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Abstract

We prove that every complex K3 surface carrying a genus-one fibration is Oka:
the class contains nonprojective torsors, and no section of the fibration is assumed.
Two comparison theorems do the work. The first transfers the Oka property between
complex manifolds whose complements of finite simple normal crossing divisors are
Oka, provided that a diffeomorphism matches the divisors component by component
and is biholomorphic near all of them; it imposes no Oka condition on the divisor strata
and is available in every source dimension. The second exhibits a common holomorphic
affine bundle over a genus-one torsor and over its Jacobian, and therefore shows that
the two are Oka together. These tools reduce the problem to a single compact model,
namely the K3 surface of discriminant three that arises as a cyclic triple cover of P! x P
branched along six lines: its eleven genus-one fibrations separate tangent vectors, and
a small deformation of it matches the whole exceptional neighbourhood and reaches
Picard rank twenty. It follows that every complex K3 surface of Picard rank twenty is
Oka, and so is every generalized Kummer K3 surface, that is, every minimal resolution
of a quotient of a complex two-torus by a finite group of symplectic automorphisms;
the case of inversion recovers all Kummer surfaces. We also show that every smooth
complex Enriques surface is Oka, nodal ones included, and that the Oka locus in a
non-isotrivial proper holomorphic family of K3 surfaces is a dense G5 subset of the
base.
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1 Introduction

The Oka property asks whether the classical approximation and interpolation theorems
for holomorphic functions survive when the target is an arbitrary complex manifold. The
question goes back to Oka and Grauert, but it received a geometric answer only with
Gromov’s notion of a dominating spray, which converts the existence of sufficiently many
holomorphic deformations into the flexibility one is after [10, 8]. Forstneri¢ later gave this
flexibility a purely approximation-theoretic form: a complex manifold X is Oka precisely
when, for every n > 1 and every compact convex set K C C", each map holomorphic
near K can be approximated uniformly on K by entire maps C" — X [6]. Note that the
source dimension is unrestricted, and this is exactly what separates the Oka property from
approximation for maps whose source is an open Riemann surface.

For compact complex surfaces the earliest progress came from entire curves and dominat-
ing maps. Buzzard and Lu proved that Kummer surfaces, and more generally K3 surfaces
admitting an elliptic fibration, are dominable by C? [2, Section 4.2 and Theorem 4.7];
Forstneri¢ and Larusson then showed that every Kummer surface is strongly dominable and
that the complement of its sixteen exceptional curves is Oka [9, Corollary 3 and Lemma 7];



and Alarcon and Forstneric¢ established the Oka-1 property for Kummer surfaces and elliptic
K3 surfaces alike [1, Proposition 8.4 and Corollary 8.6]. Oka-1, however, controls only
maps whose source is an open Riemann surface, whereas the full Oka property must also
handle maps from Stein manifolds of arbitrary dimension; the compact surfaces themselves
were therefore left open.

More recently, Xie and Zhao produced Oka K3 surfaces from smooth hypersurfaces
of multidegree (2,2,2) in (P')3, and proved that the Oka locus is a dense G5 subset of
every local Kuranishi family [21, Theorems A and B]; their methods also give projective
and nonprojective Oka Kummer surfaces, and they cover unnodal Enriques surfaces
[21, Theorems C and E]. Those constructions provide compact examples together with
deformation statements. Here we take a different route: instead of exhibiting one model at
a time, we compare whole classes of K3 surfaces with models already known to be Oka, in
a manner that leaves intact the geometry responsible for approximation.

The difficulty is already visible on a Kummer surface. Its complement of exceptional
curves is Oka, but approximation in that complement tells us nothing about the compact
surface, because a map meeting one of the curves transversely continues to meet it after any
sufficiently small perturbation. One must instead compare sections of the two manifolds
along the curves themselves, and that is what our first comparison theorem achieves
(Theorem 2.1): if two complex manifolds have Oka complements of finite simple normal
crossing divisors, and if a diffeomorphism identifies the divisors component by component
while being biholomorphic near all of them, then the Oka property transfers in both
directions. Combined with explicit compact Oka models and with a comparison between a
genus-one torsor and its Jacobian, this yields the main theorem of the paper.

Throughout, a genus-one fibration means a surjective holomorphic map from a smooth
compact K3 surface to P* whose fibres are connected and whose general fibre is smooth of
genus one. We identify fibrations that differ by an automorphism of the base. We insist on
no section, and we keep singular fibres with all their components and multiplicities, since
the arguments below have to survive both the absence of a section and the degenerations
of the fibres.

Theorem 1.1. Fvery complex K3 surface admitting a genus-one fibration is Oka.

Idea of the proof

We prove the theorem in three steps, and it is worth saying at the outset where the difficulty
lies: not in producing sprays on a compact surface, but in keeping them under control
across the exceptional curves.

The first step removes the group law from the picture. A genus-one K3 surface need
not be its own Jacobian, but the two are related by a common holomorphic affine bundle:
a single complex manifold is the total space of a holomorphic affine bundle over the torsor
and also of one over its Jacobian, and the Oka property passes through affine bundles
in both directions. It is therefore enough to prove the theorem for Jacobians, the only
price being that the bundle comparison must survive singular fibres. It does, because the
Hamiltonian action of the fibration is complete on every fibre, singular ones included.

The second step provides the compact model. A genus-one fibration on a K3 surface
carries a holomorphic motion along its fibres, obtained by contracting the holomorphic
two-form against the differential of the fibration, and compactness of the fibres makes this
motion complete for all complex times, so that it integrates to an additive spray. One
spray never dominates, but several fibrations can: when their Hamiltonian directions span
the tangent space at every point, the surface is subelliptic and hence Oka. This mechanism



is due to Xie and Zhao [21, Section 3], and what is needed here is an explicit surface for
which it can be checked by hand; a discriminant-three model given by a triple cover of
P! x P! serves that purpose.

The hard part is the third step, and it is the reason for the normal-crossing transfer.
Exceptional curves are precisely where flexibility is most difficult to control, since a spray
that is complete on the complement need not extend across them. Our transfer avoids
the issue by keeping an entire neighbourhood of the divisors holomorphically identified,
while the Oka complements gives the deformations away from them; the point of following,
separately for each divisor component, how a map meets that component is that the
deformations can then be joined across the curves. The transfer assumes nothing about
the divisor strata themselves being Oka, and it works in every source and target dimension.
Applied to the marked Inose companions it produces compact Oka models of Picard rank
twenty.

Finally, two genus-one fibrations whose fibre classes meet in at most three points have an
Oka complement of their common contracted curves, and matching the whole exceptional
neighbourhood of such a surface with a Picard-rank-twenty model makes the compact
surface itself Oka. For a prescribed Jacobian, a lattice construction provides a surface of
this kind whose Jacobian is the one prescribed, so that the affine-bundle comparison first
gives the Oka property of that Jacobian and then carries it back to the original torsor.

Projectivity enters only through the auxiliary models, where it provides the contraction
and the ample class needed for the deformation comparison and the polarization used to
reconstruct the Jacobian. The affine-bundle comparison returns the Oka property to the
original analytic torsor, which need not be projective.

Further consequences

By a generalized Kummer surface we mean the minimal resolution of a quotient A/G
which happens to be a K3 surface, where A is a complex two-torus and G is a finite
group of holomorphic automorphisms preserving a nonzero holomorphic two-form. The
automorphisms are allowed to have translation parts, and they need not share a fixed point;
the term is used here for surfaces only, and not for the higher-dimensional generalized
Kummer varieties.

Theorem 1.2. FEvery generalized Kummer surface is Oka.

The proof is again a comparison. An equivariant construction produces a projective
generalized Kummer surface of Picard rank at least seventeen, and a projective K3 surface
of Picard rank at least five carries a genus-one fibration, so Theorem 1.1 applies to that
model and the normal-crossing transfer brings the conclusion back. Section 9 also exhibits
nonprojective examples of order three, which have neither a genus-one fibration nor an
ordinary Kummer structure.

Corollary 1.3. FEvery complex Kummer surface is Oka.

This is the case G = {£1} of Theorem 1.2. The question is recorded in [5, Section 6.2]
and [8, Section 7.2], and the corollary extends the compact examples of [21] to Kummer
surfaces of arbitrary complex two-tori, projective or not.

Corollary 1.4. Every smooth complex Enriques surface is Oka, including every nodal
Enriques surface.



Recall that a nodal Enriques surface is a smooth Enriques surface containing a (—2)-
curve. Its canonical K3 cover is unramified, and it stays unramified along those curves,
so applying the genus-one theorem to the cover extends the unnodal result of [21] to all
smooth complex Enriques surfaces.

The genus-one theorem is also strong enough to detect Oka fibres inside an arbitrary
nonconstant family of K3 surfaces.

Theorem 1.5. If X — B is a non-isotrivial proper holomorphic submersion with K3 fibres
over a connected complex manifold, then its Oka locus is a dense Gg subset of B.

Here non-isotrivial means that the complex structures are not locally constant up
to biholomorphism, and density is understood in the complex-analytic topology. The
statement does not follow from the Kuranishi-family result quoted above, because the base
may trace only a lower-dimensional part of the period domain, so that the period cannot
be varied freely. What the proof does instead is to find, densely along every nonconstant
period curve, fibres carrying an integral isotropic Néron—Severi class; Theorem 1.1 makes
those fibres Oka, and Larusson’s deformation theorem upgrades density to a dense Gy
statement [14, Corollary 8§].

The paper follows this order. Section 2 proves the normal-crossing transfer and Section 3
the completeness of the flows along a fibration; Section 4 gives the torsor—Jacobian reduction.
The compact models are built in Sections 5 and 6, after which Sections 7 and 8 prove
the genus-one theorem through the small-intersection and Jacobian constructions. The
final three sections treat torus quotients, Enriques surfaces and non-isotrivial families, and
Appendix A records the geometric comparison between arbitrary Kummer models.

2 Transfer across simple normal crossing divisors

2.1 The transfer statement and relative sections

We begin with the tool that lets us move the Oka property from one compact surface to
another. A finite simple normal crossing divisor is a reduced divisor £ = E; + --- + E,
whose irreducible components are smooth and are locally given by distinct coordinate
hyperplanes; here and below we also write E for its support, and we label the components
whenever two such divisors are to be compared.

Theorem 2.1. Let X and Y be connected complexr manifolds, and let E = E1+---+ E,
and F = F| + --- 4+ F, be finite simple normal crossing divisors. Suppose that X \ E and
Y \ F are Oka. If there is a smooth diffeomorphism h: X —'Y satisfying h(E;) = F; for
every i, which is biholomorphic on a neighbourhood of E, then X is Oka if and only if Y
is Oka.

The theorem is stated for an arbitrary pair of divisors, but the case we have in mind is
that of the exceptional divisors with D- and E-type dual graphs that occur on the surfaces
below. What makes the proof work is that a separate normal ratio is kept for each divisor
component, and that this bookkeeping is maintained at the crossings as well.

Two conventions are in force throughout. A holomorphic submersion is understood
locally as a holomorphic projection, and when we call a map on a reduced analytic subset
holomorphic we refer to its reduced complex-space structure.

Lemma 2.2. Let S be a Stein manifold, let D C S be a closed reduced complex subvariety,
and let q : Q@ — S be a holomorphic submersion. Suppose that q restricts over S\ D
to a holomorphic fibre bundle with Oka fibre. Let C C S be compact and O(S)-conves.



Every continuous section s which is holomorphic near C and whose restriction to D is
holomorphic is homotopic, through continuous sections fixed on D, to a holomorphic section
arbitrarily close to s on C. The homotopy can also be kept arbitrarily close to s on C.

Proof. We construct the homotopy by an exhaustion of .S, alternating the two results of
Forstneri¢ on sections of stratified fibre bundles that we quoted above [7, Propositions 4.1
and 5.1]; throughout, the stratification is the pair My = S, M; = D. We choose a complete
distance on ) and an exhaustion

C=CocCicCyC---

by compact O(S)-convex sets, with C; C int Cj1; for j > 1. Note that C; N D is 0(D)-
convex: restrictions of functions separating a point of D\ C; from Cj also separate it from
Cj ND.

Suppose that the section we have is holomorphic near C; and on D. By [7, Proposition
4.1], there is a holomorphic section on a neighbourhood of C; U D, equal to the current
section on D and arbitrarily close to it on C;. The new and old sections can be joined by
short paths in the fibres near C; U (D N Cj12): the two are close near C; and agree on D,
so continuity permits a sufficiently small neighbourhood of D N )42 on which these paths
are defined. A cutoff in the base then replaces the old section by the new one near this
set, while preserving it outside a slightly larger neighbourhood. The resulting homotopy is
fixed on D, and its displacement on C} is arbitrarily small.

It remains to make the section holomorphic near Cj 2. For this we apply [7, Proposition
5.1 with K = Cj, L = Cj2, My =S, and My = D. It provides a section homotopy fixed
on DN Cj,a, arbitrarily small on €}, whose final section is holomorphic near Cj 2. Cut off
its time parameter by a function equal to one near C; 1 and supported in int C}o; this
makes the homotopy fixed on all of D and leaves its final section holomorphic near C11.

We choose the total error of the jth step smaller than 277~2¢. Concatenation on intervals
tending to 1 gives a homotopy with a locally uniform limit at time 1, and completeness
ensures that the limit exists. Since the successive sections are eventually holomorphic on a
neighbourhood of each C}, that locally uniform limit is again a holomorphic section. The
homotopy is fixed on D and stays within € of the initial section on C. The argument also
applies when C is empty. O

2.2 Transversality and simultaneous comparison

The comparison below has to be carried out for all components at once, so we record the
relevant notion of transversality. For a finite simple normal crossing divisor £ = >, Ej,
transversality to its strata means transversality to every nonempty intersection of its
components; at a point of an intersection, this is equivalent to linear independence of the
pulled-back local defining differentials.

Lemma 2.3. Let ¢ be holomorphic on a neighbourhood of a compact convezr set K C C",
with values in a complex manifold X. For every finite simple normal crossing divisor
E C X, the map ¢ can be approximated uniformly on K by maps holomorphic on a smaller
convex neighbourhood of K and transverse to all strata of E.

Proof. We choose a convex Stein neighbourhood U of K on which ¢ is holomorphic. The
graph of ¢ has a Stein neighbourhood in U x X by [18], so Cartan’s theorem A, applied
to the vertical tangent bundle, provides finitely many holomorphic vertical vector fields
spanning that bundle along the graph over a compact neighbourhood of K. Their local
flows produce a holomorphic family ;, defined on a fixed smaller neighbourhood for all



sufficiently small parameters, whose parameter differential is surjective at t = 0; after
decreasing the source and parameter neighbourhoods, the total map is a submersion.
Now parametric transversality can be applied to every nonempty intersection of the
components of E. There are finitely many such intersections, so arbitrarily small parameters
make ¢, transverse to all of them, and restriction to a convex neighbourhood of K proves
the assertion. O

Lemma 2.4. Let U C C" be Stein, and let ¢1,...,¢, € O(U). Assume that, at each point
z € U, the differentials d¢;(z) for which ¢;(z) = 0 are linearly independent. Suppose that
Yy € O(U) and that 1, ; — ¢; locally uniformly on U. Given a compact set L € U, there
are fized smaller neighbourhoods of L and holomorphic maps 3, and functions £, ; on them,
for all sufficiently large v, such that

¢V,i o Bzx = 66””@%’, 1< <. (1)

The maps B, are biholomorphisms onto their images, which contain a fized smaller neigh-
bourhood of L. On fized smaller neighbourhoods, 5, and their inverses converge to the
identity, and £,; — 0.

Proof. We look for the biholomorphisms 5, as time-one maps of a flow that straightens
the functions 1, ; against the ¢;. We consider the holomorphic bundle map

Dy:TU @ O — 0f,  Dy(V, ) = (dgi(V) — ci)_;- (2)

This bundle map is surjective. For each index with ¢; # 0, the variable ¢; controls the
corresponding coordinate, while the vector V' controls the remaining coordinates by the
assumed independence of the differentials belonging to the vanishing functions. Cartan’s
theorem B therefore provides a holomorphic right inverse Ry.

Let 0,; = ¥y ; — ¢; and ¢4 = ¢; + td,;. We fix nested compact neighbourhoods of
L; by Cauchy estimates the convergence is C' on the smaller ones. For ¢ in a bounded
complex neighbourhood of [0, 1], consider the family

R, = Ro(I + (Dy, — Dy)Ro)~"

The inverse exists for large v, uniformly in this neighbourhood of [0, 1], so R; is holomorphic
and uniformly bounded on a fixed smaller source neighbourhood. It is a right inverse of
Dy

e

The vector field and coefficient tuple (V;, ¢;) = — R;6, satisfy
Ordii + doi (Vi) = ciidig, Vil + lles|| — 0

uniformly on the fixed compact neighbourhoods. Since the field is uniformly small, the
holomorphic flow B; of V4, beginning at the identity, exists for 0 < ¢ < 1 on a fixed smaller
neighbourhood, and its inverse exists on a further fixed smaller neighbourhood; both remain
in the domain of the coefficients. Along the flow,

u0u(2)) = exp( [ (521 ds ) 1(2)

Taking ¢ = 1 gives (1), and the uniform smallness of the vector field and of the coefficients
also gives the stated convergence on the fixed domains. O



2.3 Interpolation near a holomorphic section

The next statement is what allows us to prescribe the behaviour of a section on the divisor
while approximating it elsewhere; it is applied later to sections of an auxiliary submersion
rather than to maps into the surface itself.

Lemma 2.5. Let q: Q — U be a holomorphic submersion over a Stein manifold, and let
D C U be a closed reduced complex subvariety. Let o be a holomorphic section, and let
T be a continuous section homotopic to o through sections fired on D. Suppose that T,
are continuous sections, holomorphic near D, which converge to T uniformly on compact
subsets. For every compact L € U, after restriction to a fized smaller neighbourhood
of L and passage to a subsequence, there are holomorphic sections o, — o and section
homotopies from 1, to o, fixed on D.

Proof. We choose nested relatively compact Stein neighbourhoods of L. Along o, holomor-
phic fibre coordinates identify a neighbourhood of the zero section of the bundle

V = o*(ker dgq)

with a neighbourhood of ¢ in Q), preserving the projection. To obtain such coordinates, take
a Stein neighbourhood of the section, choose finitely many vertical holomorphic vector fields
spanning along a compact neighbourhood of L, and compose their small flows; Cartan’s
theorem B splits the surjective parameter differential along the section, and restricting
the flow map to a complementary subbundle and applying the inverse function theorem
produces the asserted coordinates. This is the fibre-preserving version of the construction
in [7, Section 3], and the coordinate domains can be made fibrewise convex after decreasing
them.

Since 7|p = o|p, local uniform convergence places the restrictions 7,|p in these coordi-
nates on an intermediate relatively compact Stein neighbourhood Us, for all sufficiently
large v; they correspond to holomorphic sections v, of V|pny, tending to zero. By Cartan’s
theorem B the restriction map

P(UQ, V) — F(D NUs, V|D) (3)

is a continuous surjection of Fréchet spaces, so the open mapping theorem implies that,
after passage to a subsequence, v, admits holomorphic extensions tending to zero on the
closure of a fixed smaller neighbourhood U; € Us. Applying the fibre coordinates to these
extensions produces holomorphic sections ¢, on U; with

Oy — O, UV‘D :TV|D‘ (4)

On a still smaller fixed neighbourhood, join 7, to 7 by short paths in the fibres, follow the
given homotopy from 7 to ¢, and then join ¢ to ¢, in the holomorphic fibre coordinates.
Over D the middle part is constant and the other two parts are uniformly small, so
by compactness there is a neighbourhood of the relevant part of D on which the entire
concatenated path lies in a fibrewise convex coordinate neighbourhood of o. We write its
coordinates there as w;(z).

We choose a cutoff A supported in that neighbourhood and equal to one on D over the
closure of a fixed smaller neighbourhood Uy of L, and replace w; by

(1= XN)we + A((1 = t)wo + twr). (5)

Convexity makes this a valid path, and both endpoints are unchanged. Equation (4) implies
wo = w1 on D, so the modified path is constant there. Restriction to Uy completes the
proof. O



2.4 The auxiliary submersion

Everything so far has been prepared for one construction, in which a map into one of our
two surfaces is encoded by a section of a submersion whose fibre over the complement
of a divisor is a product. Let S be a complex manifold, and for each i let L; — S be a
holomorphic line bundle with a holomorphic section d;. Let M; = Ox (F;), with canonical
section e;. In the product over S x X of the bundles of invertible homomorphisms L; — M;,
consider

Qx ={(z,z,n1,....n0) i mi : (Li): = (M),

ei(z) = ni(di(z)) for every i}. (6)

Let gx : @x — S be the projection. Construct Qy in the same way from Oy (F;) and its
canonical section, keeping the source data (L, d;) fixed.

Lemma 2.6. The space Qx is a complex manifold and qx is a holomorphic submersion.
If D is the reduced union of the zero sets of the d;, then

Qxls\p = (S\ D) x (X \ E) (7)

over S\ D. A diffeomorphism h as in Theorem 2.1 induces a diffeomorphism h: Rx — Qv
over S, biholomorphic on a neighbourhood of q)}l (D).

Proof. At a point of Qx, let I = {i: d;(z) = 0}. The equations in (6) imply that these are
exactly the indices of the components of E containing z, and in local frames the simple
normal crossing condition makes their canonical sections coordinate functions y; on X.
The equations for ¢ € I are

yi = di(2)ni, n; # 0.

They eliminate the coordinates y;, while for j ¢ I the equation uniquely determines 7;,
since d;(z) # 0; the remaining coordinates include all base coordinates freely. This proves
smoothness and submersivity, and outside D all ratios are uniquely determined, which
proves (7).

There are canonical smooth complex line-bundle isomorphisms

Mi ~ h*ﬁy<FZ> (8)

which preserve the canonical sections. Near E they are induced holomorphically by h,
while outside F; preservation of the nonzero canonical section determines them uniquely;
the two constructions agree on the overlap and hence glue smoothly. Composition with the
n; gives ?L, whose inverse is induced by A~!. Over D the point x lies in E, so the induced
map is holomorphic on a neighbourhood of ¢y (D). O

2.5 Proof of the transfer theorem

The proof runs the auxiliary submersions through three stages. We first deform the local
section over the Oka manifold Y; next we approximate its underlying map by entire
maps and align all the pulled-back divisor components simultaneously; and finally a
relative section homotopy produces local holomorphic data on the resulting global auxiliary
submersion, at which point the Oka property of X \ E gives an entire map into X.

Proof of Theorem 2.1. Assume that Y is Oka, and let K C C™ be compact and convex, let
© be holomorphic near K with values in X, and fix € > 0. By Lemma 2.3, after an initial



perturbation of size less than €/3, the map is transverse to all strata of E on a convex
Stein neighbourhood U of K; we retain the notation ¢ for the perturbed map.

Let L; = ¢*M; and d; = ¢*e;. The reduced union D of their zero sets is a simple normal
crossing divisor in U. The map ¢ determines the holomorphic section o : U — @Qx whose
homomorphisms are the tautological identities, and the section ho of Qy is continuous and
holomorphic near D. Lemmas 2.2 and 2.6, with empty approximation compact, provide a
homotopy of sections s; of Qy, fixed on D, such that

~

so = ho, s1 is holomorphic on U. (9)

We write ¢ : U — Y for the underlying map of s;. Its line homomorphisms identify (L;, d;)
holomorphically with the pullbacks of the canonical pairs for F;, so that

as effective divisors; moreover, since the nonzero normal ratios preserve the independence
of the local defining differentials, the transversality of ¢ implies that of ¥ to all strata of
F'. The section 7 = ﬁ_lsl is joined to o by a section homotopy fixed on D, namely the
reverse of (9) transported by A=, and therefore 7|p = o|p.

Since Y is Oka and U is convex, there are entire maps 1, : C* — Y converging to 1
uniformly on compact subsets of U. We choose a point of U \ D: for large v, its image
under v, lies outside F', so none of the canonical pullback sections below is identically zero.
The global source pairs on C™ are

Liy = 1, Oy (F;), diy = Vier,

and D, denotes the reduced union of their zero sets. These pairs determine global auxiliary
submersions Q) x , and Qy,,. Transporting the tautological holomorphic section of Qy,, by
hl gives a continuous section A, of @)x, which is holomorphic near D, .

We compare these submersions near K. We choose fixed nested convex neighbourhoods
with compact inclusions in U; each L; is trivial there. We use the line homomorphisms of s1
to transfer a frame of L; to a frame of Oy (F;) along the graph of 1. A Stein neighbourhood
of that graph exists by [18]. Cartan’s theorem B extends the frame to this neighbourhood;
its nonzero locus is an open neighbourhood of the graph, and taking the intersection of
these loci for all 7 provides simultaneous frames on one common neighbourhood.

In these frames, let ¢;(z) and 1, ;(2) be the coefficients of the canonical sections along
1 and ,; the coeflicient ¢; is also that of d; in the chosen frame of L;. These holomorphic
coefficient functions satisfy v, ; — ¢; locally uniformly, so Lemma 2.4 provides /3, and ¢, ;
satisfying (1).

Multiplication by e in the common frames gives an isomorphism

i Li — B,Li,, 0;.(di) = Brdi .

It induces an isomorphism C, from the fixed local space Qx to @x,, over 3,, by replacing
7; with n; o 9; Vl; in particular,

B, (Dy) =D (11)

on the comparison neighbourhood.

We pull A, back by C, and denote the resulting local section of Qx by 7,. Before
applying ﬁ_l, its underlying map is v, o 8, and its homomorphisms have coefficients e/
in the common frames, so they converge to the corresponding data of s;. Consequently,

T, — T (12)



uniformly on fixed smaller compact neighbourhoods, including points of D, and each 7, is
holomorphic near D.

Now apply Lemma 2.5. After decreasing the fixed neighbourhood and passing to a
subsequence, it provides holomorphic sections o, — o and local section homotopies J,
from 7, to 0, fixed on D. We choose a sufficiently large index so that the comparison image
contains a fixed neighbourhood of K and 8, (K) lies in the domain of these homotopies,
transport the homotopy to @) x, by C,, and cut off its time parameter by a function equal
to one near K and compactly supported in that comparison image. Together with A,
outside the support, this gives a global continuous section H, of Qx ..

Near K, the section H,, is the holomorphic transport of o,. The divisor alignment (11)
and the fact that J,; is fixed on D give

HV|DV = AI/|DV' (13)

Its restriction to the reduced analytic space D, is therefore holomorphic.

Lemma 2.2 now applies to Qx, — C", by (7) and the Oka property of X \ E. It
produces a global holomorphic section arbitrarily close to H,, on K, whose projection to
X is an entire map. Before the final approximation, the projected map near K is the
underlying map of o, composed with 3,1, so the convergence of both factors gives uniform
convergence to ¢ on K. We choose the index and the final approximation so that their
errors are each less than €/3; together with the initial perturbation, this proves convex
approximation for X.

The inverse diffeomorphism satisfies the same hypotheses with X and Y exchanged,
which proves the equivalence. O

2.6 Resolved involution quotients

The transfer theorem is used in this paper almost always in the following special shape,
where the divisors are the exceptional curves of a resolved involution quotient.

Corollary 2.7. For i = 0,1, let S; be a connected compact complex surface with an
inwolution v; whose fized set P; is finite and whose tangent action there is —id. Put

Y; = Blp, S;, X =Y/

Suppose S; \ P; is Oka for both indices and an equivariant diffeomorphism h : Sy — Sy is
biholomorphic near Py. Then Xg is Oka if and only if X1 is Oka.

Proof. Holomorphic linearization at a fixed point gives the action & — —¢ on C2. In a
blowup chart £ = (y,yv) it becomes

(y,v) — (—y,v), (y,v) — (y2,v)

for the action and quotient map. Hence X; is smooth and its exceptional divisor B; is a
disjoint union of rational (—2)-curves. The equivariant map h lifts to the blowups: near
the centers this is the holomorphic lift, while away from them it is defined by the blowdown
isomorphisms, and these lifts agree on overlaps. They descend to a smooth diffeomorphism
X1 — Xy biholomorphic near the whole Bj.

The complement X; \ B; is the unramified quotient of S; \ P; by its free involution,
so it is Oka by covering invariance [6, Theorem 1.4], and Theorem 2.1 applies in either
direction. O
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2.7 Localizing an equivariant isotopy

One further construction is needed, which lets us make a smooth comparison linear near
finitely many distinguished points.

Lemma 2.8. Let H C GL(R?) be a finite group, and let (My)o<i<1 be a smooth path in
GL(R*) with My = id. Suppose that every M; commutes with H. For every H-invariant
ball B centred at the origin, there is an H -equivariant smooth diffeomorphism of R* which
18 the identity outside B and agrees with My near the origin.

Proof. We choose an H-invariant inner product and a smooth H-invariant cutoff y com-
pactly supported in B, with x = 1 on a ball of radius p > 0 about the origin. The
time-dependent vector field

Vile) = x(@) MM ' (14)

is H-equivariant and has compact support independent of ¢. Its flow F} therefore exists for
0 <t <1, consists of smooth diffeomorphisms, and is the identity outside B; uniqueness
makes the flow H-equivariant as well.
Now choose § > 0 such that
6 sup [|M]| < p.
0<t<1
For ||z|| < ¢, the path Mz remains where y = 1 and solves the flow equation with initial
value x, so uniqueness gives Fy(z) = Mz there. The time-one map F therefore has the
required properties. ]

3 Complete flows along a fibration

A genus-one fibration on a K3 surface comes with a canonical family of holomorphic
motions, and it is these that will produce the sprays used later. Let S be a K3 surface,
w a nonzero holomorphic two-form, and f : S — P! a genus-one fibration. Symplectic
contraction gives

A= whodf* : f* TP — Ts.

Lemma 3.1. The map Ay integrates to a holomorphic additive action of T*P' along f,
on the complete surface and all its singular fibres.

Proof. Skew-symmetry gives df o Ay = 0. On f*T*P!, the vector field (Af(z,v),0) keeps
the value f(x) and the cotangent parameter v fixed, so its trajectory stays in the compact
fibre f~1(f(x)) x {v}; holomorphic ODE continuation therefore gives a flow for every
complex time, and its time-one map is holomorphic in all variables.

In a local frame, the vector fields have the form (a o f)V. They commute, because the
vertical field V' annihilates their coefficients; linearity in v gives additivity, and negation of
the parameter gives the inverse. Note that this argument also applies where the vector
field vanishes, on nonreduced fibres, and at intersections of fibre components. It is the
construction of [21, Proposition 3.2]. O

Recall that a spray associated with a holomorphic map f: M — B and a vector bundle
E — B is a holomorphic map s : f*E — M satisfying

s(z,0) =z, f(s(z,e)) = f(z), s(s(z,e),€) = s(x,e+e). (15)

The last identity is the additive property. For a local section a of E, the map 7,(z) =
s(z,a(f(z))) is a biholomorphism on its base preimage, with inverse 7_,.
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Lemma 3.2. Let a complex manifold M have finitely many additive sprays as in (15),
and let Uy be the locus where their vertical differentials span Tar. If each point can be
carried into Uy by a finite composition of the local maps 7,, their inverses, and holomorphic
automorphisms of M, then M is Oka.

Proof. We follow the induction of Xie and Zhao [21, Proposition 3.6]. Kusakabe’s cri-
terion [12, Corollary 4.1] reduces the conclusion to the following assertion: for each
holomorphic A : S — M from a Stein manifold and each sy € S, finitely many holomorphic
sprays over h have parameter differentials spanning Tj,,,)M. We prove this assertion by
induction on the length of a composition that carries h(sg) into Uy, treating first the two
kinds of step such a composition may contain.

For an automorphism step, apply the induction to the automorphism composed with h,
and then compose the resulting sprays with its inverse. If instead h(so) already lies in U,
then Cartan’s theorem A provides finitely many global sections of each (f o h)*E spanning
its fibre at sg, and inserting their linear combinations into the additive sprays proves the
assertion at that point.

It remains to handle a translation step. Suppose the first map of the composition
is 7, for one spray s : f*E — M. A global section p of (f o h)*E can be chosen with

p(s0) = a(f(h(sp))), and then
hi(s") = s(h(s"), p(s"))

takes the required translated value at so. By induction there are sprays Hy, : S x CVe — M
over hy whose parameter differentials span at sqg. Since f o hy = f o h, Cartan’s theorem B
extends —p from the zero section to a global section g of (f o Hi)*FE, and the maps

Hy(s',t) = s(Hy(s', 1), qu(s, 1))

are sprays over h by (15).
Let 7 : f*E — M be the projection and let £ = (h1(s0), —p(s0)). Lifting each Hy by
its section g gives Hj with

ker dme + Zim dtﬁk(sm 0) = T&(f*E)-
k

The differential ds;¢ is surjective: along the local section —a, it is the differential of the
inverse translation, and by additivity its image on ker dm¢ is exactly the original spray
direction at h(sg). Applying ds¢ to the displayed tangent-space equality therefore shows
that the parameter differentials of the ]flk, together with those of the sprays over h
given by Cartan’s theorem A for the original direction, span the target tangent space,
which completes the induction. Note finally that every constructed spray has a full affine
parameter domain, as required by Kusakabe’s criterion. ]

Let us record how the sprays of Lemma 3.1 can be made to avoid a prescribed finite
set. For a finite set P C S, choose a reduced divisor Dy C P! containing f(P), and restrict
the action through

T*P'(-Dy) — T*P* (16)

to fix the fibres over Dy pointwise. Every trajectory over the complement of Dy then stays
in a fibre disjoint from P, so the restricted action defines an entire additive spray on S\ P,
with the original Hamiltonian direction wherever f(x) ¢ Dy. We call these the protected
sprays, and say that the fibres over D; are protected.
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4 An affine-bundle equivalence for additive twists

The next step reduces the genus-one theorem to the case of Jacobian elliptic K3 surfaces.
The mechanism is a comparison of two complex manifolds through a common affine bundle:
we first show that a manifold and its additive twist over the same base have the same Oka
status, and then apply the complete fibrewise action of Lemma 3.1 to analytic torsors.

Let m : Y — B be a holomorphic map between complex manifolds, let ¥ — B be a
holomorphic vector bundle, and suppose that

s:YxpFE —Y

is a holomorphic action of its additive group bundle, so that 7(s(y,v)) = 7(y), s(y,0) =y,
and s(s(y,v),w) = s(y,v+w). Twisting such an action along a cocycle is the operation we
want to control. We choose an additive Cech cocycle a;; for E over a cover {U;} of B, and
let P — B be the corresponding E-torsor, with local coordinates satisfying p; = p; + a;;.
Let Y, be the twist obtained by gluing Y|y, using

yj = s(yi, aij).
Proposition 4.1. There is a common complex manifold W and holomorphic affine bundles
Y «+— W — Y,

with fibre C*"%E  Consequently Y is Oka if and only if Y, is Oka.

Proof. We set W = P xg Y. The projection gy : W — Y is the pulled-back affine bundle,
so W is a manifold even if 7 has critical points. Define

9a(p,y) = [8(y,pi)] € Ya.

On overlaps the action law gives

S(ya p]) = S(S(yv pz)7 aij)7

which is precisely the gluing relation of Y,; hence ¢, is well defined and holomorphic. Over
U; it has the explicit bundle coordinates

(p,y) — (zi = s(y,pi), pi), (zi,pi) = (p,y = s(zi, —pi))-

These are inverse holomorphic maps, the first coordinate changes by the twist transition,
and the second by an affine translation, so ¢, is an affine bundle; the same formulas prove
submersivity at points fixed by the action. Since an affine bundle is a fibre bundle with
fibre C'a& ¥ the Oka equivalence follows twice from the fibre-bundle theorem [6, Theorem
1.4]. O

The descent can also be seen directly from convex approximation, without invoking
the fibre-bundle theorem. A holomorphic map from a Stein neighbourhood of a convex
compact set into Y, lifts to the pulled-back affine bundle by Cartan’s theorem B, and an
entire approximation into an Oka W, followed by q,, gives the required approximation into
Y,; the projection to B is allowed to vary.

13



4.1 Analytic genus-one K3 torsors

We now apply the proposition to the situation of interest. Let 7 : J — P! be a Jacobian
elliptic K3 surface with zero section e, and let ¢ be a nonzero holomorphic two-form. We
put £ = T*P'. Symplectic contraction defines

A:1m"E — Ty, A=ctodr.

Lemma 3.1 provides an additive action on every complete fibre. To apply the affine-
bundle equivalence, we must identify its normalization with the additive sheaf used in the
analytic Tate-Shafarevich construction, namely

L=R'7.0;~ Op(-2).

The normalization has to be checked on the whole base, and here the presence of singular
fibres is a genuine issue. The section satisfies dm o de = id, so it lies in the smooth locus of
7 even above singular fibres; restricting A to e and taking the normal component therefore
gives an everywhere invertible map

E N,
Now the boundary map for
0— 05— Oj(e) —> Ny — 0

identifies N,,; with L over the entire base; see [11, Chapter 11, Section 2.2]. Denote
the composite by # : E = L, with the sign fixed by the Abel-Jacobi convention. On a
smooth fibre this boundary map is the differential of P+ &(P — e), and since the action
is translation invariant there, uniqueness of the torus exponential shows that translation
by v is translation by exp(f(v)). In particular, no factor with zeros or poles at a singular
value has been inserted.

Theorem 4.2. All analytic genus-one K3 torsors with a fized Jacobian J have the same
Oka status as J.

Proof. The analytic Tate—Shafarevich construction gives a surjection
HY(P', L) ~ H?*(J,05) — Shaan(J).

Moreover, the image of an additive cocycle is represented by gluing the complete local
elliptic surfaces by its exponential translations. One may choose the cover so that each
singular value belongs to only one member, in which case all gluing overlaps lie over the
smooth-fibre locus. The surjectivity and this gluing construction are given in [11, Chapter
11, Corollary 5.12 and Remark 5.15].

Given a torsor X, choose an additive lift n and a cocycle representing it, and transfer
that cocycle by §~! to E. The preceding normalization shows that its action twist is
precisely X on the overlaps, while each singular fibre is unchanged inside its whole local
chart. Lemma 3.1 and Proposition 4.1 therefore give a common affine-line bundle for J
and X, which proves the equivalence. ]

Two remarks on the scope of the argument. The cohomological surjectivity covers
the full analytic Tate—Shafarevich group, including non-torsion classes, and depends on
H3(J,7Z) = 0; exponential translations are compared on smooth-fibre overlaps, while each
complete local elliptic surface is retained, and the Hamiltonian action is defined on its
singular fibres as well. Note also that the common total space is the pullback of an
affine-line bundle over the base, so that the construction avoids the generally singular fibre
product of the two compact elliptic surfaces.
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5 The discriminant-three Oka K3 surface

5.1 The surface and the eleven fibrations

Everything in this section is explicit, and this is deliberate: the model below is the one
place where the dominating family of sprays can be verified by hand. On B = P} x P},
with homogeneous coordinates [X( : X;] and [Yy : Y3], let L = Op(1,1) and

s = XoX1 (X1 — Xo)YoY1 (Y1 — Yo) € HY(B, L?).

Let m: W — B be the cyclic triple cover Z3 = s, where Z is the fibre coordinate of L. Let
X — W Dbe its minimal resolution. On the affine chart XyYp # 0, write

r=Xi1/Xo, y=Yi/Yo, z2=Z/(Xo¥o), P=alz-1yy—1). (17)

Here X denotes the resolved surface, whereas X, X; are the homogeneous coordinates on
the first factor of B.
For the index set I = {0,1, 00}, the denominator sections are

0O(X)=X1, 0(X)=X1—-Xo, {leo(X) = X,

with the same convention for the second factor. We consider the two projections and the
nine rational functions

Z

fo=m, fy:y7 frszma

r,s € 1. (18)
Thus the nine affine ratios are z, z/z, z/(x — 1), z/y, z/(y — 1) and the four ratios with
one of x,z — 1 and one of y,y — 1 in the denominator.

Domination will be achieved by the subfamily of eight functions

Fs={fo, fy} U{frs s €I, r#s}. (19)

Theorem 5.1. The surface X is a projective K3 surface with p(X) = 20 and det NS(X) =
-3, and is not Kummer. All eleven functions in (18) extend to morphisms X — P! with
connected genus-one general fibres. Their combined map

$: X — (PHM

is an immerston. The complete holomorphic line-bundle sprays associated with the eight
fibrations in Fg already form a dominating family. Consequently X is subelliptic and Oka.

Two ingredients go into the proof. The analytic mechanism is the compact-fibre spray
construction of Xie-Zhao [21, Proposition 3.2], combined with Forstneri¢’s subelliptic Oka
theorem [4, Theorem 1.1]; what remains, and what occupies the rest of this section, is an
explicit global computation of the fibrations and of their differentials. We should also note
that dominability of X alone is not new: since X is elliptic, Buzzard—Lu already give that
[2]. What matters here is the stronger spanning property.

5.2 The compact K3 model and its lattice

The branch divisor of 7 consists of the three vertical and three horizontal lines indexed
by I. Their nine crossings are the only singularities of W, each analytically of the form
ab = w3 and hence of type As; the cover is connected and normal, and it is projective
because it is finite over B.
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The cyclic-cover canonical formula gives
Kyw =7n"(Kp+2L) = Owy.
The A5 resolutions are crepant, and since
T Ow = Op ® Op(—1,—-1) ® Op(—2,-2),

Kiinneth gives H' (W, Oy) = 0. Rational double points preserve this group under resolution,
so HY(X,0x) =0 and Kx = Ox; thus X is a K3 surface.

The first projection has smooth genus-one fibres away from z = 0,1, 00. A general fibre
is a connected triple cover of ]P’;, fully branched at three points, while each of the three
special fibres has a central multiplicity-three rational curve and three arms of multiplicities
two then one; this follows from the resolution charts in (21), and it identifies the fibre as
Kodaira type IV*. The strict transform of y = oo is a section.

The section, the fibre and the fibre components therefore give a sublattice

U@ Eg(—1)%% ¢ NS(X)

of rank twenty and determinant —27; since a complex K3 has Picard number at most
twenty, p(X) = 20, and the Mordell-Weil group has rank zero by the Shioda—Tate formula
[16, Corollary 6.13].

We next determine the discriminant. On the generic plane cubic, the three points with
z =0, at y = 0,1, 00, are distinct flexes, so taking the last as zero and either of the other
two gives a nonzero three-torsion section. Let ¢ be the order of the finite Mordell-Weil
group. The elliptic-surface exact sequence and index formula [16, Theorem 6.3 and (19)]
give

| det NS(X)| = 27/t%.
Here 3 | t, while integrality forces ¢? | 27; hence t = 3 and det NS(X) = —3.

By unimodularity of the K3 lattice, the transcendental lattice has rank two and
determinant three. This is the discriminant-three singular K3, which also appears in the
equal-j = 0 Inose case in [16, Table 5]. Note finally that X is not a Kummer surface: the
Kummer relation T'(Kum(A)) = T'(A)(2) [16, §13.3] would make a rank-two transcendental
determinant divisible by four.

5.3 Local coefficients and extension of the fibrations
Coordinates at the branch divisor

Near a branch index i € I, trivialize Op1(1) by e; = X for i = 0,1, and by e, = X;. We
use the local coordinate
a=uz (i=0), a=z—1(=1), a=1/z (i = oc0).
There are functions ¢; and units D;, such that
XoX1(X7 — Xo
( 3 ) = GQi(a)a

€

0 (X)

€

= a™=1Dy,(a).

Here [r = i] is one when r = i and zero otherwise. The coefficients are

1 ‘ qi(a) ‘ Dio(a) Dil (CL) DZ'OO(CL)
0la—1 1 a—1 1
1l la+1l| a+1 1 1
x|l—a 1 1—a 1
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We use the same convention, with coordinate b, at a branch index j in the second factor.
If ( = Z/(eje;), then

¢? = abgi(a)g;(b).
We choose a local cube root of the unit g;(a)g;(b) and put w = ¢/(qi(a)q;(b))*/3; the local
equation is then ab = w?.

For clarity, the infinity transitions in affine notation are

a=1/5, (=z/s: ¢ = a(l - a)y(y - 1),
b=1/y, n=z/y: 0’ = x(z — 1)b(1 - b),
a=1/z, b=1/y, 0 =z/(xy): 0% = a(1 — a)b(1 —b).

These transitions describe the same projective cyclic cover along the boundary.

The resolution and the ratio table

The minimal resolution of ab = w? has charts

‘ a b w
Co| uw v w 91
C 2 2 . ( )
1] v'v  ww®  uv
Cy | udv? v uv

The two exceptional curves meet at (0,0) in C7, while the charts Cy, Cy include their outer
intersections with the strict transforms of the branch curves. These are the charts of the
ordinary blowup of ab = w? at the origin: in the a-chart, b = a?v?® and w = av; in the
w-chart, writing a = wu and b = wv gives w = wwv; and the b-chart is symmetric. Thus the
displayed modification is proper and smooth and resolves the singularity. In each chart,
the relation ab = w3 holds, and direct differentiation gives

da N db

w?

= 3du A dv.

In particular the form dx Ady/z? extends as a nowhere-zero form through every exceptional
chart, up to the nonzero units in (20).

At the crossing (7, j), let m = [r = ¢] and n = [s = j]. The exact expression for a ratio
is

_ (ai(a)g; (0))"?

H,s(a,b) Dir(@)Dye() (22)
The function H,s is a holomorphic unit. It is pulled back from the base, so its restriction
to each exceptional curve is the constant H,s(0,0).

The four possible monomial factors in (22) are

frs = Hrs(aa b)

ambn’

| (m,n) =(0,0) (1,0) (0,1) (1,1)

Co uv v (uwv?)~! (u?v?)~! (23)
Cq uv ut vl (uP?)T
Cy uv (u?v)~! u (u?v?)~1

After multiplication by the unit H,s, each entry is holomorphic or is the reciprocal of a
holomorphic function; either way it defines a morphism to P! throughout the chart. This
settles extension on every exceptional component and at all their intersection points.

It remains to look at smooth points of the branch curves. At such a point a transverse
uniformizer w has base coordinate a unit times w3, so a ratio is a unit times w if its
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denominator does not vanish, and a unit times w2 if it does; away from the branch
divisor there is no denominator zero. This proves the global extension of every f.s on
the minimal surface X, without any additional source blowup, while the projections are
already morphisms by construction.

5.4 The genus-one fibres and their symmetries

The projection fibrations have genus-one general fibres by the three-branch-point calculation
above. For z = ¢, the fibre is the double cover of P. with discriminant

2 —r+43
x(zx—1)

For generic nonzero ¢ the two numerator roots, zero and one are distinct, so there are four
simple branch points and the fibre is connected of genus one.

The remaining eight ratios have the same generic fibre, and the reason is a family of
explicit automorphisms. We use the following M6bius transformations and accompanying

factors:
r ‘ ¢r () Qr(z)
00 T 1
0 1/z —1/x (24)
1(1/1-2) 1/(z—1)
Then
Or(2)(dr(2) = 1) = Qp(x)’x(x — 1).
Consequently
(2,9, 2) — (¢r(2), ds(y), Qr(2)Qs(y)2) (25)

is an automorphism of W. Indeed, each Mo6bius transformation permutes the three
branch points and takes their homogeneous binary cubic to a nonzero scalar multiple,
while the factor @, is the corresponding line-bundle transition with a chosen cube-root
scalar; for example, under  — 1/x, z — —z/z, the target infinity-chart coordinate is
(—z/x)/(1/x) = —z, which is holomorphic at x = 0, and the same check applies on the
other charts.

These automorphisms lift to the minimal resolution of the rational double points, and
the pullback of z under (25) is a nonzero constant times f,s. Hence all nine ratios have
connected genus-one general fibres, and together with the extension calculation above this
establishes the required fibration properties of all eleven functions.

5.5 The differential spanning calculation

It remains to check that the differentials of the eight functions in Fg span at every point of
the compact surface, which will also prove that the full product map ® is an immersion.
The verification is a case check, and the bookkeeping that makes it short is the following.
The six retained ratio indices give two entries in every row and every column of I x I, so
for every branch crossing (i, j) one of the two entries in row i has s # j, and one of the
two entries in column j has r # i. Thus the retained family provides a ratio with r = 4,
s # j and another with r = i, s = j at all nine crossings, and these are the choices used in
the exceptional charts below.
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Away from the branch divisor

Here the cyclic cover is unramified, so the two projection differentials span the cotangent
space.

Smooth points of the branch curves

We consider a point over a vertical branch line z = ¢, away from the horizontal branch lines.
There are local coordinates (w,b) on X, with the second projection given by b. We take
r # i and then s # r, so that f,.s belongs to Fg; since the point lies away from all horizontal
branch lines, the second denominator is nonzero there, and the ratio is f.s = wH with H a
holomorphic unit. At w = 0, its differential has nonzero dw coefficient and is independent
of db. Interchanging the factors preserves the selected family and gives the horizontal case,
and the projective coordinates above cover the branch lines at infinity as well.

Outer exceptional charts

In Cy, the first projection has local target coordinate a = u. We choose a retained pair with
r =14 and s # j by the row argument above, so (23) gives f,; = Hv. Along the exceptional
curve u = 0, the coefficient H restricts to the nonzero constant Hy = H(0,0), so

da A df,s = Hodu A dv # 0.

This includes the outer endpoint v = 0. In Cs, the second projection has local coordinate
b = v; the retained column choice with r # ¢ and s = j gives f.s = Hu, and

db A dfrs = —Hodu A dv # 0

along the exceptional curve v = 0, including its outer endpoint.

The middle exceptional chart

We choose retained ratios with r =4, s # j and r’ # i, s’ = j by the same row and column
argument. They have expressions H/u and K /v, so their reciprocal target coordinates
near the exceptional locus are

a=u/H, B=v/K,
where H, K are units pulled back from a = u?v,b = uv?. At the middle intersection (0,0),
da = Hy't'du,  dB = Ky dv.

They are independent. Along u = 0, the first differential is H Ldu, while the second has dv
coefficient K ! since K is constant in the tangent v-direction there; its possible additional
du term does not affect the wedge. Interchanging u,v handles the other exceptional axis,
SO

da A df = (HyKy) 'du A dv # 0

along both axes. Here we have kept the actual coefficient units rather than replacing them
by constants off the exceptional curves.

The open unramified locus, the smooth branch points and these three charts cover
X, so the differentials of the selected eight functions span at every point, including all
higher-multiplicity fibre components and all their intersections; consequently the full
eleven-function map ® is an immersion.
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5.6 The Oka property

We fix a nonzero holomorphic two-form ¢ on the K3 surface X. By Lemma 3.1, each
fibration has an entire spray with vertical differential Ay = ot o df*, and the preceding
differential calculation gives

Y imAp, =T,X (zeX).
fEF8

These eight line-bundle sprays therefore form a finite dominating family, so X is subelliptic
and is Oka by [4, Theorem 1.1 and p. 529], which proves Theorem 5.1.

6 Compact Inose models and Picard rank twenty

The seed surface of the previous section is not yet enough, because a general genus-one K3
surface need not be related to it by any obvious deformation; what we need is a family of
compact Oka models that is rich enough to match the exceptional geometry of an arbitrary
surface, and the Inose fibrations provide exactly that.

Theorem 6.1. The smooth minimal compact K3 model

Xap: y? =2 — 3At x + t°(t* — 2Bt + 1) (26)

)

is Oka for every (A, B) € C%. Every complexr K3 surface of Picard rank twenty is Oka.

K3 surfaces of Picard rank twenty are traditionally called singular K3 surfaces, and
we emphasise that all compact surfaces in the theorem are smooth. The parameter
range includes the equal-factor and isogenous complex multiplication cases, as well as
discriminants three and four; as for the Picard-rank-twenty assertion, it rests on the
Shioda—Inose construction and classification, which provide an isomorphism of compact
surfaces rather than an isogeny.

The reverse Kummer companion is

Sap: v:=u—-34s'u+ s (s* —2Bs® +1), vaB(s,u,v) = (—s,u,—v), (27)

where the smooth minimal compact model is understood. The proof compares these
companions with the seed at (A, B) = (0, 1), and it needs two inputs. We first prove that
the complement of the fixed points is Oka on every product Kummer companion; we then
identify its marked involution and construct an equivariant diffeomorphism to the seed
which is biholomorphic near the fixed points. These are precisely the two inputs required
by Corollary 2.7.

6.1 Every product reverse-Nikulin complement is Oka

Proposition 6.2. Let S = Kum(FE; x Ej) for two complex elliptic curves, with a zero
section of the fibration s = yo/y1 arising from a finite two-torsion pair. Denote by v the
base-deck involution s — —s composed with fibrewise inversion, and by P its fixed set.
Then S\ P is Oka.

We choose Legendre coordinates

Ei: i =ai(er — 1) (21 — p),
Ey: yi=ao(za—1)(x2—A),  wA¢{0,1,—1},

~—
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and take O = FEy; every elliptic curve admits such coordinates. Two normalizations
will be used below without further comment. The affine substitution 2’ =1 — z, v/ = iy
changes a Legendre parameter —1 to 2: it preserves the pole at infinity and changes s by a
constant factor. The assertion is also unchanged when the chosen finite two-torsion origin
is replaced, since for the difference section @, which is rational over s2, the deck fixes Q
and
tout_q = taqV
is deck composed with inversion about @), while translation extends to an automorphism
of the compact minimal elliptic K3 model.
We write

2u 2\

I={0,0Lu},  J={0,01LA} du=7— d=73

The values d,,, d) are finite and nonzero, and each is distinct from the finite branch values
of its factor. Denote by F, the image of {p} x Es, with coordinate x5, and by G, the image
of E1 x {q}, with coordinate z;. The standard exceptional curves are E,, ;, with endpoints

Ap,q = Fp N Ep,q? Cp,q = Gq n Ep,q-

The twenty-four basic curves form the double Kummer configuration with edges Fj, —
Epq — Gy

Lemma 6.3. The fixed set of the specified involution is
P = {Ax0,Co0,0,C0,0, Co,00, A0,00, 40,0,

(x2 = dy) on Fu, (x1 =dy) on G} (29)
The two projection images are {00,0,d,} and {c0,0,d)}.
Proof. The plane cubic
x99 — 1)(z2 — N) = %21 (x1 — 1) (21 — p) (30)

has origin (0,0) already over s?, so we may choose Jacobian coordinates in which the

base deck fixes the fibre coordinates. Both the deck and inversion negate the holomorphic
two-form and commute, hence v is symplectic, and its fixed points lie over s = 0, co, where
the fibres have type IV* [13, Example 1.2].

The component group of a IV* fibre is Z/37Z [16, Lemma 7.3], and inversion preserves
the identity leg while exchanging the other two. On the central components its actions are
determined by their three attachment values:

Ao HT1
— Goo: _ .
(I+Na2 — A S G Py

The first map fixes 0, exchanges 1 and A, and has dy as its second fixed point. The identity
outer components have actions

Fe: xo+— (31)

GO X — —71, Fo P X9 ——> —XT9. (32)

Each is a nontrivial involution fixing the origin at coordinate zero and the node at infinity,
and neither can act identically on its component: a nonidentity symplectic involution
cannot fix a curve, since finite-order linearization at a point of that curve would have both
eigenvalues one.
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On each fibre the fixed points are therefore the two nodes of the identity leg, the
zero-section point on its outer component, and the second central fixed point. Every
invariant rational component has exactly those two fixed points, while the exchanged legs
contribute none, and this gives (29). O

Proof of Proposition 6.2. We construct protected sprays and show that every point of S\ P
can be moved into a locus where two of them span the tangent space. The projections
handle the complement of the basic curves; three translated fibrations and four ratio
fibrations handle the remaining points.

Begin with the spanning locus and the first moves. We protect {c0,0,d,} for z1 and
{00,0,d)} for x9, using (16). Outside the basic configuration the product map (z1,x2)
is locally biholomorphic, since it is the unramified part of the double cover of P! x P!
branched over the four vertical and four horizontal branch lines; away from the protected
projection values, the two projection sprays therefore span the tangent space. Denote this
locus by Ugood-

We use the three two-torsion translated s-fibrations with pole-origin pairs (oo, 00),
(0,0), and (1, 1), protected at zero and infinity; these pairs specify the origins of the elliptic
factors, where their translated y-coordinates have poles, and the zero section of the original
cubic remains O = Ey . The first pair gives the original fibration s = y2/y;. Every F), and
Gy lies in the zero or pole fibre of each translate, while for pole origins py # p, qo # ¢ the
exceptional curve Ej, , is a section, with its endpoints over zero and infinity [13, Example
1.2 and §2.2]. Since the three pairs have pairwise distinct first and second coordinates, a
given p excludes at most one pair and a given g excludes at most one more, so at least
one of the three fibrations makes E, , a section. These assertions also follow in the torus
blowup charts: at a finite pair the ratio y2/y; has degree one on the exceptional line; at
(00, q) it is a unit times 2329, giving multiplicity two after passage to the quotient; and the
central and outer multiplicities are three and one. Translation gives every choice of origins.

At an interior point of an exceptional curve, choose a translate for which that curve is
a section. Its differential is nonzero on the curve, so its Hamiltonian direction is transverse
to it, and in a resolved node chart both branch-coordinate differences are nonzero multiples
of a normal coordinate at an interior point; a small nonzero flow therefore moves both
projections away from their branch values and into Ugpod-

Outside the basic curves a point on just one of x1 = d,, 2 = d) escapes by the other
projection spray. At either point over (d,,d)), both partial derivatives of s are nonzero:

indeed, for f.(z) = z(x — 1)(z — 2),

C32(2 - 1)2

f;(dz) = (1 —I—Z)2

# 0, (33)
and differentiating (30) gives the assertion. Here s is finite and nonzero, so its protected
spray is available, and its Hamiltonian direction changes both projection coordinates and
reaches Ugooq. This includes all special equal-factor or isogenous parameters.

We turn to the residual points. On F), away from its nodes, the zo-spray is transverse
and available except at x5 = d), while the other protected values are nodes; the symmetric
statement holds on Gy. At A, ,, dxs is nonzero and its Hamiltonian direction is tangent
to Ep 4, so it is available for ¢ € {1,A}, and at C) 4 the corresponding dz; direction is
available for p € {1, u}; the standard resolved node chart verifies these endpoint statements.
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After deleting (29), the complete residual list is

A1,07 A,u,(]’ Al,ooa A,u,ooa AOO,OO?
COO,I) Coo,)n 00,17 CO,/\) COO,OO) (34)
(172:(1)\) on FOaFlaF/n (‘ledﬂ) on GUaGlaG)\'

There are ten nodes and six nonnodal points. Additional reducible fibres introduce no
further exception, because the preceding argument uses the product map and applies to
every point outside the basic configuration.

Four ratio fibrations now handle twelve points of the residual list:

R 7xx2—)\ 71‘%2—1
+ = 13:2—1’ - = 173;2_)\7 (35)
T ] — o oxp—1
+ = X2 y — = X2 .
r1—1 Tl — W

These are genuine Jg fibrations [13, §2.4]. Directly, a ratio of two Mobius branch coordinates
extends across the resolved branch crossings where 0/0 or co/oo occurs; and a generic (1,1)
level curve of the ratio passes through two branch crossings, leaving four distinct simple
branch points on its double cover, so its genus is one. Note that this reasoning does not
require nonisogenous factors or generic parameters.

To ensure that these sprays preserve S\ P, evaluate the fibrations on the eight fixed
points in (29). Their complete sets of values are

Ry(P)=R_(P)={0,00,d,},  T.(P)=T_(P)=1{0,00,dy}. (36)

For R+, the endpoints on F o and the nonnodal point on F have value infinity; the
endpoints on Eyg and Ep o, have value zero; and the point on G has value d,, with no
indeterminate ratio occurring at a puncture. The same computation applied to T in place
of R. gives the second assertion, and we protect these complete fibres.

For p € {1, u}, with p’ the other value,

2 /
d, = pp”
p+p

pF# dy.

At A, the two R-values are pA and p/X; if both were protected, each would equal d,,,
forcing A? = 1, which is excluded. At Ap oo both values are p and hence unprotected, while
at the point zo = dy on F), the two values are —pA and —p/, and simultaneous protection
again forces A2 = 1. Thus at least one of the two sprays is available at each of these six
points.

The differential is nonzero at every indicated endpoint. If a ratio ¢(x1)/1(x2) has finite
nonzero factors at (p, q), a resolved chart at A, , has branch coordinates o = pb?, B = p,
with exceptional curve p = 0 and endpoint § = 0, and its expansion is

ig;—l-p(cHQ —d) + 0(p?), d#0.
The Hamiltonian direction points into the exceptional interior; interchanging the two
coordinates gives the other endpoint, the case of infinite branch coordinates included. At
the nonnodal point on F),, the ratio restricts to a degree-one coordinate, so its direction is
transverse to F},. The moves already constructed then carry the point into Uggoq.

For ¢ € {1,\} the symmetric T-values are qu,q/p at Cyq, both ¢ at Cs 4, and
—qp, —q/p at the point z1 = d, on G4. The only possible simultaneous collision is ur=1,
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which is excluded, and ¢ # d; the same differential calculation handles these six points.
Thus every parameter collision among all twelve points has been checked.

It remains to deal with the last four points. We apply the actual involution to the four
points still remaining in (34), using (31)—(32): their image coordinates are respectively
dy/2on F, dy/2 on G, —dy on Fy, and —d,, on Gy. All are finite, nonzero, and different
from the corresponding protected d-value, so the projection sprays handle the images.

The nine entire protected sprays—two projections, three translated s-fibrations, and
four ratio fibrations—and v therefore move every point of S\ P into Ugeod, and the orbit
criterion in Section 3 proves that S\ P is Oka. O

6.2 The exact marked Inose companions

We now identify the product companion with (27), retaining the involution and the
zero section at every parameter. The computation uses the explicit product equation of
Kuwata—Shioda [13, §2.2].

For z ¢ {0,1} write

_4Q3

Here J, = j(E,)/1728. With origin (0, 0), the Weierstrass equation of (30) is

V2= X3 +as® X% +bs*X + 16D“s8 +¢s5 + 16Dy 5%,
a=4(p+1)(A+1),
b=16((A +1)(p+A+1) —1),
c=32puA(p+1)(A+1).

The displayed coordinate formulas in [13] use only even powers of s, so the deck fixes
X,Y, and they define a degree-one identification with the Weierstrass generic fibre at every
allowed parameter. Let us justify that identification, since it is what forces the marked
involution to be the one we want. Near the origin, zo = (us?/\)z; + O(2?), and those
formulas give leading terms 4)\2/z? for X and —8\3/x3 for Y'; moreover X has no other
pole on the generic cubic. At the other zeros of zjx9, its numerator vanishes and cancels
the simple denominator zero, while at infinity the numerator and denominator have the
same degree and both leading coordinates are nonzero. Thus its polar divisor is exactly
20, and the resulting map to the smooth Weierstrass generic fibre has degree one, since
the pullback of that fibre’s degree-two x-coordinate has degree two. This also covers equal
or isogenous elliptic factors.
The substitution X’ = X + (a/3)s? gives

y2=Xx"_— %GQMQ A$' X' 4+16D,,s% + %LHL)\SG + 16D, s?. (37)
We choose nonzero constants «,y satisfying
at = D,,/Dy, A8 = 16D,\/a4.
Then o = as, u = X'/v%, v = Y /43 gives (27), with

4 16Qu@x __ _Lula
9atvyt 7 27D a2
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Since L? = 4Q32 — 27D,
AS=J, 0, B =(1-J,)(1-J). (39)

Conversely, for any prescribed A, B, choose elliptic factors with normalized invariants
equal to the roots of
J2— (A3 —B?*+1)J+A3=0.

We choose their Legendre parameters outside {0,1, —1}. The constants in (38) then have
the prescribed cube and square: multiplication of a by ¢ changes the sign of B without
changing A, while multiplication of « by sixth roots of unity provides all cube-root choices
of A without changing B. Thus every finite pair (A, B) is obtained.

The final short Weierstrass coordinates preserve the zero section and the deck ac-
tion. Fibrewise inversion is (u,v) + (u, —v), so the marked reverse involution is exactly
(—o,u, —v), and uniqueness of the relatively minimal elliptic model extends the generic
identification over all singular components. Proposition 6.2 therefore proves the Oka
property of the actual punctured companion for every (26).

6.3 A smooth equivariant family of the marked pairs

Proposition 6.4. For every (A, B) € C?, the pair (Sa,p,va.p) is equivariantly diffeomor-
phic to (So1,v0,1) by a diffeomorphism biholomorphic near all eight fixed points.

Proof. The idea is to resolve the companion family over a curve that joins the seed to
the target, choosing the resolutions in pairs under the involution, and then to transport
between the endpoint fibres along relative coordinates that are kept constant at the fixed
sections.

Let us first describe the singularities of the family. The Weierstrass models (27), with
line bundle Op1(2), form a proper family, and at the zero section the projective Weierstrass
chart is smooth. Near s = 0, the function

h(s,u,A,B) =1 — 3Au — 2Bs® + s*

is a unit equal to one at the singular section, so a holomorphic fourth root gives the
coordinate

r = sh(s,u, A, B)1/4.

Its derivative in s at the singular section is one, so it is a legitimate relative coordinate
even though it depends on u. The equation becomes v? = u? + r%, with involution
(r,u,v) — (—r,u, —v); this is an equivariantly constant Eg singularity. The infinity chart
s'=1/s,u' =u/s* v/ =v/s® gives the same equation, and resolving these two constant
germs by their minimal resolutions times the parameter domain resolves them, the constant
automorphism lifting uniquely.

On s # 0, coordinates ¢ = u/s?, n = v/s> give

=8 = 3A+ 2+ =28, w(s,&n) = (=5, ). (40)
The surface singularities satisfy
n=0, &=4, =1  B=s-¢. (41)
For € = s? € {1, —1}, the parameter discriminant is

(B —€)? = A3 (42)
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When A # 0 the Hessian in £, 7, s is nondegenerate, so the singularity is A, whereas for
A=0itis As, at B = €. An intersection of the two discriminant curves, namely B = 0,
A3 =1, gives two separate exchanged pairs of A; points, and there are no further surface
singularities.

Near s? = ¢, the coordinate z = s — ¢/s has derivative two at the indicated point and
satisfies 22 = 52 + 572 — 2e. With U =7 — 2, V = n + 2, equation (40) becomes

UV = ¢ —3A¢ +2(e — B). (43)

The involution exchanges the two s-neighbourhoods and sends (U, V,€) to (V,U,¢).

We next resolve these singularities equivariantly and simultaneously. Suppose that,
over a smooth curve base, the cubic in (43) has holomorphic ordered roots r1,r9, 3. Blow
up (U,§ — ry); its U-chart is

E=r1+Ua, V=a(§—1r9)(& —r3),
with smooth coordinates (U, a, ), where 7 is a local base coordinate, and the other chart is

U=(@E—r)b, bV =(—r)€—r3).
Blow up (b1,& — r2); its two charts are

& =19+ bic, V =c(&—r3),
blz(f—rz)d, f=T3+dV,

with smooth coordinates (by,c,7) and (d,V,7), and each projection to the base is a
submersion. Distinct roots give Cartier centres and an isomorphism, a double root gives
the minimal A; resolution with any remaining blowup Cartier, and a triple root gives the
minimal As chain; thus the construction inserts exactly the required minimal exceptional
configurations.

We choose this resolution in the neighbourhoods of s = 41, 44, and its image under
(U, V, &) — (V,U,€&) in the corresponding neighbourhoods of s = —1, —i. This produces a
holomorphic involution of the resolved total space, the choices of resolution being paired at
exchanged singularities.

It remains to build a common curve base over which both cubics split. For a target
(A, By) # (0,1) take

A(r)=7A,,  B(r)=1+1(B,—1).

Neither polynomial (B(7)—¢)?—A(7)3 is identically zero, so their zeros are finite. Normalize
the 7-line in a splitting field of both cubics

£ —3A(1)é +2(1 — B(1)), €3 —3A(1)E +2(—1 — B(1)). (44)

This is a connected smooth algebraic curve, finite and surjective over the line, and all
six ordered roots are holomorphic on it: they are integral over C[r] and belong to the
integrally closed normalized local rings. Equivalently one can take a connected normalized
component of the simultaneous ordered-root cover that dominates the line.

We choose a point over each of 7 = 0,1 and an embedded arc joining them while avoiding
all other discriminant preimages; this is possible because removing finitely many points
from a connected Riemann surface leaves it path connected. A small simply connected
Stein neighbourhood T of the arc avoids those other points and retains global root labels
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for both cubics, and it includes target parameters on both discriminant curves as well as
the triple-root seed.

We pull back the proper Weierstrass family to 1. The two constant Eg resolutions
and the paired local modifications above are proper and are isomorphisms away from the
singular loci, their centres there being Cartier, so they glue with the unchanged model on
the overlap regions and give a proper holomorphic family 7 : § — T with a holomorphic
involution. The displayed charts make it a smooth submersion along every exceptional
locus, and it is already a submersion elsewhere. Each fibre is the minimal K3 resolution,
so the endpoint fibres and their lifted involutions are precisely the marked pairs under
consideration; when the target equals the seed, only the identity map is required.

Finally we transport along the arc with fixed holomorphic coordinates. The form
ds A du/v is invariant, so every fibre involution is nontrivial and symplectic, and such an
involution has eight isolated fixed points with tangent action —id. One can count them by
the holomorphic Lefschetz formula: the trace on H(&0) & H?(0) is two, and each isolated
point contributes 1/4. Its relative fixed locus is finite étale over T' and hence consists of
eight disjoint holomorphic sections.

Near these sections the normal bundles are trivial, since T is contractible and Stein,
and Siu’s Stein-neighbourhood theorem together with Cartan extension gives relative
holomorphic coordinates with prescribed independent first derivatives. Taking their odd
parts under the involution retains these derivatives and makes the action & — —£, after
which the inverse function theorem, uniformly along the compact arc, gives eight disjoint
coordinate neighbourhoods.

We prescribe now a horizontal vector field along the arc which keeps these coordinates
constant in smaller neighbourhoods of the fixed sections, extend it smoothly by a partition
of unity, and average under the involution; the prescribed local part is already invariant.
Properness ensures that the flow exists for the full interval, and the endpoint diffeomorphism
is equivariant and is the identity in those holomorphic relative coordinates, hence is
biholomorphic near every fixed point. O

6.4 The seed quotient and all compact Inose surfaces
We can now recognize the seed of Section 5 among the companions. The invariant functions
(t,2,y) = (5%, s%u, 5°0) (45)

satisfy (26) and, conversely, adjoining s with s> = t recovers u = x/t and v = y/s?
generically; this is the exact quotient function field. Blowing up the eight fixed points and
taking the quotient resolves its ordinary double points, with exceptional self-intersections
—2, and since birational smooth K3 models are isomorphic, this identifies the complete
compact quotient with X4 p.

Lemma 6.5. The quotient at (A, B) = (0, 1) is isomorphic to X .

Proof. Its equation is
y? =23 +15(t —1)%
It has fibres IT* at zero and infinity and IV at one: the orders of ag are 5,5,2, and the
discriminant orders are 10, 10,4. The infinity coordinates r = 1/t, 2’ = r*z, 3/ = r5y give
y? = 2> + r°(1 — r)2. The line bundle is &'(2), so the elliptic canonical bundle and Leray
formulas give the K3 model.
The fibre, section, and nonidentity components give the rank-twenty sublattice

U@ Fg(—1)%2 @ Ay(—1) € NS(Xo,1)
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of determinant —3. An index m would give determinant —3/m? for the full integral
Néron—Severi lattice, forcing m = 1; the transcendental lattice is therefore positive even of
rank two and determinant three.

There is a unique oriented isometry class of such lattices. A shortest primitive vector
extended to a positively oriented reduced basis gives a matrix

2a b
<a<e.
<b 20)’ bl<a<e

Then 3 = 4ac — b*> > 3a?, forcing a = ¢ = 1 and b = %1, and a determinant-one basis
change interchanges the two signs. Thus the oriented lattice is As. The same lattice
occurs for X by Theorem 5.1, so the Shioda—Inose classification [17, Theorem 4] gives
XO,l ~ X. ]

The quotient has the unscaled lattice As, while its Kummer companion has A3(2).

Proof of the Inose assertion in Theorem 6.1. Section 6.2 identifies the marked companion
for every pair (A, B) with the product pair of Proposition 6.2, so its fixed-point complement
is Oka, and Proposition 6.4 provides the equivariant diffeomorphism, biholomorphic near
the fixed points, to the seed pair. Lemma 6.5 and Theorem 5.1 make the seed quotient
Oka, after which Corollary 2.7 proves every X 4 g Oka. O

6.5 Every K3 surface of Picard rank twenty

The last part of Theorem 6.1 rests on the Shioda—Inose realization, not on an isogeny

implication for the Oka property: that realization identifies every Picard-rank-twenty K3

surface with an elliptic model having two II* fibres. We recall its scope and normalize the

model, since the normalization is where the arithmetic of the parameters has to be checked.
Given an oriented positive even matrix

. 2a b 12
Q_<b 20)’ d="b"—4ac <0,

the surjectivity proof of Shioda—Inose [17, Theorem 4] uses the product of elliptic curves
with period parameters

b+ Vd b+ Vd

— S
% T = 5 \S\/g>0.

T1
There is no condition ged(a,b,c) = 1. Their Theorem 3 gives the unscaled lattice and
period compatibility for the resulting K3 surface, and their Lemma 3.1 gives a section and
two IT* fibres in every case, the remaining fibres being 2I,, Iy + 21y, 411, 211, or IV. The
orientation is preserved by the period compatibility, in the period-ratio convention specified
in their §4. Therefore the injectivity of Theorem 4 identifies any given Picard-rank-twenty
K3 with one of these two-II* surfaces, and equal CM factors as well as the discriminants
three and four are included.

Lemma 6.6. Fvery complex elliptic K3 surface with a section and two IT* fibres is
isomorphic to X4 g for finite A, B € C.

Proof. Move the two fibre values to zero and infinity. The global minimal short Weierstrass
form has ay € HY(P!, 0(8)) and ag € H°(P!, #(12)), and the two II* valuations force

as(t) = catt,  ag(t) = t9(cat® + et + o),  coca # 0.
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Indeed, at a IT* endpoint the minimal ag order is exactly five, since an order at least six
together with the a4 order at least four would violate minimality; hence neither endpoint
coefficient vanishes, while ¢4 and ¢; may vanish.

We choose nonzero a, 3 with a? = cg/c2, 8% = cpa®. The change t = oT, v = 32X,

y = B3Y gives (26), with \

_ Cqx . [65)e%

- 3p47 2
Both are finite, and the base automorphism together with the constant Weierstrass scaling
identifies the compact minimal models, including every singular component. O

Proof of the Picard-rank-twenty assertion in Theorem 6.1. The original realization and
classification identify the given compact K3 surface with a Jacobian elliptic K3 having two
IT* fibres, and Lemma 6.6 then identifies it with a finite-parameter X4 p. The first part of
Theorem 6.1 proves that surface Oka, which completes the proof. O

7 Two fibrations of small intersection

For the two arguments below, let f,g: X — P! be arbitrary distinct genus-one fibrations
on a K3 surface, with fibre classes F, G, and let R be the reduced union of the irreducible
curves contracted by both fibrations. The Hodge index theorem gives F' - G > 0, since
equality would make the primitive nef isotropic classes equal; hence H = F' + G has positive
square and is big and nef, so X is projective. The tensor product of the two globally
generated bundles of the fibrations is globally generated, and the product map has a Stein
factorization
XL w4 Pt x P

where ¢ is birational with connected fibres, W is normal projective, and v is finite of degree
F - G. The ample bundle Ly = v*0(1,1) satisfies ¢*Ly = H. An irreducible curve C is
contracted by both fibrations exactly when F'-C = G- C = 0, and since v is finite these are
exactly the curves contracted by ¢; the same observations show that ¢ is an isomorphism off
R. The big-nef contraction theorem for K3 surfaces [11, Chapter 2, Remark 3.4] identifies
the connected exceptional configurations as ADE divisors and their images as rational
double points. Every component of R is therefore a smooth rational (—2)-curve, and their
intersection matrix is negative definite.

Proposition 7.1. Let f,g: X — P! be distinct genus-one fibrations on a K3 surface, with
fibre classes F,G satisfying F - G < 3. If R is their reduced common contracted divisor,
then X \ R is Oka.

Proof. There are two steps: the intersection bound excludes common critical points outside
R, and the two fibrewise actions then move every point of the complement into a spanning
locus. We begin with the first, which is the only place where the numerical hypothesis is
used.

We apply the preceding setup to the two given fibrations. The finite map v : W — P! x P!
has degree d = F - G < 3, and the normal surface W is Cohen—Macaulay, so its finite
map to the smooth surface P' x P! is flat; moreover ¢ is an isomorphism away from R.
Suppose that « ¢ R were critical for both fibrations, write A = Ox , with maximal ideal
m, and let u,v be the local coordinate pullbacks, so that (u,v) C m2. The first two pieces
of the maximal-ideal filtration on A/(u,v) have dimensions one and two, while the vector
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space m?/m?3 has dimension three and the initial quadratic terms of u,v span at most two
dimensions; the third piece therefore has dimension at least one. It follows that

length A/(u,v) >142+4+1=4,

contradicting the length d < 3 of the entire finite flat fibre. Hence there is no common
critical point outside R.

Now we show that the spanning locus is reachable. The complete additive sprays
of Lemma 3.1 preserve every irreducible component of a fibre, because a connected flow
cannot permute a finite set of components; they therefore preserve R and its complement
M. The product map has finite fibres on M. Let

Uy = {x € M : df, and dg, are independent}.

If x € M\ Uy, the preceding step gives a nonzero differential, say df,, and the corresponding
flow gives a nonconstant small disk in the f-fibre. Were that disk to stay outside Up, then
dg would vanish on its tangent line ker df, so the disk would lie in a finite product fibre,
which is impossible. Thus every point can be moved into Uy, and Lemma 3.2 proves that
M is Oka. O

Remark 7.2. Let L = Op1,p1(1,1) and choose smooth transverse branch curves defined by
general sections P, Q of L®?. The bidouble cover

7:Y — Pl x P!, =P v:=Q,
with u, v valued in L, is smooth. Adjunction gives Ky ~ Oy, and
Oy = 0& 0(—1,-1)%? & 0(-2,-2)

gives H'(Y, Oy) = 0 by the Kiinneth formula. Hence Y is a K3 surface. On a general
ruling the two quadratic covers have distinct nonempty branch sets, so their function-field
extensions are linearly disjoint. Each projection therefore has connected general fibre.
Its degree-four map to P! has four simple branch values, each contributing two to the
ramification divisor, and Riemann—Hurwitz gives genus one. The two fibre classes have
intersection four.

Since 7 is finite, the common contracted divisor is empty. At each of the eight
intersections of the two branch curves, local coordinates give m(u,v) = (u?,v?), so the
differentials of both fibrations vanish. Thus the no-common-critical-point conclusion
in Proposition 7.1 fails at degree four. The surface is nevertheless Oka by the genus-
one theorem proved below; common critical points obstruct this particular complement

argument, not the Oka property.

7.1 Matched exceptional neighbourhoods

The geometric comparison below preserves both fibrations and the whole common excep-
tional neighbourhood while moving to Picard rank twenty. It applies to arbitrary distinct
fibrations; the intersection bound enters only through Proposition 7.1.

Proposition 7.3. Let X be a K3 surface with two distinct genus-one fibrations and fibre
classes F,G. Let R = U, C; be their reduced common contracted divisor. There is a
small smooth marked deformation m: X — B with central fibre X, such that:
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1. Both fibrations persist as genus-one fibrations on every fibre. The classes F, G, [C}]
remain constant, and the C; extend to labeled smooth relative rational curves with
the same SNC intersection graph. Their union Ry is exactly the common contracted
divisor on every fibre.

2. Some neighborhood V of R in X admits a holomorphic open embedding j : VxB — X
over B, with jo = id and j(C; x B) equal to the corresponding relative curves in its
image.

3. Every neighborhood of 0 in B contains a parameter b with p(Xy) = 20. For every
such sufficiently small b there is a global diffeomorphism hy : X — X3, inducing the
marking and equal to j, on a neighborhood of the whole R.

The base has dimension 18 — k. If this dimension is zero, the central fibre itself is an
allowed model.

Proof. We must produce, in one family, an ample class that survives the deformation,
curves and fibrations that persist with them, an exceptional neighbourhood that is locally
constant, and a nearby member of Picard rank twenty. The first step is to choose an ample
class in the lattice generated by the two fibrations and the exceptional curves, so that
preserving this lattice keeps the curves, the fibrations and the contracted locus unchanged;
after that the lifted ADE components make the entire exceptional neighbourhood locally
trivial, and a nearby rational period plane gives the Picard-rank-twenty model together
with a matched global diffeomorphism.

We consider first the contraction and a preserved ample class. We apply the common
setup to these two fibrations; recall that ¢ : X — W contracts exactly R, that Lg is
ample with ¢*Lo = H = F + G, and that the components C; form negative-definite ADE
configurations.

For k > 0, the matrix Q = (—C; - C;) is block diagonal with finite ADE Cartan blocks,
and each inverse block has positive entries: if Ar is the adjacency matrix, then

Q_1:(2I—uﬁﬂ_1::%§:(ApﬂDﬂ

n>0

the spectral radius of Ar being below 2, while connectedness makes the relevant entries
strictly positive. An integer multiple of Q~'1 therefore gives positive integral coefficients
d; such that the effective cycle D = )", d;C; has D - C; < 0 for every i.

The bundle 0x(—D) has positive degree on every irreducible component of every
exceptional fibre, and hence is ample on that proper curve, including its nilpotent thickening,
and it is also ample on zero-dimensional fibres. Since fibrewise ampleness for a proper
morphism implies relative ampleness [19, Lemma 37.50.3], the class

P=NH-D (46)

is ample for every sufficiently large integer N [19, Lemma 29.38.7(1)]. For R = &, the map
q is an isomorphism and H is ample; take D =0 and P = H.

Let L be the primitive saturation in H?(X,Z) of the span of F,G, [C1],...,[Ck]. Over
Q this span is the orthogonal sum of the hyperbolic plane spanned by F,G and the
negative-definite exceptional lattice, so

rank L = k + 2, sign(L) = (1,k + 1), k <18. (47)
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Saturation changes neither the rational span nor these period equations, and the actual
ample class P lies in the original integral span.

We next put the curves and the fibrations into a period family. Local Torelli identifies
a small part of the marked K3 deformation space with its period domain, and we restrict
to a small coordinate ball in

{w] € P(LE) : (w,w) =0, (w,w) > 0}. (48)

Its dimension is 18 — k. All classes in L stay of type (1,1), and their line bundles extend
over a sufficiently small contractible Stein base by the relative exponential sequence, since
their images in R?m, & vanish; see [11, Chapter 6, Section 2.4].

For a component C; the central cohomology dimensions are

W(Ox(Ci)) =1,  h'(Ox(Ci)) = h*(Ox(Cy)) = 0.

Indeed, a second effective representative of its class would intersect C; negatively and would
contain it, and the remaining effective divisor would have zero Kéhler area; Serre duality
and Riemann—Roch give the two vanishings. Semicontinuity and base change extend the
one-dimensional space of sections to the family, whose zero locus is a relative effective
Cartier divisor. The central zero locus is smooth, so compactness and properness give
smooth nearby fibres after shrinking, and they are rational curves. The fixed intersection
numbers, openness of transverse intersection, and separation of the finitely many central
crossing points preserve the complete labeled SNC graph.
The fibration classes satisfy

The latter assertions follow from non-effectivity of their negatives, duality, and Riemann—
Roch, so base change gives rank-two bundles of sections. The cokernels of the relative
evaluation maps have proper support disjoint from the central fibre, so both evaluations
remain surjective after shrinking; trivializing the rank-two bundles gives actual relative
maps to P

The fibre classes remain primitive, isotropic, and distinct. In the Stein factorization of
either map, a nontrivial finite degree would make its class divisible by that degree, and
its intermediate base has genus zero, because the irregularity of a K3 is zero. Thus the
fibres are connected, and Bertini and adjunction show that the general fibres are smooth
of genus one.

The bundle P remains ample: extend a positive Hermitian metric from the central
fibre, then retain positivity of vertical curvature on all nearby compact fibres. The cycle
Dy =3, d;C;p remains effective, and if C' C Xj, is any irreducible curve other than these
labeled components, then

P-C+Dy-C

(Fy+Gyp) - C = N

> 0. (49)
Here P,-C' > 0 by ampleness and Dy, - C' > 0 by positivity of intersections of distinct curves,
while every labeled component is still orthogonal to both fibrations. Formula (49) proves
assertion (i), including at all Picard jumps.

What remains is to make the exceptional neighbourhood locally constant. For each
connected component of R, take its resolution neighbourhood over a rational double point.
Wahl [20, Sections 1.1-1.5] describes the local analytic minimally versal deformation space
of such a resolution neighbourhood: it is the complex reflection representation of its
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ADE Weyl group, and the locus on which a given simple exceptional component lifts is
its simple-root reflection hyperplane, the lifting being a relative effective Cartier divisor.
Since the deformation space here concerns the analytic resolution neighbourhood itself, its
triviality will provide the required biholomorphic comparison.

Restriction of the family gives a classifying map of analytic germs

A:(B,0) — (Res,0).

Each actual relative curve constructed above is a lifting of the corresponding simple
exceptional component, so A lands in all the simple-root hyperplanes. The simple roots
form a basis, so their hyperplanes intersect only at 0; consequently A = 0, and pulling
back the analytic versal family along this constant map gives a product. This yields an
isomorphism of the germs of families along that entire connected exceptional configuration.

There are finitely many configurations, so we may take disjoint neighbourhoods for them
and shrink the base once. An isomorphism of germs along a compact set has representatives
on actual open neighbourhoods, and a finite product-neighbourhood cover of R x {0}
provides a common domain V x Bj; the inverse germ makes the representative an open
embedding, and composing with the inverse of its central restriction gives jo = id. The
relative curves in this product agree with the labeled curves by uniqueness of their sections,
which proves (ii). It also gives a simultaneous contraction: use the original local ADE
contraction times B on these product neighbourhoods and the identity off the exceptional
set, the restrictions agreeing where the local contractions are isomorphisms.

Finally we arrange the Picard rank and the global matched diffeomorphism. The
rational space L@ has real signature (2,18 — k), and rational oriented positive two-planes
are dense among all its oriented positive real two-planes, by rational approximation of
an oriented basis and openness of positivity. Each such rational plane has an integral
orthogonal complement of rank twenty in the K3 lattice, so its period has Picard number
twenty, and local Torelli realizes sufficiently nearby planes in the same base (48), where all
the preceding properties hold.

For a chosen parameter b, take a smooth path from 0 to b in this small base. A
smooth horizontal lift for the proper smooth family along the path can be changed by a
vertical vector field and a cutoff so as to agree with the product horizontal lift on a smaller
neighbourhood of the whole R: explicitly, if Vg is any lift and V},;oq the product lift, then

‘/O + U(Vprod - Vb)

is a lift, where 7 is one on a smaller product neighbourhood of R and supported in the
given product chart. Its flow exists over the entire compact path, and a point in the smaller
neighbourhood follows exactly its product trajectory, so the final diffeomorphism equals j;
there; as an Ehresmann transport it induces the marking. This proves (iii).

If £ = 18, the preserved lattice already has rank twenty, so the central fibre is itself an
admissible model and the base can be a point; if R is empty, the neighbourhood condition
is vacuous and the same period argument applies. ]

Corollary 7.4. A K3 surface carrying two distinct genus-one fibrations whose fibre classes
have intersection at most three is Oka.

Proof. Let R be the common contracted divisor. Proposition 7.1 makes X \ R Oka, and
Proposition 7.3 provides a Picard-rank-twenty model Y with the same two classes and a
biholomorphic comparison near the whole exceptional divisor. Its complement is Oka by
the same small-intersection proposition, and Y is Oka by Theorem 6.1, so Theorem 2.1
proves the assertion. When R is empty, the complement proposition already suffices. [
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8 An intersection-two model for every Jacobian

The remaining ingredient is a supply of surfaces to which Corollary 7.4 applies and whose
Jacobians exhaust all possibilities; the next theorem provides it.

Theorem 8.1. For every complex Jacobian elliptic K3 surface J, there is a projective K3
surface Y with two primitive nef isotropic classes f, D satisfying

f-D=2, divngy) (f) = 2,
such that the underlying K3 surface of the Jacobian of (Y, f) is isomorphic to J.

Proof. The strategy is to change the period so that the new surface has a genus-one
fibration of multisection index two together with a second fibration meeting it twice;
the degree-two relative Picard surface then recovers the original period by an integral
Mukai-lattice calculation, and Global Torelli identifies its underlying K3 surface with J.

We begin with the period and the divisibility. Mark the K3 lattice using the original
fibre and zero section of J:

HYXJ,Z)=A=U(f,ey® N, e=[0]+f, N ~U?®FEs(-1)%

We write NS(J) = U & W, where W is negative definite, and let o € A be its period; the
primitive nonzero transcendental lattice T'; lies in A’.

There is a primitive integral isotropic w € A’ pairing oddly with some ¢ € T';. Indeed,
integral isotropic vectors generate A’: if a,b span one hyperbolic summand and z lies in its
even orthogonal complement, then

2

z

-
zZ+a 5

is isotropic, and these vectors together with a,b generate the lattice. Were all isotropic
vectors to pair evenly with 77, unimodularity would imply 7'y C 2A’, contrary to primitive-
ness; moreover, dividing a chosen vector by its common divisor preserves an odd pairing
and makes it primitive.

We set ( )
; w,o
o=0-"

Then (¢/)? = 0 and (0’,0”) = (0,7) > 0, and the classes f, D are integral Hodge classes
with Gram matrix U(2). Period-map surjectivity gives a marked K3 surface with this
period, and it is projective because (f + D)? = 4.

For an integral Hodge class © = ae + bf + v, with v € A/, the Hodge equation gives
2v —aw € W, and pairing with the chosen ¢ forces a even. Since (f,z) = a and (f, D) = 2,
the divisibility of f in the Néron—Severi lattice is exactly two.

We next look for a chamber in which both fibrations are nef. No (—2)-root C' can pair
with f, D with opposite strict signs: after changing its sign, such a root would satisfy

1, D =2e+w. (50)

(f,C)=2a>0, (D,C)=-b<0

for positive integers a, b, its projection to their hyperbolic plane would be —(b/2)f + aD,
of square —2ab, and the orthogonal complement is negative definite. Thus C? = —2 forces
a = b =1 and zero orthogonal part, giving C = —f/2 4+ D, which is impossible because f
is primitive in A.
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We choose the positive-cone sign and use root reflections to make f + D big and nef;
the preceding observation then makes both f, D nef in that chamber. This is an inverse
re-marking by algebraic-root reflections, which fix the period, so formulas (50) remain
valid in the chosen marking. The class D is primitive: any proper division would, since
(f, D) = 2, give a class of fibre degree one, contradicting the divisibility just proved. Note
that primitive nef isotropic classes give connected genus-one fibrations, and that the first
of them has multisection index two.

It remains to recover the Jacobian. Let J(Y') be the Jacobian of the fibration defined
by f. On each smooth fibre, tensoring by 0y (D) identifies its degree-zero and degree-two
Picard curves, so uniqueness of the relatively minimal smooth compactification gives
J?(Y) =~ J(Y); see [11, Chapter 11, Remark 4.4]. We choose a generic ample polarization
for the primitive Mukai vector (0, f,2). The corresponding smooth moduli K3 is the
compact relative degree-two Picard surface by [11, Chapter 11, Section 4.2 and Propo-
sition 4.5], the identification being made over the smooth-fibre locus and extended by
minimal compactification.

The integral Mukai Hodge isometry now gives

H*(J(Y),Z) ~ (0, f,2)~/Z(0, f,2) (51)

[11, Chapter 11, Corollary 4.7 and equation (4.4)], and the isometry applies also to the
possibly non-fine moduli space [11, Chapter 10, Remark 3.7; Chapter 11, Remark 4.9].
In this quotient put

u=(0,0,1), e = (1,2e,0), fr=—u.

The last two vectors span a hyperbolic plane orthogonal to (0,A’,0). Together with that
lattice they generate the quotient: every perpendicular vector is (r,2re + bf + ¢, s) and
becomes

rej 4+ c+ (s — 2b)u.

The period in this decomposition is o — (w, o) f;. The integral Eichler isometry
fr— fs, c—c—(c,w)fy (ceN), ej—rejtw

preserves the pairing because w? = 0, and it takes the original period ¢ to this one. Thus
J(Y') and J have integrally Hodge-isometric second cohomology. We choose the positive-
cone sign and apply algebraic-root reflections to align their ample chambers; Global Torelli
then gives an isomorphism of the underlying K3 surfaces. O

We can now dispose of the Jacobians. Let J be any complex Jacobian elliptic K3
surface. Theorem 8.1 provides a projective K3 surface Y with two fibrations of fibre classes
f, D satisfying f- D =2 and J(Y) ~ J as underlying compact surfaces, and Corollary 7.4
makes Y Oka. Theorem 4.2, applied to the fibration (Y, f), makes its Jacobian J(Y) Oka,
and the surface isomorphism then makes J Oka. Thus

Y Oka = J(Y) Oka = J Oka.

Proof of Theorem 1.1. Let X be an analytic genus-one K3 surface. Its Jacobian J is a
projective Jacobian K3 surface, and X is an analytic torsor of it [11, Chapter 11, Sections
4.3 and 5.3]. The preceding argument makes J Oka, and Theorem 4.2, now applied to X,
makes X Oka. O

Corollary 8.2. Every complex K3 surface with two distinct genus-one fibrations is Oka.

This follows from Theorem 1.1.
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9 Finite symplectic quotients of two-tori

A generalized Kummer surface is a K3 surface obtained as the minimal resolution of A/G,
where A is a complex two-torus and G is a finite group of holomorphic automorphisms
preserving a nonzero holomorphic two-form. Translations are allowed in G, and the term
is used here only for surfaces; the case G = {1, —1} gives the ordinary Kummer surfaces.

The strategy is the same as before: we construct an equivariant projective model,
compare the resolved pairs, and only then invoke an Oka result, the comparison surface
being provided by the genus-one theorem, Theorem 1.1.

Proposition 9.1. Let X — A/G be a generalized Kummer surface, and let E be its reduced
exceptional divisor. There are a projective generalized Kummer surface Y — B/G, with
reduced exceptional divisor F', and a smooth diffeomorphism h : X — Y. It is biholomorphic
near E and maps its components to those of F'. The group acts on A and B by the same
affine diffeomorphisms of one real torus. Moreover, p(Y) > 17, so Y admits a genus-one
fibration.

9.1 Equivariant deformation and local comparison

We write A = (V/A, Iy), where V is a real vector space of dimension four, A is a lattice
and Iy is a linear complex structure. Every holomorphic automorphism of a torus is affine,
and its linear part preserves A and commutes with Iy; this is what allows us to deform the
complex structure while keeping the group action fixed.

Lemma 9.2. There is a smooth path I, 0 < t < 1, of linear complex structures commuting
with the linear parts of G, beginning at Iy, such that (V/A, 1) is projective. The same
affine action of G preserves a holomorphic two-form for every I.

Proof. Let T" be the finite group of linear parts. Average an Iy-Hermitian inner product to
obtain a I'-invariant one, denoted by g, and put wg(u,v) = g(Ipu, v). The vector space of
I-invariant alternating forms is defined over Q relative to A, since its defining equations
have integral coeflicients, so its rational points are dense. We choose a rational invariant
alternating form w, sufficiently close to wy and put w; = (1 — t)wg + tw;.

Define the skew-adjoint endomorphism B; by g(Biu,v) = wi(u,v); for a sufficiently
close choice of wy, every B; is invertible. We set

I = Bi(=B})~", (52)

where the square root is the positive self-adjoint one. These complex structures commute
with I', depend smoothly on ¢, and begin at Iy. The endomorphism B; commutes with its
positive factor, so w; has type (1,1) for I; and

wi(u, [u) = g((=BH)Y2u,u) >0 (u #0).

Thus w; is a translation-invariant Kéhler form, and an integral multiple of w; is integral
on A; the Riemann bilinear criterion therefore makes (V/A, I1) an abelian surface.

It remains to check that the group still preserves holomorphic forms. For each v € T,
its complex determinant relative to I; varies continuously and belongs to the finite set
of roots of unity whose orders divide the order of ~; it equals one at ¢ = 0 and hence
throughout the path. Since translations act trivially on holomorphic forms, every affine
element of GG preserves the holomorphic volume form for . O
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Lemma 9.3. Let P C V/A be the set of points with nontrivial stabilizer. There is a
G-equivariant smooth diffeomorphism

(V/A, Io) — (V/A, )
which fizes P pointwise and is biholomorphic near P.

Proof. The set P is finite. Indeed, a nonidentity linear part is a finite-order complex
matrix of determinant one; if it had an eigenvalue one, both eigenvalues would be one, and
semisimplicity would make it the identity. Thus 1 — + is invertible for every nonidentity
linear part v, an affine automorphism with that linear part has finitely many fixed points,
and a nontrivial translation has no fixed point at all.
Let L; € GL(V) solve
Ly=3iLLL,, Lo=id. (53)

Differentiating I? = — id gives [%It.ft, L] = I;, whence I,L; = L;Iy. The coefficient in (53)
commutes with I', so L; does as well. In particular, L; is a complex-linear isomorphism
from (V, Iy) to (V, 1), joined to the identity through real invertible maps commuting with
every stabilizer.

We choose disjoint small coordinate balls centred at the points of P, using a I-invariant
norm and the same radius on each G-orbit. At an orbit representative, the stabilizer acts
linearly in centred coordinates and commutes with every L;, so Lemma 2.8, applied to this
stabilizer and the isotopy L, gives an equivariant diffeomorphism supported in the ball
and equal to L1 near its centre.

Transport this map to the other balls by the affine action. Stabilizer equivariance makes
the construction well-defined, and commutation of L1 with I' makes every transported map
equal to L; in centred coordinates near its centre. Gluing these maps with the identity
outside the balls gives a smooth diffeomorphism which commutes with G, fixes P pointwise,
and is biholomorphic near P. ]

9.2 Resolution and the Picard number

Lemma 9.4. Let X — A/G be a generalized Kummer surface, and let r be the number
of irreducible exceptional curves. Then r > 16. If X is projective, then p(X) > 17 and X
admits a genus-one fibration.

Proof. At a point with nontrivial stabilizer the local group is a finite subgroup of SLg(C),
so the quotient has a rational double point, and the exceptional curves form an ADE
configuration of smooth rational curves with negative-definite intersection matrix; see [11,
Chapter 14, Section 0.3].

We write E for the exceptional divisor and U = X \ E. Every connected component
of E is a tree of rational curves, hence Hi(E,R) = 0 and Hy(FE,R) ~ R". Duality for the
pair (X,U) and its cohomology sequence give

Hy(E,R) — H*(X,R) — H?*(U,R) — Hy(E,R).

The first map sends component classes to their Poincaré duals and is injective by negative

definiteness, so
dim H*(U,R) = 22 —r. (54)

Let P C A be the finite set of points with nontrivial stabilizer. Then A\ P — U is an
unramified finite covering with group G, and transfer and averaging identify H?(U, R) with
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H?(A\ P,R)“. Removing finitely many points from a real four-manifold does not change
its second cohomology, so

H*(U,R) ~ H*(A,R)®,  dim H*(U,R) < 6.

Equation (54) proves r > 16. In the projective case an ample class is independent of the
negative-definite exceptional span, giving p(X) > r+1 > 17, and a projective K3 surface of
Picard rank at least five has a genus-one fibration by [11, Chapter 11, Proposition 1.3]. [

Proof of Proposition 9.1. Lemmas 9.2 and 9.3 give an abelian surface B with the same
affine action and an equivariant diffeomorphism A — B, biholomorphic near the nonfree set;
the nonfree sets are the same subsets of the real torus. The induced map A/G — B/G is
smooth on the free loci and biholomorphic near each quotient singularity, so by uniqueness of
the minimal resolution of a normal surface singularity the biholomorphic germ comparisons
lift to the minimal resolutions. They agree with the map on the smooth loci, yielding a
smooth diffeomorphism h : X — Y biholomorphic near the full exceptional divisors.

The finite quotient of the abelian surface B is projective, and so is its minimal resolution
Y. The invariant holomorphic two-form extends without zeros across the rational double
point resolutions, and Y is diffeomorphic to the simply connected K3 surface X; hence Y
is a K3 surface. Lemma 9.4 gives its Picard-rank bound and its genus-one fibration. [

9.3 Oka complements and the generalized Kummer theorem

Lemma 9.5. For every generalized Kummer surface X — A/G with reduced exceptional
divisor E, the complement X \ E is Oka.

Proof. For the finite nonfree set P C A, one has X \ E = (A \ P)/G and the action on
A\ P is free. The complement of any finite set in a complex torus of dimension at least
two is Oka by [5, Proposition 6.5], and the Oka property descends through an unramified
covering by [6, Theorem 1.4]. O

Proof of Theorem 1.2. Proposition 9.1 provides a projective genus-one K3 surface Y and a
diffeomorphism of the resolved pairs, biholomorphic near their exceptional divisors. Those
divisors are simple normal crossing divisors, and their complements are Oka by Lemma 9.5;
Theorem 1.1 makes Y Oka, after which the transfer theorem, Theorem 2.1, makes X
Oka. O

Proof of Corollary 1.3. Let A be a complex two-torus. Inversion preserves its holomorphic
two-form, and the minimal resolution of A/{£1} is the Kummer K3 surface Kum(A), so
Theorem 1.2 applies. ]

Corollary 9.6. FEvery order-three generalized Kummer surface of Picard number eighteen
is Oka, is nonprojective, has no genus-one fibration, and is not an ordinary Kummer
surface. Such surfaces exist.

Proof. The Picard-number-eighteen members occur in the order-three moduli description
of [15, Introduction and Sections 2.6 and 5.3]. Their exceptional divisor consists of nine
disjoint Ay configurations, and the eighteen component classes span NS(X) ® R, a negative
definite space; so there is no polarization, and no nonzero square-zero class either, while a
genus-one fibration would provide the second. Theorem 1.2 gives the Oka property.
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It remains to see that there are no other irreducible curves. If C' were distinct from
the exceptional components E;, then C - E; > 0; write [C] = Y, a;[F;] and let M be their
intersection matrix, so that (a;) = M~1(C - E;). On each Az block,

1/(2 1
,1__7
M= 3<1 2)’

so all a; < 0, and pairing with a Kéhler class contradicts the positive area of C. Finally,
among nine A, pairs at most nine curves are mutually disjoint, while an ordinary Kummer
surface contains sixteen disjoint smooth rational curves; thus X is not an ordinary Kummer
surface. O

10 Enriques surfaces

Let S be a smooth complex Enriques surface. Its canonical bundle has order two, and the
associated canonical cover

m: X = Specs(ﬁg@Kgl) — S

is a connected finite étale cover of degree two. The total space X is a smooth K3 surface
and the covering involution ¢ has no fixed points. These classical facts hold for nodal and
unnodal Enriques surfaces alike; see [11, Chapter 15, Section 4.3(ii)] and [3, Section 1.3].

Lemma 10.1. The K3 cover X is projective, has p(X) > 10, and admits a genus-one
fibration.

Proof. The involution acts by —1 on H*%(X): an invariant holomorphic two-form would
descend to S, whereas py(S) = 0. The invariant integral lattice is

H*(X,Z)' ~U(2) ® Fs(-2)

[11, Chapter 14, Section 0.3(vii)]. It is of type (1,1) and lies in NS(X), so p(X) > 10,
and the positive-square classes in U(2) imply projectivity by the K3 projectivity criterion.
A projective K3 surface of Picard rank at least five admits a genus-one fibration by [11,
Chapter 11, Proposition 1.3]. O

Proof of Corollary 1.4. Lemma 10.1 places the canonical K3 cover in Theorem 1.1, so X
is Oka, and since 7 : X — S is an unramified holomorphic covering, the Oka property
descends to S by [6, Theorem 1.4]. O

A (—2)-curve on S is a smooth rational curve of self-intersection —2. Its inverse image
in X consists of two disjoint copies, since an unramified cover of P! splits; in particular,
the canonical cover is étale along the curves of a nodal Enriques surface.

Xie—Zhao prove that every unnodal Enriques surface is Oka in Theorem C and Corol-
lary 3.5 of arXiv:2608.24392v2 [21], using an étale double cover by a Wehler K3 surface,
and their introduction leaves the nodal case open. The canonical-cover argument above
extends the conclusion to all smooth Enriques surfaces.
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11 Oka loci in non-isotrivial K3 families

The last theorem is proved by a density argument on the period domain: integral isotropic
hyperplanes meet every nonconstant period curve densely, and their intersections give
genus-one fibres, to which Theorem 1.1 applies. This proves the density assertion in
Theorem 1.5.

We write A for the K3 lattice, of signature (3,19), and write its period domain as

Q={lo] € P(A¢) : (0,0) =0, (0,7) > 0}.
The corresponding oriented positive real plane is P = (Reo,Im o).

Lemma 11.1. Let v : A — Q be a nonconstant holomorphic map. The pointst € A for
which
(o(t),v) =0 for some0#veA, (v,v) =0,

are dense in A. Here o is any local holomorphic lift of .

Proof. Tt suffices to work near a point where 7' # 0, since these points are dense in the disk.
Move that point to 0 and choose a holomorphic lift o(t), and put Py = (Reo(0),Imc(0))
and W = P;- C Ag; the restriction of the form to W has signature (1, 19).

The projection & of ¢/(0) to W¢ is nonzero. Indeed, differentiation of (o,0) = 0
gives (0/(0),0(0)) = 0, so if the projection vanished, ¢/(0) would be a multiple of ¢(0),
contradicting +'(0) # 0. Real null vectors span the Lorentzian space W, so there is a
nonzero real vector v € W with (v,v) = 0 and (¢’(0),v) # 0; the holomorphic function

t— (o(t),v)

therefore has a simple zero at 0.

It remains to replace v by an integral vector. Rational null vectors are dense in the
real null cone of Ag: for completeness, choose a rational hyperbolic plane with isotropic
basis e, f satisfying (e, f) = 1, so that the affine chart of the null cone on which (v, f) # 0,
after normalizing this pairing to one, is parametrized by

(u, u)
2

Rational parameters are dense, this chart is dense in the real null cone, and real scalar
multiples may likewise be approximated by rational multiples, so we may choose nonzero
rational null vectors v; — v.

On a sufficiently small circle about 0, the function (o(t),v) has no zero and has exactly
one zero inside. The functions (o(t),v;) converge uniformly there, so Rouché’s theorem
gives zeros tending to 0, and multiplying each v; by an integer makes it an integral isotropic
vector without changing its zero set. Since the circle can be taken inside any prescribed
neighbourhood of 0, this proves the density assertion. O

fi uele )t

ur—e+u—

Lemma 11.2. A complex K3 surface with a nonzero integral isotropic Néron—Severi class
admits a genus-one fibration.

Proof. For a projective K3 surface this is the isotropic-class criterion, obtained by choosing
a primitive class, its effective sign, and root reflections; see [11, Chapter 11, Proposition 1.3].

In the nonprojective case, let L be a nontrivial line bundle with ¢;(L)? = 0. Riemann—
Roch and Serre duality give

RO(L) +hY(L™Y) > x(L) = 2.
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Both signs cannot be effective, since integration against a Kéahler form is strictly positive
on every nonzero effective divisor, so after changing the sign we have h%(L) > 2. Remove
the fixed divisor of its complete linear system and denote the moving class by M. Two
general members have no common component, so M? > 0, and positive square would imply
projectivity of the K3 surface; hence M? = 0.

Two general moving members now have intersection zero, so there are no base points, and
the associated map has one-dimensional image, since a two-dimensional image would give
positive self-intersection. In its Stein factorization X — B the base is a smooth compact
curve and H'(B, 0p) injects into H*(X, Ox) =0, so B ~ P!. A general connected fibre is
smooth and has square zero, and adjunction gives genus one. ]

Proof of Theorem 1.5. Let U C B be any nonempty open set. On small simply connected
coordinate neighbourhoods the family has a marking and a holomorphic period map, and
non-isotriviality, local Torelli and analytic continuation imply that this period map is not
constant on any nonempty base open set. Thus inside U there is a small holomorphic disk
on which it has a nonzero derivative at some point.

Lemma 11.1 provides fibres arbitrarily close to that point with a nonzero integral
isotropic Néron—Severi class, and by Lemma 11.2 these fibres admit genus-one fibrations.
Theorem 1.1 makes them Oka, so every nonempty base open set contains an Oka fibre;
finally, Larusson’s theorem [14, Corollary 8] makes the Oka locus of the proper holomorphic
submersion a G5 subset of B. O

A Comparing arbitrary Kummer models

We close with the geometric comparison between Kummer models that the introduction
refers to. For a complex two-torus A, write Y4 = Blyjg A and X4 = Kum(A) = Ya/{£1}.
The fixed divisor R4 C Y4 consists of sixteen copies of P* with normal bundle &(—1), and
its image in X 4 has normal bundle &' (—2), as the local squaring map in Corollary 2.7
shows.

Lemma A.1. For any complex two-tori A and B, there is a smooth equivariant diffeomor-
phism h : Yo — Yp, biholomorphic on a neighborhood of R 4.

Proof. We choose an orientation-preserving isomorphism of the underlying real tori induced
by an isomorphism of their lattices; it commutes with inversion and identifies the two-torsion
points. In flat coordinates near corresponding two-torsion points, its local expression is an
orientation-preserving real-linear isomorphism 7.

Let L be a complex-linear isomorphism between the two complex tangent spaces. Both
L and T preserve orientation, so M = LT~! lies in GL"(4,R) and admits a smooth path
M, from the identity. We apply Lemma 2.8 with the inversion group {£id} in a coordinate
ball of B centred at the corresponding two-torsion point; composing the resulting local
diffeomorphism with the original torus isomorphism changes its expression from T to L
near the centre.

We apply this construction in disjoint balls around the sixteen points. The resulting
diffeomorphism A — B commutes with inversion and equals a complex-linear isomorphism
near every blowup centre, and such an isomorphism lifts holomorphically to the blowup
by its induced action on complex tangent lines. Off the exceptional divisors the local lifts
agree with the map defined through the blowdown isomorphisms, so they glue to a smooth
equivariant diffeomorphism A that is biholomorphic near R 4. ]
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