = C implies the above theorem.

Along another direction, Pila in his seminar paper [Pil11] obtained a hyperbolic 
version of the above Ax-Lindemann theorem, which concerns about the (orbifold-) uni-
formization of products of modular curves. This version of Ax-Lindemann theorem plays 
an essential role in his proof of André-Oort conjecture for products of modular curves. 
Thereafter, Ullmo, Yafaev and Klingler established further generalization in a broader 
setting [Ull14,UY14,KUY16,KUY18]; see also [PS17,DV20] for other generalizations. 
Such transcendental results have drawn extensive attention, by its own interests as well 
as the linkage to prominent problems, notably for instance, the André-Oort conjecture 
[PT14,Tsi18].

Parallelly, it would be natural to seek Ax-Lindemann type results in non-archimedean
settings. Throughout this paper, we work in the setting of rigid analytic geometry
(cf. [FvdP04]). Let us emphasize, first of all, that most complex uniformizations are 
not known to have appropriate non-archimedean counterparts for our purpose at the 
moment. For instance, every complex abelian variety Cn/Γ of dimension n can be uni-
formized by Cn → Cn/Γ which is an infinite, transcendental morphism, while an abelian 
variety over a non-archimedean field with good reduction admits no such uniformization. 
The readers are referred to [FvdP04, §6.7] or §4.1 for the theory of non-archimedean 
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uniformization of abelian varieties. Thus we focus on totally degenerate abelian varieties 
in this paper.

Accessibly, for products of hyperbolic Mumford curves which are known to have 
nice non-archimedean uniformizations by Mumford’s theory [Mum72], Chambert-Loir 
and Loeser [CLL17] established a non-archimedean analogue of Pila’s hyperbolic Ax-
Lindemann theorem. Inspired by their work, in this paper we prove

Theorem 1.1 (Non-archimedean Ax-Lindemann). Let F be a complete algebraically closed 
non-archimedean valued field of characteristic zero. Let p : (Gan

m,F)g → Aan be the uni-
formizing map of a totally degenerate abelian variety A over F. Let X ⊂ (Gm,F)g be 
an affine variety over F. Then any irreducible component of the Zariski closure of the 
image p(Xan) is a translate of some abelian subvariety of A.

We emphasize here the difference between non-archimedean uniformization and com-
plex uniformization. In our situation the universal covering space is not the Lie algebra 
LieA but the rigid torus (Gm,F)g which comes from the identity component of the 
Néron model of the totally degenerate abelian variety A, and the uniformizing map 
p : (Gan

m,F)g → Aan is constructed from formal lifting of torus and applying the functor 
of Raynaud’s generic fiber (cf. Subsection 4.1 for details). When g = 1 this is exactly the 
famous Tate curve. Due to the abstract nature of the non-archimedean uniformization, 
it is in general not clear that which differential equation should be satisfied by the uni-
formizing map p, and thus we do not know how to implement Kirby’s differential field 
argument to derive Theorem 1.1.

The non-archimedean uniformization is a natural analogue of the complex one, despite 
that its relation with Lie algebra and differential equation is unclear. It plays crucial role 
in many important results. In the fundamental work [Che94], by employing the aforemen-
tioned non-archimedean universal coverings of abelian varieties, Cherry proved that over 
a non-archimedean valued field, any analytic map from A1 or Gm to some abelian vari-
ety must be constant. In [Liu11], non-archimedean uniformization of totally degenerate 
abelian varieties is used for understanding a non-archimedean analogue of the Calabi-
Yau theorem. In [ACW08] An-Cherry-Wang generalized a classical result of Noguchi and 
Winkelmann about the algebraic degeneracy of holomorphic maps to some rigid analytic 
setting. Consequently they obtained a rigid analytic Bloch-Ochiai type result for subva-
rieties in a semi-abelian variety (cf. [ACW08, Theorem 2.7]). This result was revisited by 
Morrow [Mor21] in the study of non-archimedean hyperbolicity of subvarieties of semi-
abelian varieties, and in the proof, the non-archimedean uniformization plays again a 
significant role.

We briefly explain the proof strategy of Theorem 1.1. Avoiding the difficulty of in-
vestigating the uniformizing differential equation in non-archimedean case, we employ a 
geometric approach from complex hyperbolic geometry. More precisely, our proof is an 
adaptation of a strategy of Noguchi [Nog18] using strong tools from Nevanlinna theory. 
Indeed, we will implement the classical jet differential technique, originated in Bloch’s 
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seminal paper [Blo26,Siu04] about 100 years ago, in the non-archimedean setting, by 
establishing the following Schwartz’s Lemma type result, which generalizes a theorem of 
Cherry and Ru [CR04] about 1-jet.

Theorem 1.2 (Big Picard Theorem for jet differentials). Let X be a nonsingular projective 
variety defined over F and let D be a simple normal crossing divisor on X. Let f :
A(0, R] → X \ D be a rigid analytic map. If there exists some global logarithmic jet 
differential form along D vanishing on some ample line bundle A on X, namely

ω ∈ H0(X,EGG
k,mT ∗

X(logD) ⊗A−1),
such that f∗ω �≡ 0, then f extends to a rigid analytic map from A[0, R] to X.

As a second application of the above theorem, we prove the following result concern-
ing Borel hyperbolicity, a notion introduced by Javanpeykar and Kucharczyk [JK20] to 
capture the essence of Borel’s Algebraicity Theorem [Bor72] for arithmetic varieties.

Theorem 1.3 (Non-archimedean pseudo-Borel hyerbolicity). Suppose that X is a closed 
subvariety of general type contained in an abelian variety A over F. Denote by Sp(X)
the union of translates of positive-dimensional abelian subvarieties of A contained in 
X. Then X is F-analytically Borel hyperbolic modulo Sp(X). That is, for any algebraic 
variety S over F, any rigid analytic map f : San → Xan with f(San) �⊂ Sp(X)an is 
induced from an algebraic morphism.

Here is the outline of this paper. In Section 2 we recall some basic non-archimedean 
Nevanlinna theory. Next, in Section 3 we present the jet differential technique, and es-
tablish an analytic extension type Theorem 1.2, which is a key ingredient of our strategy. 
Lastly, in Section 4 we prove our main Theorems 1.1, 1.3 in the same vein as [Nog18], 
with extra effort of showing the transcendence of the uniformizing map in the absence 
of “area-comparison method” in non-archimedean geometry, see Subsection 4.2.
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Mathematics and Systems Science (AMSS) in Beijing, and he would like to thank AMSS 
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2. Non-archimedean Nevanlinna theory

We give a brief introduction about non-archimedean Nevanlinna theory and collect 
some useful results for our applications. The reader is referred to [CW02,CR04] for more 
details. Let F be an algebraically closed field, with characteristic zero, being complete 
with respect to a non-archimedian valuation | · |. For 0 ≤ r1 < r2 ≤ +∞, let A[r1, r2]
denote the closed annulus {z ∈ F : r1 ≤ |z| ≤ r2}. Analogously, we denote the semi-
bordered annuli by A[r1, r2) := {z ∈ F : r1 ≤ |z| < r2} with the convention that 
A[r1, ∞) := {z ∈ F : |z| ≥ r1}, and by A(r1, r2] := {z ∈ F : r1 < |z| ≤ r2}. Set 
| F | := {|z| : z ∈ F}. Then for any r1, r2 ∈ | F |, the annulus A[r1, r2] is affinoid.

An analytic function f on the annulus A[r1, r2] is a Laurent series

f(z) =
∑
n∈Z

anz
n,

where the coefficients an ∈ F satisfy lim|n|→∞ |an|rn = 0 for any r1 ≤ r ≤ r2. This 
definition can be generalized accordingly to any type of annulus mentioned above.

For each r ∈ [r1, r2], we define

|f |r := sup
n

|an|rn,

which turns out to be a non-archimedean absolute valuation on the ring of analytic 
functions on A[r1, r2]. A function is said to be meromorphic on A[r1, r2] if it can be 
written as a quotient of two analytic function on this annulus. By multiplicity law, the 
absolute valuation | · |r can be extended to meromorphic functions.

Following [CR04], an analytic function f on A[r1, ∞) is said to be analytic at infinity
if f(z−1) can be extended to an analytic function on A[0, 1

r1
]. A meromorphic function f

on A[r1, ∞) is said to be meromorphic at infinity if f(z−1) is meromorphic on A[0, 1
r1

].
Now we introduce the standard notations of Nevanlinna theory in the non-

archimedean setting. Let f =
∑

n∈Z anz
n be an analytic function on the annulus 

A[r1, r2]. The proximity function of f at a point a ∈ F is defined by

mf (a, r) := max{0,−log |f − a|r} (r1 ≤ r≤ r2).

At the infinity where a = ∞, we set mf (r) := mf (∞, r) := max{0, log |f |r}.
The definition of a suitable counting function for f is delicate. We first denote

kf (r) := inf{n ∈ Z : |f |r = |an|rn} and Kf (r) := sup{n ∈ Z : |f |r = |an|rn}
(r1 ≤ r≤ r2),

with the convention that kf (0) = 0 and Kf (0) = inf{n : an �= 0} in the special case 
when r = 0 and f(0) = 0. Then by a non-archimedean analogue of the Weierstrass 
Preparation Theorem, we can show that, for any r and R with r1 ≤ r ≤ R ≤ r2, the 
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analytic function f has exactly Kf (R) − kf (r) zero counted with multiplicities, in the 
annulus A[r, R] (cf. [CW02]). Hence it is natural to define the counting functions of f by

nf (0, r) := Kf (r) − kf (r) and Nf (0, r) :=
r∫

r1

nf (0, t)d t

t
(r1 ≤ r≤ r2).

In the case where r1 = 0, the above definition is modified to be

Nf (0, r) = nf (0, 0) +
r∫

0

[nf (0, t) − nf (0, 0)]d t

t
(0≤ r≤ r2).

For a point a ∈ F, the counting function of f with respect to a is defined by Nf (a, r) =
Nf−a(0, r). The above definitions of proximity function and counting function can be 
generalized to the case where f is meromorphic, see [CR04] for more details. Regarding 
a meromorphic function f as an analytic function on P 1(F), we can define Nf (r, a) for 
any meromorphic function f and any point a ∈ P 1(F).

Lastly, the characteristic function of f is given by

Tf (r) = mf (∞, r) + Nf (∞, r) (r1 ≤ r≤ r2).

As an application of the Poisson–Jensen formula in the non-archimedean setting (cf. 
[CW02, Theorem 3.2]), we receive

First Main Theorem. Let f be a meromorphic function on the annulus A[r1, r2). Then, 
for any point a in P 1(F),

Tf (r) = mf (a, r) + Nf (a, r) + O(log r).

Furthermore, if r1 = 0, then we can replace the error term O(log r) in the above estimate 
by a bounded term O(1).

Most of the results in the classical Nevanlinna Theory have their counterparts in 
our current setting. We recall some of them below, which will be used in the sequence 
(see [CR04]).

Logarithmic Derivative Lemma. Let f be a nonconstant meromorphic function on the 
annulus A[r1, r2). For each r ∈ [r1, r2) and for each integer k ∈ N, we have∣∣∣∣∣dk f

f

∣∣∣∣∣
r

≤ 1
rk

,

and there exists some constant C independent of f such that
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∣∣∣dk log f
∣∣∣
r
≤ C

rk
.

The above standard notions for Nevanlinna theory can be extended to the case of 
nonconstant rigid analytic maps into projective varieties [Ru01]. Let X be a nonsingular 
projective variety X with a very ample line bundle L on it. Let H be a very ample divisor 
in the complete linear system of L. For a nonconstant rigid analytic map f : A[r1, r2) →
X, denote by Nf (H, r) the counting function of f with respect to the H. We also denote 
by Tf (L, r), or sometime Tf (H, r) the order function of f with respect to L. In order to 
prove the Theorem 1.2, we need the following two results of Cherry and Ru [CR04].

Proposition 2.1. Let X be a nonsingular projective variety and let L be a very ample 
divisor on X. Then for any nonconstant rigid analytic map f : A[r1, r2) → X and for 
any ε > 0, one can find some very ample divisor H in the complete linear system of L
such that

Nf (H, r) ≥ (1 − ε)Tf (H, r) + O(log r).

Proposition 2.2. Let X be a nonsingular projective variety with a very ample divisor H
on it. Let f be a rigid analytic map from the annulus A(0, R] to X. If the rigid analytic 
map g : A[1/R, ∞) → X obtained from f by setting g(ξ) = f(1/ξ) satisfies

Tg(H, r) = O(log r),

then f extends to a rigid analytic map f̃ : A[0, R] → X.

3. Jet differentials and non-archimedean big Picard theorem

3.1. Non-archimedean logarithmic Green-Griffiths k-jet bundles

Let F be an algebraically closed field, with characteristic zero, being complete with 
respect to a non-archimedian valuation | · |. Let X be a smooth projective variety defined 
over F. For x ∈ X, consider the analytic germs (Dε, 0) → (X, x), where Dε denotes the 
disc {z ∈ F : |z| < ε}. Two such germs are said to be equivalent if they have the same 
Taylor expansion up to order k in some local coordinates around x. The equivalence class 
of an analytic germ f : (Dε, 0) → (X, x) is called the k-jet of f , denoted by jk(f), which 
is independent of the choice of local coordinates. A k-jet jk(f) is said to be regular if 
d f(0) �= 0. For a given point x ∈ X, denote by jk(X)x the vector space of all k-jets of 
analytic germs (F, 0) → (X, x), set

Jk(X) := ∪
x∈X

Jk(X)x,

and consider the natural projection
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πk : Jk(X) → X.

Then Jk(X) carries the structure of an analytic fiber bundle over X, which is called the 
k-jet bundle over X. Note that in general, Jk(X) is not a vector bundle. When k = 1, 
the 1-jet bundle J1(X) is canonically isomorphic to the tangent bundle TX of X.

For an open subset U ⊂ X, for a section ω ∈ H0(U, T ∗
X), for a k-jet jk(f) ∈ Jk(X)|U , 

the pullback f∗ω is of the form A(ξ) d ξ for some analytic function A, where ξ is the global 
coordinate of F. Since each derivative A(j) (0 ≤ j ≤ k − 1) is well-defined, independent 
of the representation of f in the class jk(f), the analytic 1-form ω induces the analytic 
map

ω̃ : Jk(X)|U → Fk; jk(f) →
(
A(z), A(z)(1), . . . , A(z)(k−1)). (3.1)

Hence on an open subset U , a given local analytic coframe ω1 ∧ · · · ∧ ωn �= 0 yields a 
trivialization

H0(U, Jk(X)) → U × (Fk)n

by providing the following new nk independent coordinates:

σ → (πk ◦ σ; ω̃1 ◦ σ, . . . , ω̃n ◦ σ),

where ω̃i are defined as in (3.1). The components x(j)
i (1 ≤ i ≤ n, 1 ≤ j ≤ k) of ω̃i ◦ σ

are called the jet-coordinates. In a more general situation where ω is a section over U of 
the sheaf of meromorphic 1-forms, the induced map ω̃ is meromorphic.

Now, in the logarithmic setting, let D be a normal crossing divisor on X. This means 
that at each point x in the support of D, there exist some local (in the algebraic Zariski 
topology or analytically locally) coordinates z1, . . . , z�, z�+1, . . . , zn (� = �(x)) centered 
at x in which D is defined by

D = {z1 · · · z� = 0}.

Following Iitaka [Iit82], the logarithmic cotangent bundle of X along D, denoted by 
T ∗
X(logD), corresponds to the locally free sheaf generated by

dz1

z1
, . . . ,

dz�
z�

, z�+1, . . . , zn

in the above local coordinates around x.
An analytic section s ∈ H0(U, Jk(X)) over an open subset U ⊂ X is said to be a 

logarithmic k-jet field if ω̃ ◦ s are analytic for all sections ω ∈ H0(U ′, T ∗
X(logD)), for all 

open subsets U ′ ⊂ U , where ω̃ are the induced maps defined as in (3.1). Such logarithmic 
k-jet fields define a subsheaf of Jk(X), and this subsheaf is itself a sheaf of sections of 
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an analytic fiber bundle over X, called the logarithmic k-jet bundle over X along D, 
denoted by Jk(X, −logD) (see [Nog86]).

The group F∗ admits a natural fiberwise action defined as follows. For local coordi-
nates

z1, . . . , z�, z�+1, . . . , zn (�=�(x))

centered at x in which D = {z1 . . . z� = 0}, for any logarithmic k-jet field along D
represented by some germ f = (f1, . . . , fn), if ϕλ(z) = λz is the homothety with ratio 
λ ∈ F∗, the action is given by{(

log (fi ◦ ϕλ)
)(j) = λj

(
log fi

)(j) ◦ ϕλ (1≤ i≤ �),(
fi ◦ ϕλ

)(j) = λjf
(j)
i ◦ ϕλ (�+1≤ i≤n).

Now we are in position to introduce the logarithmic Green-Griffiths k-jet bundle
[GG80] in non-archimedean setting. By a logarithmic jet differential of order k and 
degree m at a point x ∈ X, we mean a polynomial Q(f (1), . . . , f (k)) on the fiber over x
of Jk(X, −logD) enjoying weighted homogeneity:

Q(jk(f ◦ ϕλ)) = λmQ(jk(f)) (λ∈F∗).

Consider the symbols

dj log zi (1≤ j ≤ k, 1≤ i≤ �)

and

dj zi (1≤ j ≤ k, �+ 1≤ i≤n).

Set the weights of dj log zi and dj zi to be j. Then a logarithmic jet differential of order 
k and weight k along D at x is a weighted homogeneous polynomial of degree m whose 
variables are these symbols. Denote by EGG

k,mT ∗
X(logD)x the vector space spanned by 

such polynomials and set

EGG
k,mT ∗

X(logD) := ∪
x∈X

EGG
k,mT ∗

X(logD)x.

By Faà di Bruno’s formula [CS96,Mer15], EGG
k,mT ∗

X(logD) carries the structure of a vector 
bundle over X, called logarithmic Green-Griffiths vector bundle. A global section of 
EGG

k,mT ∗
X(logD) is called a logarithmic jet differential of order k and weight m along D. 

Locally, a logarithmic jet differential form can be written as

∑
α1,...,αk∈Nn

|α1|+2|α2|+···+k|αk|=m

Aα1,...,αk

( �∏
i=1

(
d log zi

)α1,i

n∏
i=�+1

(
d zi

)α1,i

)
. . .

( �∏
i=1

(
dk log zi

)αk,i

n∏
i=�+1

(
dk

zi
)αk,i

)
,

(3.2)
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where

αλ = (αλ,1, . . . , αλ,n) ∈ Nn (1≤λ≤ k)

are multi-indices of length

|αλ| =
∑

1≤i≤n

αλ,i,

and where Aα1,...,αk
are locally defined analytic functions. As in the complex case, 

EGG
k,mT ∗

X(logD) admits the following natural filtration

Gr• EGG
k,mT ∗

X(logD) =
⊕

�1, �2, ..., �k ∈N
�1+2 �2+···+k �k =m

Sym�1 T ∗
X(logD) ⊗ · · · ⊗ Sym�k T ∗

X(logD),

(3.3)
where Sym�i T ∗

X(logD) denote the symmetric powers of the logarithmic cotangent bun-
dle.

We first obtain the following generalization of [CR04, Proposition 4.2] for symmetric 
1-forms.

Proposition 3.1. Let X be a nonsingular projective variety defined over F, considered as 
a rigid analytic variety, smoothly embedded in projective space. Let D be a simple normal 
crossing divisor on X. Then there exists a finite affinoid covering U of X such that for 
any logarithmic jet differential form ω ∈ H0(X, EGG

k,mT ∗
X(logD)), there exists a finite 

collection R of rational functions on X such that on each U ∈ U , we can write

ω =
∑

α1,...,αk∈Nn

|α1|+2|α2|+···+k|αk|=m

ψα1,...,αk

( �U∏
i=1

(
d logφi

)α1,i

n∏
i=�U+1

(dφi

φi

)α1,i
)
. . .

( �U∏
i=1

(
dk logφi

)αk,i

n∏
i=�U+1

(dk φi

φi

)αk,i
)
,

(3.4)

for some φi ∈ R and ψα1,...,αk
are rational functions which are all regular on U .

Proof. By simple normal crossing assumption, we can take a finite covering U of X by 
affinoid subdomain of X such that for any U ∈ U , the local defining equation of D is 
given by D = {zU,1 · · · zU,�U = 0}, where zU,1, . . . zU,�U are parts of a local coordinates 
system on U . For each U ∈ U , let VU be the associated affine open set on X. By (3.2), 
there are rational functions φi, χα1,...,αk

∈ OX(V ) such that

ω|V =
∑

α1,...,αk∈Nn

|α1|+2|α2|+···+k|αk|=m

χα1,...,αk

( �U∏
i=1

(
d logφi

)α1,i

n∏
i=�U+1

(
dφi

)α1,i

)
. . .

( �U∏
i=1

(
dk logφi

)αk,i

n∏
i=�U+1

(
dk

φi

)αk,i

)

=
∑

α1,...,αk∈Nn

χα1,...,αk

n∏
i=�U+1

(
φi

)α1,i · · ·
n∏

i=�U+1

(
φi

)αk,i×
|α1|+2|α2|+···+k|αk|=m
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×
( �U∏

i=1

(
d logφi

)α1,i

n∏
i=�U+1

(dφi

φi

)α1,i
)
. . .

( �U∏
i=1

(
dk logφi

)αk,i

n∏
i=�U+1

(dk φi

φi

)αk,i
)
. (3.5)

Putting

ψα1,...,αk
=

∑
α1,...,αk∈Nn

|α1|+2|α2|+···+k|αk|=m

χα1,...,αk

n∏
i=�U+1

(
φi

)α1,i · · ·
n∏

i=�U+1

(
φi

)αk,i ,

and noting that the number of U and V are finite, the proof is finished. �
3.2. Logarithmic directed manifolds and direct image formula

A log–direct manifold is a triple

(X,D, V ),

where X is a projective manifold, D is a simple normal crossing divisor on X and V
is an algebraic subbundle of the logarithmic tangent bundle TX(−logD). Starting with 
a log–direct manifold (X0, D0, V0) := (X, D, TX(−logD)), we then define X1 := P (V0)
together with the natural projection π1 : X1 → X0. Setting D1 := π∗

1D0, so that π1

becomes a log–morphism, V1 ⊂ TX1(−logD1) is then defined by

V1,(x,[v]) := {ξ ∈ TX1,(x,[v])(−logD1) : π∗ξ ∈ F ·v}.

Any germ of a rigid analytic map f : (Dε, 0) → (X \ D, x) can be lifted to f [1] : F →
X1 \D1. By induction, we can construct on X = X0 the Demailly-Semple tower :

(Xk, Dk, Vk) → · · · → (X1, D1, V1) → (X0, D0, V0),

together with the projections πk : Xk → X0. Denote by OXk
(1) the tautological line 

bundle on Xk. Then the direct image (πk)∗OXk
(m) of OXk

(m) = OXk
(1)⊗m, denoted by 

Ek,mT ∗
X(logD), is a locally free subsheaf of EGG

k,mT ∗
X(logD) generated by all polynomial 

operators in the derivatives up to order k, which are furthermore invariant under any 
change of parametrization (Dε, 0) → (Dε, 0). We can easily check the following

Direct image formula. For any ample line bundle A on X, we have

H0(X,Ek,mT ∗
X(logD) ⊗A−1) ∼= H0

(
Xk,OXk

(m) ⊗ π∗
kA−1). (3.6)
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3.3. Logarithmic derivative lemma for jet differentials

Theorem 3.2. Let X be a nonsingular projective variety defined over F and let D be a 
simple normal crossing divisor on X. Let ω ∈ H0(X, EGG

k,mT ∗
X(logD)) be a logarithmic 

jet differential of order k and weight m along D. Let f be an analytic map from A[r1, r2)
to X. If

f∗ω = ϕ(ξ)
(
d ξ

)m
,

where ξ is the global coordinate of F, then there exists some constant C which is inde-
pendent of r such that

|ϕ|r ≤ C

rm
(r1 ≤r <r2).

Proof. Let U be an affinoid covering of X as in Proposition 3.1. Suppose that f(ξ) ∈ U

for some U ∈ U . Then by (3.4), we have

ϕ(ξ) =
∑

α1,...,αk∈Nn

|α1|+2|α2|+···+k|αk|=m

(
ψα1,...,αk

◦ f
)
(ξ)×

×
( �U∏

i=1

(
d log (φi ◦ f)(ξ)

)α1,i

n∏
i=�U+1

(d(φi ◦ f)(ξ)
(φi ◦ f)(ξ)

)α1,i
)
. . .

( �U∏
i=1

(
dk log (φi ◦ f)(ξ)

)αk,i

n∏
i=�U+1

(dk(φi ◦ f)(ξ)
(φi ◦ f)(ξ)

)αk,i
)
.

Hence

|ϕ(ξ)|r ≤ max
α1,...,αk∈Nn

|α1|+2|α2|+···+k|αk|=m

{
|
(
ψα1,...,αk

◦ f
)
(ξ)|r×

×

∣∣∣∣∣∣
�U∏
i=1

(
d log (φi ◦ f)(ξ)

)α1,i

n∏
i=�U+1

(d(φi ◦ f)(ξ)
(φi ◦ f)(ξ)

)α1,i
)
. . .

( �U∏
i=1

(
dk log (φi ◦ f)(ξ)

)αk,i

n∏
i=�U+1

(dk(φi ◦ f)(ξ)
(φi ◦ f)(ξ)

)αk,i

∣∣∣∣∣∣
r

}
.

Since ψα1,...,αk
are regular, and hence bounded, we can apply the Logarithmic Derivative 

Lemma to the remaining terms in the right hand side of the above inequality to obtain 
the desired estimate. �
3.4. Proof of Theorem 1.2

We mimic the reasoning of [CR04, Theorem 6.1]. Let g : A[1/R, ∞) → X be the rigid 
analytic map obtained from f by setting g(ξ) = f(1/ξ). Since A is ample, we can take 
an integer � large enough such that �A is very ample. By Proposition 2.1, there exists 
another section H in the linear system |�A| such that

(1 − ε)Tg(r) ≤ Ng(H, r) + O(log r),

and {g(ξ) : f∗ω(ξ) �= 0} �⊂ H. Let ψ be a rational function on X whose zero divisor is 
H − �A. Then
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ω̃ := ψ ω⊗�

is a logarithmic jet differential form of order k and weight �m vanishing on H. Set

g∗ω̃(ξ) = ϕ(ξ)(d ξ)�m.

Then ϕ �≡ 0 by the choice of H and the assumption that f∗ω �≡ 0. Furthermore, by the 
construction of ω̃, it is not hard to check that Ng(H, r) ≤ Nϕ(0, r). Therefore

(1 − ε)Tg(H, r) ≤ Ng(H, r) + O(log r)

≤ Nϕ(0, r) + O(log r)

[by the First Main Theorem] ≤ log |ϕ|r + O(log r).

By the Logarithmic Derivative Lemma for logarithmic jet differential, we have |ϕ|r →
0 as r → ∞. Hence, the above estimate yields Tg(H, r) = O(log r). We then apply 
Proposition 2.2 to conclude. �
4. Proofs of Theorems 1.1, 1.3

4.1. Transcendence of the uniformizing map

Let R be a complete discrete valuation ring with fraction field F. Let π be a generator 
of the maximal ideal of R and k = R/πR be the residue field. Let A be an abelian variety 
over F, with the Néron model A over R. Then A ∼= AF, the generic fiber of A. Let A0 ⊂ A

be the identity component of the Néron model. According to the Semi-stable Reduction 
Theorem [Gro72, exp.IX 3.6], the closed fiber A0

k is a semi-abelian variety over k. We 
say that A is totally degenerate if A0

k is a torus, i.e. A0
k
∼= Gg

m,k, for g = dimA.
We then consider the formal scheme A0

for over the formal spectrum Spf R, which is 
the formal completion of A0 along the closed fiber A0

k. On the other hand, we have the 
formal torus Gg

m,for over Spf R. Hence by the rigidity of tori [DG70, exp.IX §3], the 
isomorphism between closed fibers can be lifted to

Gg
m,for → A0

for,

which extends to a rigid analytic map

p : (Gan
m,F)g → Aan

between rigid analytic spaces over the field F. We call it the uniformizing map of A.
Denote the split torus by T = Gg

m,F, and the uniformizing map by p : T an → Aan. 
Without risk of confusion, we also use p to denote the group homomorphism

p : T an(F) → Aan(F)
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between rigid analytic groups. Then the kernel Γ := Ker(p) ⊂ T an(F) is a lattice.

Theorem 4.1 (cf. Theorem 1.2 in [BL91]). The quotient T an/Γ is a rigid analytic space, 
and p induces an isomorphism

T an/Γ
∼=−→ Aan.

Now consider an affine curve X ⊂ T with a projective completion X̄. Denote by pX
the composition

Xan ↪→ T an p−→ Aan. (4.1)

Our goal is to show:

Theorem 4.2. The rigid analytic map pX is not extendable, i.e. it can not be extended to 
a rigid analytic map p̄X : X̄an → Aan between projective varieties.

A proof will be reached at the end of the next subsection.

4.2. Valuation map and the proof of Theorem 4.2

Let X(T ) := HomK(T, Gm,F) be the character group of the torus T . We have the 
following valuation map

� : T an → Hom(X(T ),R), x �→ (�(x) : χ �→ −log |χ(x)|).

By fixing a basis {χ1, . . . , χg} of X(T ), we receive that X(T ) ∼= Zg, and Hom(X(T ), R) ∼=
Rg. Consequently, for a lattice Γ ⊂ T an(F), its image �(Γ) is also a lattice in Rg in the 
usual sense (cf. [FvdP04, §6.4]). Then we have the commutative diagram

T an �

p

Rg

π

Aan ∼= T an/Γ
�A

Rg/�(Γ)

where Rg/�(Γ) is a real torus.
Recall that the valuation of R is discrete and −log |π| = 1. Then −log | · | : F∗ → Z

yields

� : T an(F) → Hom(X(T ),Z) ∼= Zg.

In particular, �(Γ) ⊂ Zg. Note that for any cube S ⊂ Rg, the preimage �−1(S) is a 
rational subdomain of T an (cf. [FvdP04, §6.4]).
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We now prove Theorem 4.2 by contradiction. Suppose that pX is extendable. Then 
by the rigid GAGA theorem, it must be induced from an algebraic morphism

p̄X : X̄ → A

between projective F-schemes. Denote by W := p̄X(X̄) the image curve in A. Then 
p̄X : X̄ → W is a finite morphism between curves. In particular pX : X → W is 
quasi-finite. We have the following diagram

Xan

pan
X

T an �

p

Rg

π

W an Aan ∼= T an/Γ
�A

Rg/�(Γ)

Lemma 4.3. Consider the induced quotient map

ϕ := π|�(Xan) : �(Xan) → �A(W an).

Then it is a finite map, that is, for every point y ∈ �A(W an), the preimage ϕ−1(y) is a 
finite set.

Proof. Suppose that for some y ∈ �A(W an), the preimage ϕ−1(y) is infinite. We shall 
get a contradiction in this case.

Choose w ∈ W such that �A(w) = y. Since ϕ−1(y) is infinite, we can choose a sequence 
of disjoint cubes {Si}∞i=1 in Rg such that every point x ∈ ϕ−1(y) is contained in exactly 
one cube Si. Note that here we use the fact that �(Γ) is a lattice in Rg.

Then we notice that the preimage of w in X, p−1
X (w), is contained in infinitely many 

disjoint rational subdomains {�−1(Si)}∞i=1. So p−1
X (w) cannot be a finite set, which con-

tradicts to the quasi-finiteness of pX . �
Corollary 4.4. There exists a cube S ⊂ Rg such that �(Xan) ⊂ S.

Proof. Let R ⊂ Rg be the fundamental domain of the lattice �(Γ) in Rg. Put W̃ :=
ϕ−1(�A(W an)) ∩R. Then

�(Xan) ⊂
⋃

γ∈�(Γ)

γ · W̃ .

By Lemma 4.3 we know that there exist only finitely many γ ∈ �(Γ) such that �(Xan) ∩
(γ · W̃ ) �= ∅. Let {γ1, . . . , γq} be this finite subset. Then one can find a sufficiently large 
cube S which contains 

⋃q
i=1 γi ·R. Since W̃ ⊂ R, it is clear that �(Xan) ⊂ S. �
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End of the proof of Theorem 4.2. By Corollary 4.4, Xan is contained in a rational sub-
domain �−1(S) of T an. But this is impossible since Xan is the analytification of an 
algebraic curve [JV18, Proposition 2.8]. �
4.3. Jets projection on abelian varieties and stabilizers of subvarieties

Denote by

πk : Ak → A0 = A

the k-th projection in the Demailly-Semple tower associated to the abelian variety A of 
dimension g. Then the flatness of the geometry of A yields that

Ak = A×Rg,k,

where Rg,k is a general fiber of πk.
Now we consider a rigid analytic map f : Can → Aan from a smooth quasi-projective 

curve C to A. Let Z be the Zariski closure of the image f(Can) in A. Denote by

fk : Can → Aan
k

the k-th lifting of f . Let Zk ⊂ Ak be the Zariski closure of the image of fk. The compo-
sition map

τk : Zk ↪→ Ak � Rg,k

is called the jets projection on Zk. There is only one alternative holds:

• for every k � 1, the general fiber of τk has positive dimension;
• there exists a positive integer k such that τk is generically finite onto its image.

For the first case, by the same argument as in [PS14, Proposition 5.3], we have

Proposition 4.5. Suppose that for each k � 1, the general fiber of τk has positive dimen-
sion. Then the dimension of the stabilizer

Stab(Z) := {a ∈ A ; a + Z = Z}

of Z is strictly positive.

In the second case, thanks to the bigness of the tautological line bundle on Rg,k

[Dem97, page 31, Theorem 6.8] and the direct image formula, we have
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Proposition 4.6. ([PS14, Proposition 5.4], [RS20, Proposition 6.5]) Let k be a positive 
integer such that the jet projection

τk : Zk → Rg,k

is generically finite onto its image. Then there exists a jet differential ω∈H0(Z, Ek,mT ∗
Z⊗

A−1) for some ample line bundle A over Z and some positive integer m.

4.4. Non-archimedean Ax-Lindemann theorem

Our goal in this subsection is to prove Theorem 1.1. The proof goes first by treating 
the 1-dimensional case. The general case then follows by some reductions. We first recall 
the following terminology of [Nog18].

Definition 4.7. Let γ : Xan → Aan be a rigid analytic map from a smooth quasi-projective 
variety X to an abelian variety A. Then γ is called strictly transcendental if for ev-
ery abelian subvariety B � A and for every projective compactification X̄ of X, the 
composition Xan γ−→ Aan � (A/B)an is either constant, or it can not be extended to 
X̄an → (A/B)an.

When the source X is of 1-dimension, such strictly transcendental maps enjoy the 
following property.

Theorem 4.8. Let X be a smooth quasi-projective curve. Suppose that γ : Xan → Aan is 
a strictly transcendental map. Then the Zariski closure Zar(γ(Xan)) of the image of γ is 
a translate of some abelian subvariety.

Proof. Denote Z := Zar(γ(Xan)) the Zariski closure and B := Stab0(Z) the identity 
component of the stabilizer. Consider the quotient map A � A/B and denote by Zquot
the image of Z in A/B. For the case that Zquot is zero-dimensional, we have already 
proved that Z is a finite union of translates of abelian subvariety. Thus we focus on the 
case that dimZquot > 0.

By the structure theorem due to Ueno and Kawamata [Uen75,Kaw80], we know that 
Zquot is of general type and its stabilizer has zero dimension. Hence the assumption of 
Proposition 4.5 does not happen here. Now thanks to Proposition 4.6, we can find some 
nonzero jet differential ω ∈ H0(Zquot, Ek,mT ∗

Zquot
⊗ A−1) for some ample line bundle 

A over Zquot and some positive integer m. Denote by f : Xan → Zan
quot the induced 

analytic map. Since the image of fk in Zquot,k is Zariski dense (cf. Section 4.3), we have 
f∗ω �≡ 0. Thus by Theorem 1.2, f is extendable. This contradicts to the assumption of 
strict transcendence of γ. �

Now we consider an affine curve X ⊂ (Gm,F)g contained in the uniformizing torus of 
A. Let pX be the restriction of the uniformizing map to X as in (4.1). By Theorem 4.8, 
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to conclude Theorem 1.1 in 1-dimensional case, it suffices to verify the strictly transcen-
dental property of pX . Although we only need to consider the case that X is a curve, we 
state the following theorem in its full generality.

Theorem 4.9. Let p : (Gan
m,F)g → Aan be the uniformizing map of a totally degenerate 

abelian variety A over F. Let X ⊂ (Gm,F)g be an irreducible affine variety with the 
restricted map pX := p|Xan . Then pX is strictly transcendental.

Proof. We argue by contradiction. Suppose that there exists an abelian subvariety B � A

such that

Xan pX−−→ Aan � (A/B)an

is nonconstant and extendable. Then we can find an algebraic curve C ⊂ X such that 
the restriction

Can pC−−→ Aan � (A/B)an

is also nonconstant and extendable.
Since A is totally degenerate, so is the abelian subvariety B. Precisely, for the identity 

component B0 of the Néron model B of B, the special fiber B0
k is not only a split torus 

but also a subtorus of A0
k. Therefore p−1(Ban) =: T an

B is a subtorus of (Gan
m,F)g. Denote 

by Tquot the quotient torus. Then we have the following commutative diagram

Can (Gan
m,F)g T an

quot

Aan (A/B)an.

By our assumption, the composition Can → (Gan
m,F)g � T an

quot → (A/B)an is extendable. 
However, the image of following composition of algebraic morphisms

C ↪→ (Gm,F)g � Tquot

is an algebraic curve Cquot in the torus Tquot, thus by Theorem 4.2 the restricted uni-
formizing map

Can
quot → T an

quot → (A/B)an

is not extendable, which is absurd. �
Proof of the Theorem 1.1. The case that dimX = 1 follows from Theorems 4.8, 4.9.
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Now we consider the case that X is of higher dimension. We argue by contradiction. 
Suppose that Zar(pX) := Zar(pX(Xan)) is not a finite union of translates of abelian 
subvariety. Then by the structure theorem of Ueno and Kawamata [Uen75,Kaw80], we 
only need to consider the case that Sp(Zar(pX)) � Zar(pX). In particular, we can assume 
that Z := Zar(pX) is of general type. Then one can find a point z ∈ p(Xan) \ Sp(Z)an. 
Now we choose a point x ∈ p−1

X (z) and an algebraic curve C ⊂ X which passes through 
x. Since we already proved Theorem 1.1 for curves, the Zariski closure Zar(pX(Can)) is 
a translate of abelian subvariety contained in Z. Thus Zar(pX(Can)) ⊂ Sp(Z). On the 
other hand, we also know that z ∈ Zar(pX(Can)) and z is outside Sp(Z) by our choice 
of z, which gives us a contradiction. �
4.5. Pseudo-Borel hyperbolicity of closed subvarieties of abelian varieties

Let X be a closed subvariety of an abelian variety A over F. Here we do not assume 
that A is totally degenerate. Recall that the special set Sp(X) of X is defined to be 
the union of translates of positive-dimensional abelian subvarieties of A contained in X. 
Assume that X is of general type, then by Kawamata’s theorem [Kaw80, Theorem 4], 
one has Sp(X) � X.

Proof of the Theorem 1.3. By [Sun20, Theorem 3.1] we can assume that S is a quasi-
projective curve. After replacing X by the Zariski closure of f(San) we can assume that 
f has Zariski dense image in X. Note that this process will not violate the condition 
that X is of general type since f(San) �⊂ Sp(X)an. Now we consider the jet projection

τk : Xk ↪→ Ak � Rg,k,

as in Section 4.3. Since X is of general type, the dimension of Stab(X) must be zero. 
Hence by Proposition 4.6, we can find some nonzero jet differential ω ∈ H0(X, Ek,mT ∗

X⊗
A−1) for some ample line bundle A over X and some positive integer m. By the Zariski 
density assumption, we know that f∗ω �≡ 0. Now the algebraicity of f follows from 
Theorem 1.2 and the rigid GAGA theorem. �
Remark 4.10. Using Theorem 1.3 and the criterion [JV18, Theorem 2.18], it follows that 
a general type closed subvariety X of an abelian variety over F is F-analytically Brody 
hyperbolic modulo Sp(X). Note that this result was obtained in [Mor21] by an alternative 
approach.

Data availability

No data was used for the research described in the article.



276 D.T. Huynh et al. / Journal of Number Theory 253 (2023) 257–277
References

[ACW08] Ta Thi Hoai An, William Cherry, Julie Tzu-Yueh Wang, Algebraic degeneracy of non-
Archimedean analytic maps, Indag. Math. (N.S.) 19 (3) (2008) 481–492.

[Ax71] James Ax, On Schanuel’s conjectures, Ann. Math. (2) 93 (1971) 252–268.
[BL91] Siegfried Bosch, Werner Lütkebohmert, Degenerating abelian varieties, Topology 30 (4) (1991) 

653–698.
[Blo26] André Bloch, Sur les systèmes de fonctions uniformes satisfaisant à l’équation d’une variété 

algébrique dont l’irrégularité dépasse la dimension, J. Math. Pures Appl. 5 (1926) 19–66.
[Bor72] Armand Borel, Some metric properties of arithmetic quotients of symmetric spaces and an 

extension theorem, J. Differ. Geom. 6 (1972) 543–560.
[Che94] William Cherry, Non-Archimedean analytic curves in abelian varieties, Math. Ann. 300 (3) 

(1994) 393–404.
[CLL17] Antoine Chambert-Loir, François Loeser, A nonarchimedean Ax-Lindemann theorem, Algebra 

Number Theory 11 (9) (2017) 1967–1999.
[CR04] William Cherry, Min Ru, Rigid analytic Picard theorems, Am. J. Math. 126 (4) (2004) 873–889.
[CS96] G.M. Constantine, T.H. Savits, A multivariate Faà di Bruno formula with applications, Trans. 

Am. Math. Soc. 348 (2) (1996) 503–520.
[CW02] William Cherry, Julie Tzu-Yueh Wang, Non-Archimedean analytic maps to algebraic curves, 

in: Value Distribution Theory and Complex Dynamics, Hong Kong, 2000, in: Contemp. Math., 
vol. 303, Amer. Math. Soc., Providence, RI, 2002, pp. 7–35.

[Dem97] Jean-Pierre Demailly, Algebraic criteria for Kobayashi hyperbolic projective varieties and jet 
differentials, in: Algebraic Geometry—Santa Cruz 1995, in: Proc. Sympos. Pure Math., vol. 62, 
Amer. Math. Soc., Providence, RI, 1997, pp. 285–360.

[DG70] Michel Demazure, Alexander Grothendieck, Schémas en groupes. II: Groupes de type multipli-
catif, et structure des schémas en groupes généraux, Lecture Notes in Mathematics, vol. 152, 
Springer-Verlag, Berlin, New York, 1970.

[DV20] Tien-Cuong Dinh, Duc-Viet Vu, Algebraic flows on commutative complex Lie groups, Com-
ment. Math. Helv. 95 (3) (2020) 421–460.

[FvdP04] Jean Fresnel, Marius van der Put, Rigid Analytic Geometry and Its Applications, Progress in 
Mathematics, vol. 218, Birkhäuser Boston, Inc., Boston, MA, 2004.

[GG80] Mark Green, Phillip Griffiths, Two applications of algebraic geometry to entire holomorphic 
mappings, in: The Chern Symposium 1979 (Proc. Internat. Sympos., Berkeley, Calif., 1979), 
Springer, New York, Berlin, 1980, pp. 41–74.

[Gro72] Alexander Grothendieck, Groupes de monodromie en géométrie algébrique. I, in: Séminaire de 
Géométrie Algébrique du Bois-Marie 1967–1969 (SGA 7 I), Dirigé par A. Grothendieck. Avec 
la collaboration de M. Raynaud et D. S. Rim, in: Lecture Notes in Mathematics, vol. 288, 
Springer-Verlag, Berlin, New York, 1972.

[Iit82] Shigeru Iitaka, Algebraic Geometry. An Introduction to Birational Geometry of Algebraic 
Varieties, Graduate Texts in Mathematics, vol. 76, Springer-Verlag, New York, Berlin, 1982, 
North-Holland Mathematical Library, 24.

[JK20] Ariyan Javanpeykar, Robert Kucharczyk, Algebraicity of analytic maps to a hyperbolic variety, 
Math. Nachr. 293 (8) (2020) 1490–1504.

[JV18] Ariyan Javanpeykar, Alberto Vezzani, Non-Archimedean hyperbolicity and applications, 
arXiv :1808 .09880, 2018.

[Kaw80] Yujiro Kawamata, On Bloch’s conjecture, Invent. Math. 57 (1) (1980) 97–100.
[Kir09] Jonathan Kirby, The theory of the exponential differential equations of semiabelian varieties, 

Selecta Math. (N. S.) 15 (3) (2009) 445–486.
[KUY16] B. Klingler, E. Ullmo, A. Yafaev, The hyperbolic Ax-Lindemann-Weierstrass conjecture, Publ. 

Math. Inst. Hautes Études Sci. 123 (2016) 333–360.
[KUY18] B. Klingler, E. Ullmo, A. Yafaev, Bi-algebraic geometry and the André-Oort conjecture, in: 

Algebraic Geometry: Salt Lake City 2015, in: Proc. Sympos. Pure Math., vol. 97, Amer. Math. 
Soc., Providence, RI, 2018, pp. 319–359.

[Liu11] Yifeng Liu, A non-Archimedean analogue of the Calabi-Yau theorem for totally degenerate 
abelian varieties, J. Differ. Geom. 89 (1) (2011) 87–110.

[Mer15] Joël Merker, Algebraic differential equations for entire holomorphic curves in projective hyper-
surfaces of general type: optimal lower degree bound, in: Geometry and Analysis on Manifolds, 
in: Progr. Math., vol. 308, Birkhäuser/Springer, Cham, 2015, pp. 41–142.

http://refhub.elsevier.com/S0022-314X(23)00130-0/bib37244214E42699D7DA5F8BAAE9DCC0AEs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib37244214E42699D7DA5F8BAAE9DCC0AEs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib0080B144E6B3FEE061BD30F003ED6F02s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib09090987B6F62C47BA8809E216023394s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib09090987B6F62C47BA8809E216023394s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibA723146EB2AD934FD06588DC909ABD58s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibA723146EB2AD934FD06588DC909ABD58s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib1D27A57DBC050C34F2C434909F8DCDBFs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib1D27A57DBC050C34F2C434909F8DCDBFs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibDB004CBE8CE3B171C01946625E09F10As1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibDB004CBE8CE3B171C01946625E09F10As1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibE542BC32DE593B707A6EBC19B1CACFA5s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibE542BC32DE593B707A6EBC19B1CACFA5s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib395FC449B11E922CA558F51B810676FBs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib00235220ABE9BAA8A67433BFD12D4E73s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib00235220ABE9BAA8A67433BFD12D4E73s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib6705DE0E404AB0C3E4C64F9EA2A57462s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib6705DE0E404AB0C3E4C64F9EA2A57462s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib6705DE0E404AB0C3E4C64F9EA2A57462s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibF71119D8A20DF04864F6BF935430A3F6s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibF71119D8A20DF04864F6BF935430A3F6s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibF71119D8A20DF04864F6BF935430A3F6s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibD2A6ECC8FF5BB6781B17B992559A8A2Bs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibD2A6ECC8FF5BB6781B17B992559A8A2Bs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibD2A6ECC8FF5BB6781B17B992559A8A2Bs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibBC62A31D9B51D71F245C308FF9B5CF0As1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibBC62A31D9B51D71F245C308FF9B5CF0As1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib6D7562D5AA55563C5ADB21932B66773Fs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib6D7562D5AA55563C5ADB21932B66773Fs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib674AC5A7ED413CACFD2D2F7E3EE7798Fs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib674AC5A7ED413CACFD2D2F7E3EE7798Fs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib674AC5A7ED413CACFD2D2F7E3EE7798Fs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib19B3E3DDFD0DB0B653A5F5344C8D89A6s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib19B3E3DDFD0DB0B653A5F5344C8D89A6s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib19B3E3DDFD0DB0B653A5F5344C8D89A6s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib19B3E3DDFD0DB0B653A5F5344C8D89A6s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib8AF3A38CEB17105E013F985E51606703s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib8AF3A38CEB17105E013F985E51606703s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib8AF3A38CEB17105E013F985E51606703s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib1441086AFBF1ECDD802A430645937D6Cs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib1441086AFBF1ECDD802A430645937D6Cs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibE002C6B054E14BAEB94E0584BD3BC53Bs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibE002C6B054E14BAEB94E0584BD3BC53Bs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib75BD5FA5B2C458F9E429D79B31811C1Bs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib002E1A6E54DA86CABC77FBB474C2DF49s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib002E1A6E54DA86CABC77FBB474C2DF49s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibD630D85DD180E15E0183E7325E021173s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibD630D85DD180E15E0183E7325E021173s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib598B8D999282719DA06D93F3CB341ED4s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib598B8D999282719DA06D93F3CB341ED4s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib598B8D999282719DA06D93F3CB341ED4s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib43CC0E4F8EE0CA3CA8283BD8FA17A380s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib43CC0E4F8EE0CA3CA8283BD8FA17A380s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib855F2D5A1F1F1B56BF606CC49BDF2DC3s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib855F2D5A1F1F1B56BF606CC49BDF2DC3s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib855F2D5A1F1F1B56BF606CC49BDF2DC3s1


D.T. Huynh et al. / Journal of Number Theory 253 (2023) 257–277 277
[Mor21] Jackson S. Morrow, Non-Archimedean entire curves in closed subvarieties of semi-abelian 
varieties, Math. Ann. 379 (3–4) (2021) 1003–1010.

[Mum72] David Mumford, An analytic construction of degenerating curves over complete local rings, 
Compos. Math. 24 (1972) 129–174.

[Nog86] Junjiro Noguchi, Logarithmic jet spaces and extensions of de Franchis’ theorem, in: Contribu-
tions to Several Complex Variables, in: Aspects Math., vol. E9, Friedr. Vieweg, Braunschweig, 
1986, pp. 227–249.

[Nog18] Junjiro Noguchi, An application of the value distribution theory for semi-abelian varieties to 
problems of Ax-Lindemann and Manin-Mumford types, Atti Accad. Naz. Lincei, Rend. Lincei, 
Mat. Appl. 29 (3) (2018) 401–411.

[Pil11] Jonathan Pila, O-minimality and the André-Oort conjecture for Cn, Ann. Math. (2) 173 (3) 
(2011) 1779–1840.

[PS14] Mihai Paun, Nessim Sibony, Value distribution theory for parabolic Riemann surfaces, arXiv :
1403 .6596, 2014.

[PS17] Ya’acov Peterzil, Sergei Starchenko, A note on o-minimal flows and the Ax-Lindemann-
Weierstrass theorem for semi-abelian varieties over C, Enseign. Math. 63 (3–4) (2017) 251–261.

[PT14] Jonathan Pila, Jacob Tsimerman, Ax-Lindemann for Ag , Ann. Math. (2) 179 (2) (2014) 
659–681.

[RS20] Min Ru, Nessim Sibony, The second main theorem in the hyperbolic case, Math. Ann. 377 (1–2) 
(2020) 759–795.

[Ru01] Min Ru, A note on p-adic Nevanlinna theory, Proc. Am. Math. Soc. 129 (5) (2001) 1263–1269.
[Siu04] Yum-Tong Siu, Hyperbolicity in complex geometry, in: The Legacy of Niels Henrik Abel, 

Springer, Berlin, 2004, pp. 543–566.
[Sun20] Ruiran Sun, Non-Archimedean hyperbolicity of the moduli space of curves, arXiv :2009 .13096, 

2020.
[Tsi18] Jacob Tsimerman, The André-Oort conjecture for Ag , Ann. Math. (2) 187 (2) (2018) 379–390.

[Uen75] Kenji Ueno, Classification Theory of Algebraic Varieties and Compact Complex Spaces, Lec-
ture Notes in Mathematics, vol. 439, Springer-Verlag, Berlin, New York, 1975. Notes written 
in collaboration with P. Cherenack.

[Ull14] Emmanuel Ullmo, Applications du théorème d’Ax-Lindemann hyperbolique, Compos. Math. 
150 (2) (2014) 175–190.

[UY14] Emmanuel Ullmo, Andrei Yafaev, Hyperbolic Ax-Lindemann theorem in the cocompact case, 
Duke Math. J. 163 (2) (2014) 433–463.

http://refhub.elsevier.com/S0022-314X(23)00130-0/bib58671D7435AD36D35E00F005BFC0FFE0s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib58671D7435AD36D35E00F005BFC0FFE0s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib6A7F13267A817C912C09CA57EBF6734As1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib6A7F13267A817C912C09CA57EBF6734As1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib1C5DEC5E66875C48C944C0301C06E68Cs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib1C5DEC5E66875C48C944C0301C06E68Cs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib1C5DEC5E66875C48C944C0301C06E68Cs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib9F1CCD4ECC46C77BC2F8F3CB5F57AC48s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib9F1CCD4ECC46C77BC2F8F3CB5F57AC48s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib9F1CCD4ECC46C77BC2F8F3CB5F57AC48s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib33937E0BF41919DE89C108AF3CE48C68s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib33937E0BF41919DE89C108AF3CE48C68s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibB833B82BD7EDDFB7F1316639A00340B6s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibB833B82BD7EDDFB7F1316639A00340B6s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibCD3E4B9F3AD8E5993F1D5DA5BC948A71s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibCD3E4B9F3AD8E5993F1D5DA5BC948A71s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib6934070BC2762FCF1F3125E9D33A833Cs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib6934070BC2762FCF1F3125E9D33A833Cs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib479EE11BA4EA01B01C47750DE6465CC5s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib479EE11BA4EA01B01C47750DE6465CC5s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib3909D8E3EA9403EE665E75AAB4C44066s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibCA73E3C967546C36498CE6B19BB345D5s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibCA73E3C967546C36498CE6B19BB345D5s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibF8DBCBB40DFA404B0301ABFE61C1D845s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibF8DBCBB40DFA404B0301ABFE61C1D845s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib755C85EA2D2BBF27B299AF8DDE59E3E0s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib3D73FB7B06255019948F33E147A30B60s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib3D73FB7B06255019948F33E147A30B60s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib3D73FB7B06255019948F33E147A30B60s1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib54BD293342B079CF7F9DC5BBD49DA8FBs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bib54BD293342B079CF7F9DC5BBD49DA8FBs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibEE039CCC2767AC8C88D9B485ADCB45DEs1
http://refhub.elsevier.com/S0022-314X(23)00130-0/bibEE039CCC2767AC8C88D9B485ADCB45DEs1

	Big Picard theorem for jet differentials and non-archimedean Ax-Lindemann theorem
	1 Introduction
	2 Non-archimedean Nevanlinna theory
	3 Jet differentials and non-archimedean big Picard theorem
	3.1 Non-archimedean logarithmic Green-Griffiths k-jet bundles
	3.2 Logarithmic directed manifolds and direct image formula
	3.3 Logarithmic derivative lemma for jet differentials
	3.4 Proof of Theorem 1.2

	4 Proofs of Theorems 1.1, 1.3
	4.1 Transcendence of the uniformizing map
	4.2 Valuation map and the proof of Theorem 4.2
	4.3 Jets projection on abelian varieties and stabilizers of subvarieties
	4.4 Non-archimedean Ax-Lindemann theorem
	4.5 Pseudo-Borel hyperbolicity of closed subvarieties of abelian varieties

	Data availability
	References


