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1. INTRODUCTION

The study of zeros in random polynomials began with Waring [56], who first used
probabilistic methods to determine the number of imaginary zeros in algebraic
polynomials. Significant progress was made in the 1930s by Bloch and Pdlya [9], who
provided rigorous estimates for the expected number of real roots in certain classes of
random algebraic polynomial equations. This foundational work spurred further research
by Littlewood, Offord, Hammersley, Kac, Erdés, and Turdn, among others. For a
comprehensive historical overview, see [7, |46].

In this article, we investigate the distribution of zeros for random sections of
holomorphic line bundles over compact Riemann surfaces. Our work extends the
foundational results of Shiffman-Zelditch [53], incorporating recent advances from [[17]
to establish precise estimates for the convergence rate of hole probabilities. The
inspiration for our approach comes from the work of Nishry-Wennman [39] on hole
probabilities of Gaussian entire functions, though our methodology differs in several key
aspects and represents a distinct contribution to the problem.
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Let X be a compact Riemann surface with a Kihler form w,, and let £ be a positive
holomorphic line bundle on X with deg(£) > 1. We fix a Hermitian metric » on £ such
that the Chern curvature form ¢, (£, by) is strictly positive. The normalized (1, 1)-form

w:=c1(L,h)/deg(L)

serves as a probability measure on X, since [, w = 1.

For every positive integer n, the n-th power £" := L®" of the line bundle £ inherits a
natural metric h,, induced by h. Specifically, for local sections s of £ around a point z € X,
we have |[|s®"|ly,(z) := ||s|[y(x). Let (:,-), denote the pointwise Hermitian inner product
corresponding to the Hermitian metric b,,.

On the space H°(X, L") of global holomorphic sections of £", we define a global
Hermitian inner product as follows:

<51, 82>n = / (81,52>n wo for S1,82 € H()(X, En)
X

By the Riemann-Roch theorem, the global sections of £" are abundant for sufficiently
large n. Specifically, we have

dime HY(X, L") =n -deg(L) — g+ 1> 1.
On the projectivized space PH(X, L"), we consider the Fubini-Study volume form VS
induced by (-, -),..
The zero set Z, of a section s € H°(X, L") \ {0}, or of an element [s] € PH°(X, L"),

consists of n - deg(L) points, counting multiplicities. Let [Z;] denote the sum of Dirac
masses at the points in Z,. The Poincaré-Lelong formula states that

2] = ddlog]ls|ly,, +n - deg(£) w
The empirical probability measure of Z, is defined as the unit mass normalization
[2,] == (n - deg(L))~'[Zy].

The distribution of [Z,] for s € H°(X, L") \ {0} with respect to the complex Gaussian
measure on H°(X, L") associated with (-,-),, coincides with the distribution of [Z,] for
[s] € PHO(X, L") with respect to the Fubini-Study volume form V¥ (cf. [50, Section 2]).

The study of the zero distribution of random holomorphic sections has a rich literature;
see, for example, [13} 4,5, 16, 8], (15} 16, 18,19, 20} 21} [34} 141}, 45|, 47, 48,150, 51}, 52].

Notably, a celebrated theorem by Shiffman and Zelditch [48] implies that, under the
Fubini-Study volume form V'S, the zeros of sections in PH®(X, £") are equidistributed
with respect to w. Specifically, for any smooth test function ¢ on X, we have

lim (1Z], ¢) VIS (s /d)w
n=00 JpHO(X,L7)

Our goal is to study the hole probabilities of this distribution, following the framework
established in [17, 53] 58, [59]]. For an open subset D in X with D # X, we define, for
each large n, the hole event

H,p:={[s] e PH'(X,L") | Z,nD = &},

which concerns holomorphic sections of £ that vanish nowhere on D.
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To state our main result, we introduce a key functional 7, ,, that was presented in [17],
with its initial model proposed by Zeitouni and Zelditch [58] (see also [26) 39, 59]). Let
M(X \ D) denote the set of probability measures supported on X \ D. We define

(1.1) Z,p(p) ::—/Uuw—/Uudu:—/U;du—l—QmaxU;, Ve M(X\D).
b'e b X

Here, U, (resp. U}) is the w-potential of type M (resp. type I) of u, as defined in
Section When D is non-empty, 7, p is strictly positive.

For convenience, we abbreviate 7, := 7, p, since w is fixed throughout this article. A
key property of 7, is that it admits a unique minimizer v, € M(X \ D), which coincides
with the limit of the conditional expectations E([Z,] | H, p) of the empirical probability
measures [Z,] for the hole events [s| € H,, p as n tends to infinity. See [17].

A striking phenomenon is that the support of v avoids an open "forbidden set" distinct
from D (cf. [17]). This behavior was first observed in the context of Gaussian entire
functions [26) [39], where it revealed deep connections between zero distributions and
potential theory.

Recall that an open set £ in X is said to have a smooth boundary OF if, for every x € OF,
there exists a neighborhood B of = and a smooth diffeomorphism ¢ : B — D, where D is
the unit disc in C, such that

WENB)=DN{Im(z) >0} and ¢(OENB)=DNR.

For technical convenience, we assume from now on that the hole D has a smooth
boundary and that dD consists of only finitely many components. Our main result
concerns the exponential decay of the hole probabilities P,,(H,, p).

Theorem 1.1. There exist a constant Cp, > 0 independent of n, and a constant C' > 0
independent of D, n, such that

logn 1 ) logn
< log P, (H, Ip <C
n ~ n2deg(L)? %8 Pn(Hnp) + minTp <

for all n > ng, where ng depends on D.

(1.2) —Cp

It is surprising that the upper bound error is independent of D. Here, we assume n > n
to ensure that P,,(H, p) # 0, since when X # P!, the hole event H, p can be empty for
certain small n € Z,. This is also the reason why the lower bound error should depends
on D.

Note that the estimate (1.2]) refines the following hole probability asymptotic formula
by providing the convergence speed:

1
(1.3) nh—{gomg(ﬁ)? logP,,(H, p) = —minZp,
which was established in [17], as a by-product.

As a consequence of Theorem (1.1, in dimension one, we recover an estimate
established by Shiffman-Zelditch-Zrebiec [53]] on the exponential decay exp(—cpn'™') of
the hole probabilities with respect to a fixed open domain D in a projective manifold of
any dimension ¢ > 1. For the case where X = P' with ¢ > 1 and equipped with the
Fubini-Study metric, some precise asymptotic formulas for the hole probabilities of
polydiscs were established by Zrebiec [61] and Zhu [60].
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Nevertheless, even in the simplest case where (X,L,w) = (P! 0(1),wrs), the
convergence speed O(logn/n) in Theorem is new and is expected to be optimal. See
Question for further discussion. In particular, when deg(L£) = 1, there might exist an
asymptotic expansion formula (compare with (11.1)))

(1.4) P,(H,p) = exp [C’{nz + Cinlogn + Cyn + o(n)}, as n — +oo,

where (| = —minZp, and ) and C, are constants depending on D.

Theorem provides strong evidence for the existence of such a . Determining C9,
C%, and the lower-order terms in the conjectural formula would be a challenging
research project.

Our second result concerns the asymptotic behavior of hole probabilities for discs with
varying radii. Fix a radius r, > 0 such that any open disc B(z, ), centered at = € X with
radius ry with respect to the given metric wy, is not the entire space X.

Theorem 1.2. There exist constants C' > ¢ > ( independent of x and r, such that

(1.5) —Ort < nhj&m log Py, (Hpp(zr)) < —crt, VeeX, VOo<r<r,.

Previously, such hole probabilities with a parameter  on the hole size were not known
for zeros of random holomorphic sections, except in some very special cases where tour
de force calculations are possible (see [60, [61] for such exceptions in dimension one and
higher). The estimate is inspired by several classical works in recent decades.

In the setting of Gaussian entire functions F(z) := >~ J&2" with independent and
identically distributed (i.i.d.) standard complex Gaussian coefficients a,, Sodin and
Tsirelson [55]] established that the hole probability with respect to a disc of radius r
decays as exp(—crt) as r — oco. An optimal constant ¢ was obtained by Nishry [37].
Recently, Buckley, Nishry, Peled, and Sodin [14] studied the hole probabilities for zeros of
hyperbolic Gaussian Taylor series with finite radii of convergence. See
also [10] 11,12} 13} 25} 26} 27, 31} 132, 38}, 139, 142, |49].

We now discuss the insights and ideas underlying the proofs of Theorems and
The functional Z, plays a central role in our approach. It was first introduced by Zeitouni
and Zelditch [58] (for X = P! and D = @) and Zelditch [59] (for D = @) to study
large deviations of random zeros of line bundle sections on compact Riemann surfaces.
Ghosh and Nishry [26] later developed a similar functional Z, to investigate the hole
event problem for Gaussian entire functions on C. While their work addressed a different
setting and employed distinct methods, it provided significant inspiration for the current
formulation. More recently, Dinh, Ghosh, and the first named author [[17] refined Z, into
its present form, which differs substantially from the original proposal. This refinement
was crucial for resolving the equidistribution problem of hole events and establishing the
exponential decay of the hole probabilities.

The proof of Theorem [1.1] reduces to the following two key steps:

(V) Construct holomorphic sections s € H°(X, L") whose zeros avoid the hole D.
(¢>) Demonstrate that such sections [s] form a subset of PH’(X, L") with "large"
volume.

In general, constructing "desired" holomorphic sections is widely recognized as a
notoriously challenging task, lying at the heart of several prominent problems in
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algebraic and complex geometry (cf. [54]]). It is worth noting that, in most cases, one
relies on three classical approaches:

(1) Methods inspired by electrostatic potentials.
(2) Differential geometric methods involving positive curvature.
(3) L2-methods for solving d-equations.

While (2) and (3) are applicable in any dimension, (1) is effective only in dimension
one. Our approach aligns with (1). The starting point is Zelditch’s density formula
(cf. [59, Theorem 2]), whose proof relies on a certain bosonization formula [2] and
ingenious calculations.

The functional Z, was introduced by Dinh, Ghosh, and the first named author in [17]].
This functional is derived from the key exponent in Zelditch’s formula and acts as a rate
function for a large deviation principle governing the empirical measures [Z;] of zeros of
random holomorphic sections [s| € H,, p.

The underlying intuition is that the zeros of a random section in the hole event H, p
repel each other, analogous to the behavior of electrons. Consequently, for most [s|] € H,, p,
the zero sets Z; yield empirical measures [Z;] that are very close to the minimizer v, of
the functional Z, (cf. [[17, Theorem 2]).

In practice, the upper bound in Theorem is relatively straightforward to establish
using Zelditch’s density formula (2.14). The true challenge lies in obtaining the lower
bound.

Our strategy for addressing () and (<») consists of two main components:

(#) First, we seek some [s] € H, p such that a certain necessary modification fm p of
Tp satisfies fm p([Zs]) = Zp(vp) for the empirical measure [Z,]. This modification
fm p is required because Zp (i) = +oo for any probability measure p that assigns
positive mass to a single point.

(&) Next, we demonstrate that by applying arbitrary mild perturbations Z, of Z, C
X\ D (while still satisfying the Abel-Jacobi equation (2.5])), we can generate many
sections [s'] € H,, p that collectively form a subset of large volume.

The requirement for extreme closeness in Step (#) ensures that, after applying these
mild perturbations, the empirical measures [Z.] continue to satisfy fn, p([Z+]) = Ip(vp).
As a result, such sections [s'| € H, p can form a subset of large volume, as predicted by
Zelditch’s density formula (2.14).

When ¢ = 0, such a blueprint can be realized without difficulty; see Remark [9.2] below.
However, when g > 1, a fundamental difficulty arises, as pointed out by Zelditch [59].
For simplicity, assume n > ¢ and deg(L£) = 1. Note that the number of zeros of every
[s] € PH?(X, L") is precisely n, which exceeds the dimension n — g of PHY(X, £™). Write
the zeros of s in any order as py, ..., pn—g, ¢1,- - -, ¢, For a generic s, by Abel’s theorem, the
last g zeros ¢y, . . ., ¢, are uniquely determined by the first n—g zeros py, .. ., p,,—,. However,
even if all the p;’s lie outside the hole D, it is not guaranteed that the ¢;’s also lie in X \ D.
In other words, there is no direct way to parameterize H,, p.

To achieve (#) for any g > 1, our approach proceeds as follows:

(#1) Temporarily disregarding the Abel-Jacobi equation (2.5), we aim to identify an
empirical measure J, = @(51@1 o+ Opaege)> Where p = p1 + -+ Ppdeg s €
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(X \ D)(ndeeL)  ensuring that the functional value :/Z\.n, p(dp) closely approximates
Ip(vp).

(#2) We then delicately perturb p to a nearby configuration p’ € (X \ D)4 in order
to satisfy the Abel-Jacobi equation (2.5]). Throughout this adjustment, we maintain
that Z,, () remains nearly identical to Z, ,(d,). This allows us to establish a
valid section [s] € H,p with [Z] = &, ensuring that Z, r([Z.]) = Z..0(0p)
closely matches Zp(vp).

Let us highlight three major contributions of this article:

(i) We establish the Lipschitz regularity of the quasi-potential U, of v, (Section [3).
This result is crucial for the subsequent analysis and relies on the structure
theorem [[17, Theorem 1.1] of the equilibrium measure vp.

(ii) By adapting the theory of Fekete points on compact Riemann surfaces (Section [5]),
we demonstrate that the points py,...,praeec € X \ D obtained in Step (#1) are
sufficiently separated (Section[6). This adaptation is inspired by the work of Nishry
and Wennman [39].

(iii) We introduce a novel perturbation method (Section (7)) to accomplish Step (#2)
(Section [8). Within the proof, Lemma addresses the core challenge by
rendering the constraint imposed by the Abel-Jacobi equation
asymptotically negligible as n — oc.

A significant distinction between our approach and that of [39] lies in our reliance on
insights concerning the equilibrium measure vp, as established in [[17, Theorem 1.1]. By
fully leveraging potential theory, we eliminate the need to assume that the hole D is simply
connected. In contrast, Nishry and Wennman [39] adopted a variational method with a
PDE-oriented perspective, which required them to assume the simple connectedness of D.

In Section [2| we present some useful background. The proof of Theorem is given
in Section [9] and the proof of Theorem [1.2]is provided in Section Finally, we discuss
some open problems in Section

Notations:

O(|f|) Represents a term that is bounded by C' - |f| for some positive constant C,
where C may depend on X, wy,w, D, but not on any other parameters.
D(z,r) C C Denotes the open disc centered at x € C with radius » > 0. We abbreviate
D(0,r) as D,, and D, as D.
B(xz,r) C X Denotes the open disc centered at x € X with radius » > 0 with respect to
the given metric wy.

2. PRELIMINARIES ON ABEL-JACOBI THEORY AND QUASI-POTENTIALS

2.1. Abel-Jacobi Theory. Let X be a compact Riemann surface. A divisor on X is a finite
formal linear combination D := ) a,x;, where a; € Z and z; € X. If a; > 0 for all j, then
we call D an effective divisor. The degree deg(D) of D is defined as the total sum ) a;. A
divisor D on X can be associated with a line bundle &'(D) (cf. [29]]).

For a nonzero meromorphic function f on X (or a nontrivial holomorphic section s of
a line bundle £), we denote by (f) := (f)o — (f)x (resp. (s)) the divisor defined by the
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zeros (f)o and the poles (f)., of f (resp. the zeros of s). Such a divisor D = (f) is called a
principal divisor, and it always has degree 0.

Consider a canonical basis {a,...,a,, 01,...,08,} of Hi(X,Z) with the intersection
numbers «; - §; = d;; and «;, - a;, = f;, - f;, = 0 for ji # jo. Let {¢1,..., ¢4} be a basis for
the complex vector space of holomorphic 1-forms on X. Denote by ® = (¢1,...,¢,)" a
column vector of length g. The g x 2¢g matrix

Q::(/m@,...,/Cygé,/m@,.‘.,/ﬂg@)

is called the period matrix. The 2g columns of (2 are linearly independent over R, and
hence generate a lattice A in CY (cf. [29,[30]). Define the Jacobian variety of X by

(2.1) Jac(X) :=CI/A,

which is a g-dimensional complex torus.
Fix a base point p, € X. The Abel-Jacobi map A : X — Jac(X) associated with p, is
defined by

(2.2) Alz) = (/xqal,...,/zd)g)T (modA), VzeX.

The resulting point in Jac(X) is independent of the choice of path from p, to x after taking
the modulo A.

Let X(™ be the m-th symmetric product of X. Points in X(™ correspond one-to-one
to effective divisors p; + --- + p,, of degree m, where the points py,...,p,, € X are not
necessarily distinct. It is well known that X(™ inherits a complex structure from X™.
Define the canonical projection 7, : X™ — X by

(2.3) Tm(P1, -, Pm) = P14+ + D

Let %y, == {(p1,.-.,pm) : pj = p¢ for some j # ¢} be the ramification subvariety. Near a
point py + - -+ + p & Tn(Z%m), the holomorphic coordinates of X (™ are given by the local
coordinates of py,...,p, € X. We will denote 4; ® --- ® A, := m,(A; x --- x A,) for
Aj C X.

For every t > 1, define a holomorphic map A, : X — Jac(X) by

Alpr o+ 1) o= jéA(pj) = Z ([ oni[ o) moan)

Then, A, = A is injective, and A, is surjective by the Jacobi inversion theorem. Moreover,
A, is birational. Specifically, there exist a hypersurface # C X9 and a codimension-2
analytic set W := A, (#') C Jac(X) such that the restriction

Ay XON W — Jac(X)\ W,

is biholomorphic. The subvariety %" consists of critical points of A, and W, is called the
Wirtinger subvariety. For any ¢; + --- + q, € #, one has dim H*(X, O(q1 + -+ + q,)) > 2
(cf. [29,30]). When g = 1, # is empty.

Abel’s theorem states that A,(p1 +--- +p;) = A(py +--- + p;) if and only if p; +--- +
pr — p) — --- — p, is a principal divisor. In particular, there exists a holomorphic section
s€ H' (X, O+ -+ +py)) with (s) =p} + - + p}.
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By the Riemann-Roch theorem, any line bundle on X of degree at least ¢ admits a
nontrivial global section s, and hence is linearly equivalent to &(D) for some effective
divisor D = (s). For large n such that m :=n-deg(£) —g > 0, forany p; +-- - +p,, € X",
we can apply this observation to the line bundle £" ® &(—(p1 + - - - + pm)) of degree g to
see that there exists some q; + - - - + ¢, € X9 such that

(2.4) O+ +q) =L QO(—(p1+ - +Dm))-
Equivalently, if £" ~ O(w;1 + - - - + Wp.deg(r))> then
(25) Am(pl +--- +pm) +Ag(Q1 +-- +QQ> = An~deg(£) (wl +-- +wn~deg(ﬁ)> = An'deg(ﬁ)(ﬁn)-

Here, A, .qeq(2)(L") is well-defined because of Abel’s theorem. Moreover, the choice of
q1 + - - - + g, is unique if dim H°(X, O(q; + - - - + q,)) = 1, or equivalently, if A, geg(c) (L") —
An(pr 4+ pm) ¢ W,.

In this article, we will assume that deg(£) = 1. This assumption is justified by the
following well-known fact, which is a corollary of the Jacobi inversion theorem.

Lemma 2.1 (cf. [17]-Lemma 6.4). Let L' be a positive line bundle on X of degree d > 1.
Then there exists a positive line bundle L of degree 1 such that L ~ L'

This lemma allows us to reduce the general case to the case where the degree of the line
bundle is 1. Any results obtained for £ of degree 1 can be extended to the line bundle £’
by considering appropriate powers of L.

2.2. Quasi-potentials. A function ¢ on X with values in R U {—oo} is called
quasi-subharmonic if, locally, it can be written as the difference of a subharmonic function
and a smooth function. If ¢ is quasi-subharmonic, then there exists a constant ¢ > 0 such
that dd°¢ > —cw in the sense of currents. When ¢ = 1, ¢ is called an w-subharmonic
function, and dd®¢ + w is a probability measure on X by Stokes’ formula.

For any probability measure p on X, we can write 1 = w+dd°U,, where U, is the unique
quasi-subharmonic function such that max U, = 0. We call U, the w-potential of type M of
v (M stands for "maximum"). There is an alternative way to normalize the potential U}; by
requiring that [\, Uyw = 0. We call U the w-potential of type I of 1. (I stands for "integral").
To construct w-potentials, we use the following Green functions.

Lemma 2.2 (cf. [33]-Theorem 2.2, [17]]-Lemma 2.1). There exists a Green function G(z,y)
of (X,w) defined on X x X, which is smooth outside the diagonal, such that for every x € X,

/X Gz, )w=0 and dd°G(z,-) = 0, — w.
Moreover, the function o(z,y) := G(z,y) — log dist(z, y) is Lipschitz.
For any probability measure i on X, the aforementioned w-potentials are given by
(2.6) U)(z) = /XG(ZL‘, )dp and U, :=U; —maxU}.

In particular, we see that U}; is uniformly bounded from above.
In fact, one can define the w-potential U} for any positive or signed measure v on X
using the above formula, which will be used in the study of Fekete points later. For any
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two positive or signed measures ju;, 12 on X, it is clear that U};
by Stokes’ formula, one can show (cf. [17, Lemma 2.3]) that

— * *
v = Uy, + UL Moreover,

(27) / U;l d,UQ :/ U;Q d,ul,
X X
and
(2.8) / U duy < 0.
X

There is another geometric description for the w-potentials. For every p € X, the
holomorphic line bundle &'(p) associated with the one-point divisor p has a canonical
section 1,(,. By the Poincaré-Lelong formula and the §9-lemma, we can find a smooth
Hermitian metric b, for every p such that the curvature form is w and the potential reads
as

(2.9) Us,(2) = log 104 (2)]], + Ci,,

where () is a normalized constant subject to the condition max Us, = 0. This b, is unique
up to a multiplicative factor. To ensure uniqueness, we adopt the normalization
Jx 1081 1o() (2)|lp. w(z) = 0 for convenience.

For every point p :=p; + - -- + p,, € X™), m > 1, we denote by

1
(2.10) Oy 1= — (B o+ 0,
the empirical probability measure of p. Similarly, we have
1
(2.11) Us,(2) = —log || 1o () [, + Chs-
where 155) = Q) 1o, Hp = &)=, by, and Cy, is a normalized constant subject to

the condition max Us, = 0.

2.3. Density of Zeros. From now on, we fix a positive line bundle £ on a compact
Riemann surface X with degree 1. Let n > ¢ be an integer, and set m := n — g. Define the
exceptional subvariety

H = {p1+ - +pn € X" A (L") — Ap(pr,... . pm) € W)}
of X(™), Outside /%, we have a holomorphic map
B, : XM\ s, — X9

given by B,,(p1 + -+ +pm) = q + - + ¢, in or (2.5). The image of B,, is X9 \ 7.
Consequently, we obtain a holomorphic map
Ay - XN\ s, — PHY(X, L"),
defined by
Dr(p1+ "+ + Pm) = [8],

where s € H°(X, L") satisfies (s) = py + -+ + pm + Bu(p1 + -+ + pm). The map 7, is
generically (")-to-one (c.f. [59, Proposition 3]). For a measurable set A C M(X), if we
set

Ap = {[s] e PH(X, L") : [Z,] € A},
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then
-1
(2.12) P,(Ap) = / VS = (n> / A (Vo).
Ap m i (Ap)
Write q := B, (p) = ¢1 + -+ + ¢, € X9. We define
1 U* +m~—LqU*
(2.13) En(p) = — g G(pj,,pj,) and  F,(p) :=log ||e op T 95 L2 ()’
J17J2

Here, G is the Green function of (X,w), and Uy , U; are the w-potentials of type L.
Zelditch [59, Theorem 2] established the following explicit formula for .o7* (V.F%) (see
also [[17, Section 4]).

Proposition 2.3. For all n > 2g, on X™ \ J#,, one has

2(m+1)

(2.14) (V) = C, exp [m2 <8m(p) —

fm(p))} Ko (P)-

Here, {C’ } are some normalized positive constants, and k,, are positive smooth (m, m)-forms
on X\ J#, given by

m g
kn(p) == T(p)¢(q) H H dist(p;, q)?idzy Adzy A -+ Aidzy, A dZ,,

j=11=1

where e=90 < Y(p) < 9™, and £(q) is unbounded on X9 \ # such that £(q) > c for
some ¢ > 0 and

/ E(q)idz AdZy A - Addzy, A dZ,, < e,
XM\

Let us elucidate the aforementioned formula. For points p not lying within =,,(%,,) (as
defined in equation (2.3))), we employ local coordinates z; around each p;, forj = 1,...,m.
These coordinates z; are chosen to reflect distances compatible with the metric induced
by wy. Consequently, this construction yields a coordinate system (z, ..., z,) for points
p e XM\ 7. (%)

For points p that lie within 7,,(%,,) yet outside of J#,,, it is observed that &,,(p) tends
towards negative infinity. Consequently, we set <7, (V,¥5) to be identically zero on the set
Tm(%Zm) \ 7. This definition reflects the fact that the probability of encountering sections
with multiple zeros is negligible, effectively zero.

Lemma 2.4 ([[17]-Lemma 4.2). The following holds:

logm

sup |F(p) — max U§p| = O<

) as m — oQ.
peX(nL)

m

The above result will be used to show that the asymptotic behavior of the hole
probabilities P,,(H,, p) are not sensitive to w, as n — +oo.

To apply Zelditch’s density formula (2.14) to study hole probabilities, we need to
compute its integration over the set <7, ' (H, p). Thus, we put R,,, p := «,,*(H, p), which
can be rephrased as

Rup = {p < (X\D)(m) \ Hn:q=DB,(p) € (X\D)(g)}'
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We also define the following subset of R, p consisting of "separated" elements:

(2.15) Snp = {p € Ru,p :dist(pj,, pj,) > m™* for 1 < j; # jo <m,
dist(pj,q)) >m™" for 1 <j<m,1 <1< g},

where p :=p; +--- +p, and q := ¢; + - -- + ¢,. This S, p will play an important role in
the proof of Theorem|1.1

The key point in the proof of Theorem are to obtain upper and lower bounds for the
functional &,,(p) — 2max Uy .

3. REGULARITY OF THE EQUILIBRIUM MEASURE

By [17, Theorem 1], we know that the minimizer of 7 is vp := wl|s, + vap, Where
Sp :={U,, = 0} \ D and vy is a non-vanishing positive measure on dD. Moreover, if vp,
has positive mass on some component of 9D, then supp(vp) contains this component and
U, is strictly negative on this component of 0D.

In this section, our goal is to prove the following regularity property of vyp, which will
be used for studying the Fekete points in the next section.

Proposition 3.1. For any arc A on 0D with v(A) > 0, one has
vp(A) < Cp - length(A)
for some Cp > 0 independent of A.
Recall the following result from [[17, Proposition 3.1].

Proposition 3.2. Let h be a continuous function on D and harmonic on D. Assume that

h+U,, <0on D, then
/ hdl/D S 0.
oD

Suppose that the inequality of Proposition fails. By the following lemma, we will
construct a harmonic function h such that h + U,, < 0 on D while /. op hdvp > 0, which
leads to a contradiction. One key point is that we need to construct a simply connected
domain to apply Possion formula.

Lemma 3.3. Let y be a probability measure on 0D and z be a point in dD. Suppose that
there exists a sequence {r;};>1 of positive radii shrinking to O such that u(B(z,r;))/r; tends
to infinity. Then there exist a positive sequence {f3;},>1 tending to infinity and a sequence of
functions { F;};>1 which are harmonic on D and continuous on 0D, such that j;r; tends to 0
and such that for large enough j, F; < 0 on D \ B(z, 8;r;) while [, F;du > 0.

Proof. Take a small v > 0 such that B(z, ) intersects only one connected component of D.
Reducing ~ if necessary, we can draw a simply connected subset D’ C D with a smooth
boundary such that D N B(z,~) C D'.

Denote «; = p(B(z,7;)). Take B; := 1/,/a57;, so that 3;, B;a; tend to infinity, while
B;r;, Bir? /a; tends to zero. Let g; be a smooth cut-off function on 9D such that

(3.1) gi=1onodDNB(z,7;) and g; =00ndD \B(z,2r;).
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Set f; = g; — «;/2. Let F;,G; be the harmonic extensions of f;, g; respectively to D,
whose existence is guaranteed by [57, Theorem 1.12] since dD contains finitely many
components. It is clear that

/Fjdu:/ gjdp — /2> o — /2 > 0.
oD oD

Now we prove that F; < 0 on D \ B(z, 8;r;) for large j by means of the maximum
principle and the auxiliary simply connected subdomain D’ € D. By throwing out some
finite j if necessary, we can assume that all 5;7; < v, hence 0B(z, 5;r;) N D coincides with
0B(z, p;7;) N D' by our choice of D'

Now we consider the restricted function of G, on dD’, denoted by h;. The key
observation is that the support of h; is contained in the union of 9D’ N B(z,2r;) and
oD’ \ 0D, while these two segments keep a relatively large distance compared with (;r;.
This feature provides the opportunity for manipulating the Poisson formula on D’.

By the Riemann mapping theorem and Kellogg’s theorem (c.f. [24, p. 62, Theorem 4.3]),
we can find a biholomorphism ¢ : D’ — D such that both ¢ and ¢! can be continuously
extended to the boundaries and are K-Lipschitz with some positive constant K. Since G,
solves the Dirichlet problem on D’ with the boundary data h;, by the Poisson formula, we

have
1

o 0y 1 — o(w)]”
) - ) o Y AN b S
i) = 3z || hyoo G
for every w in 0B(z, 8;r;) N D’. We only need to integrate against two kinds of 6, either
¢~1(e") € OD' NB(z,2r;) or ¢~ () € D'\ D, since h; o ¢~ () vanishes otherwise.
Using the fact that ¢ is K-Lipschitz, we have
3.2) L= [o(w)]* < 2(J¢(2)] — [(w)]) < 2|(2) — p(w)] < 2KB;r;.
Moreover, for every ¢ in ¢(0D' N B(z, 2r;)), we have (recalling 3; — o)
e — p(w)| > K dist(¢ ("), w) > K™ (dist(w, z) — dist(¢~1(e), z)) > K™ Bjr;/2.
Thus, the first kind of integration with e in ¢(0D' N B(z,2r;)) is
1 —[g(w)|” Bir; 1
—— " d0 =0(r; - ——= ) =0(5;).
/(b—l(eie)eaD’ﬁB(z,er) e — p(w)]? ( ’ (53‘73‘)2) ( ! )

For the second kind of ¢ with ¢~'(¢) € D’ \ 9D, by [24, p. 65, Corollary 4.71, the
harmonic measure for y € D is absolutely continuous to arc length of dD. This implies
G(y) = O(r;) for y € 0D\ 0D. Moreover, noting that the distance between 0D’ NB(z, 5,7;)
and 0D’ \ 0D is larger than a fixed positive number, we can show using that

Lo o
7 —ow)p ~ 2N

Thus, the second kind of integration with ¢~'(¢") € 9D’ \ 9D contributes O(f;r7).
Summarizing, for every w in 0B(z, 5,r;) N D', we have

Gj(w) = O(B;) + O(B;r7).
Thus, we can bound Fj(w) = G;(w) — «;/2 from above by

O(B; 1)+ O(Byr3) — aj/2 = (O(B; ) — oz /4) + (O(Byr3) — a;/4).

dé

h] o gb_l(ew)
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Both brackets (- - -) are negative for large j by our choice of ;. Hence, we conclude the
proof by the maximum principle. O

Proof of Proposition Assume, to the contrary, that such a constant C'p does not exist.
Then, by Vitali’s covering theorem (e.g., [35, Chapter 2]), we can find a point z € 9D and
a sequence {r;};>1 of positive radii tending to zero such that vyp(B(z,r;))/r; — co. By
considering the probability measure cvyp for a suitable ¢ and applying Lemma we can
find a positive sequence {f,},>; tending to infinity and a sequence of functions {F}};>1,
which are harmonic on D and continuous on 9D, such that 3;r; tends to zero, F; < 0 on
D\ B(z,B;r;), and [, F;dvgp > 0 for all j.

On the other hand, recall that U, ,, is strictly negative on the component of 0D where v;p
has positive mass. In particular, U,,(z) < 0. By the upper semi-continuity of U,,, when

VD>

B,r; is sufficiently small, there exists a small positive constant ¢ such that the function ¢ F
satisfies

§F;+U,, <0onD and §F; dvp > 0.
oD
This contradicts Proposition O

Now we can state the regularity result for U,,. The proof is standard and follows from
Proposition We provide it here for the convenience of the readers.

Proposition 3.4. The quasi-potential U, is 1/3-Hélder continuous.

Proof Recall the decomposition vp = wl|s, + vsp and the corresponding potential
decomposition U = U+ U . It suffices to show that U is Holder continuous.

Using (2.7), we have oo
Uty &) = Usypl0) = [ U, 400 = 6) = [ 3, = Vi) dva
By (2.6]), we obtain
Us.(y) — U5, () = o(z,y) — o(w, y) + log dist(z, y) — log dist(w, y),
where o is Lipschitz. Hence, we only need to estimate the integral
/ (log dist(z,y) — logdist(w, y)) dvap(y).

Fix a small @ > 0 to be determined. We only need to consider the case where dist(z, w) < a.
Let us split the integral into two parts:

(/ +/ ) (log dist(z,y) — log dist(w, y)) dvap(y).
dist(z,y)>2a dist(z,y)<2a

If dist(z, y) > 2a, then dist(w, y) > a. Using Proposition[3.1]and the mean value theorem,
‘ / (log dist(z,y) — log dist(w, y)) dl/aD<y)‘
dist(z,y)>2a

dist
< c’D/ M dLeb(0D) < cdpa™! - dist(z, w),
dist(z,y)>2a dist (w7 y)

where Leb(0D) is the probability measure on 9D proportional to arc length.
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If dist(z,y) < 2a, then dist(w, y) < 3a. Using Proposition [3.1] again, we have
‘ / (log dist(z,y) — log dist(w, y)) dyaD(y)‘
dist(z,y)<2a

/!
< cp

/ log dist(z, ) dLeb(@D)’ + / log dist(w, y) dLeb(0D)|,
dist(z,y)<2a dist(w,y)<3a

which is O(c},a| logal). Thus, by taking a := 4/dist(z, w), we complete the proof. O

Remark 3.5. Our boundary assumption on 9dD is also not optimal; as long as 9D is
piecewise ¢! and does not contain cusps, U,, is y-Holder continuous for some v > 0.
To keep this article concise, we do not delve further into this direction.

4. COMPARISON OF THE TwO FUNCTIONALS-I

4.1. Main statement. In this section, we discuss the upper bound for the functional
Em(p) — 2max Uy .

Proposition 4.1. There exists a constant C' > 0 independent of D and m, such that

logm

sup  (Em(p) —2max U ) < —minZp + C forall m > 1.

pE(X\D)(m) m
We will show that for each p = p; + --- + p, € (X \ D)™, there exists a probability
measure ;, € M(X \ D) such that

1
(4.1) En(p) — 2maxU;, < —Ip(pp) +C Ofn .

This immediately implies Proposition Without loss of generality, we may assume that
the points pq, po, . . ., p,, are all distinct, as otherwise the inequality holds trivially.

4.2. Auxiliary measure o,. For a given p = p; + -+ + p, € (X \ D)™, recall that
op = m ' (dp, + -+ d,, ) and that Us, is its type I w-potential. Define the set
E, = U B(p;, m™?),
j=1

and consider the function

Vp = sup {¢ is w-subharmonic : ¢ < U; on X\ E,}".
®

Note that the boundary JF,, is smooth except at finitely many points. Consequently, V, is
a continuous w-subharmonic function satisfying:

Vp=U; on X\E, and V,>U; on Ey,
ddVp = —w on X \ 0E,.
Define the probability measure
op = ddV, + w,

which is supported on 0E,. Here, we suppress the dependence of o, on m in the notation
for simplicity.
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Lemma 4.2. One has [V, — U; | < Cm~* for some C > 0 independent of D,m and p. In
particular, |U; —U; | < Cm~* on X \ B,

Proof. By the definition of the w-potential, we have V;, —U; = [x Vo w. Using the fact that
Vp =U;, on X \ Ep, we obtain

/pr:/ pr+/ pr:/ pr+/ Us, w
X E, X\Ep Ep X\Ep

:/ pr+0—/ Ué*w:/ pr—/ Us w.
Ep By Ep By

Recall that U5 is uniformly bounded above, independently of p. On E,, the function V;
satisfies dd°V,, = —w with boundary condition V;, = U; on £}, which implies V;, < ¢; for
some constant ¢; > 0 independent of p and m. Moreover, from formula and Lemma
it follows that for z € E,,,

C2 = .
2 Ur > = log dist ;
(4.2) (2) 2 2> logdist(z,y),

Jj=1

where ¢, > 0 is independent of p and m. Since V;, > U; on E,,, we have

ole) = U5, ) = | [ Vau| <] [ Vo] +] [ v
g/ max(cl,\ng\)aH—/ U5 |w
E E

P P

< ¢ - Area,(Ep) + / U5 |w
Ep

<0 76 202 Z/ |logdlst z pj)‘

We now estimate the last summation term. For each index j, the integral over the region
where dist(z,p;) > m™? is bounded by

Area(E,) - |logm ™| = O(m ™" logm).

For the disk dist(z,p;) < m™3, we use the estimate
‘/ log |z|idz A dz| = O(r?|log 7)),
D(0,r)

which shows this contribution is O(m~%logm). This completes the proof of the lemma. O

Proposition 4.3. There exists a constant C' > 0 independent of D, m and p such that for all

m > 1,
1
(4.3) Em(p) < / U* do, + C—2"
x v m
and

’max Us, — max U;p} < Cm™?
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Proof. We use formula (2.6]) to rewrite (see (2.13)))

ZG Pjs i) ZUa (Px)-

J#k J#k
Using Lemma [4.2] and that V;, = U; on the support of o, we have

/U;pdapz/ngdap+0(m—) /U* 48, + O(m Z (py) + O(m™),
X X
where we use (2.7) for the second equality. For each 1 < k£ < m, put

1 *
k :EZU(SPJ"

i#k
Note that ¥, (p;) + Va(p2) + - - - + ¥y (prm) = m&E,(p). We will show that for each £,

logm
(4.4) Wi(pe) < U, () + O(220),
which clearly gives the first assertion. In the open set E,,, denote by (2, the largest simply
connected sub-domain of E,, containing py. If dist(py, p;) > 2m=3 for all j # k, then Q,, is
exactly B(py, m?). Notice that Q, = ,, if and only if dist(p;, px) < 2m~°. By definition,
0Q, C 0L,

Recall that dd°U; = —w on (. So, ¥, — U7 is subharmonic on 2, . Using maximal
modulus principle, we get
(4.5) Ui (pr) — Ug, (pr) < g%ax(\lfk - Uy,

Pk

Now take any point w € 91, . By Lemma we have
1 & 1
* _ * -4\ _ * —4N\ T —4
Us,(w) = U, (w) + O(m™) = — Z; Us,, (w) + O(m™) = Up(w) + —Uy, (w) +O(m™).
J:

Since dist(w,px) > m™, Uy (w) > —clogm for some c > 0. This gives (4.4) and proves
the first assertion.

For the second assertion, by Lemma it is enough to prove ‘ maxg Us —maxg Vp| =
O(m™2). Equivalently,
max Vp < max Uj + O(m™?%) for every k.
Pk ka
We only show the inequality for £ = 1. Assume Vp|§p1 attends its maximum at z;, and
Us, |q,, attends its maximum at 5. Note that the diameter of €2, is less than m - 2m=3 =

2m~2. Thus, we can take a smooth local potential ¢ of w near ,, i.e., dd°¢ = w on a

neighborhood of (2,,. The function V,, + ¢ is harmonic on (2,,, whose maximum appears
on the boundary, say z; € 04, . Recalling that V}, = U; on 0f2,,, yields

Vo(@1) + (x1) < Vp(@s) + p(x3) = Us (x3) + 0(ys3) < U5 (22) + p(x3).

The desired inequality follows by the fact |o(z1) — ¢(z3)| < ||¢ll4r - diam(Q,,) = O(m™2).
The proof of the proposition is complete. O



HOLE PROBABILITIES OF RANDOM ZEROS ON COMPACT RIEMANN SURFACES 17

Remark 4.4. If dist(p;, pr) > 2m3 for all j # k, the set E,, will be the union of disjoint
open balls. In the proof of Proposition above, Q,, will be B(px, m~3) and ¥, — U, 5, Will
be harmonic on 2,, . In (4.5), we will also get a lower bounded estimate:

\Ilk(pk) — Ua* (pk) > mln(\Ilk — UO_* )
P 0y, P

This will prove (4.4) replacing “<" by “>" and hence give the full inequality of (4.3)):

logm

‘Em(p)—/XU;pdap‘gC 22,

which will be used in Sec. [6l

By Proposition op almost satisfies (4.1)), except the support requirement. If p; is
too close to the boundary of D, the support of o, will exceed X \ D. We need to do one
more perturbation to get Propositign The idea is similar. We will repeat the process of
defining oy, replacing £y, by Ep \ D, Us by U .

4.3. Construction of ;.,. Consider the new upper envelop

Up := sup {¢ is w-subharmonic : ¢ < Uy on X \ (E,\ D)} .

¢
Note that the boundary d(E, \ D) is smooth expect at finitely many points. Thus, U, is a
continuous w-subharmonic function satisfying
Up="U; on X\(E,\D) and U,>U; on E,\D,
ddU, = —w on X\ 9(E, \ D).
Define the probability measure
pp = ddUp + w,

which is supported on d(E, \ D). In particular, it is in M (X \ D).
Lemma 4.5. One has |U, — U | < Cm™5 for some C > 0 independent of D, m and p. In
particular; U —U; | < Cm™ on X \ (Ep \ D).

Proof. By definition of w-potential of type I, U, — U; = Jx Upw. Using the fact that
Up = U; on X \ (E, \ D), we obtain

/Upw:/ Upw+/ Upw:/ Upw—l—/ Uy w
X Ep\D X\(Ep\D) Ep\D X\(Ep\D)

:/ UpaH-O—/ U;w:/ Upw—/ U w.
Ep\D Ep\D © Ep\D Ep\D ©

Recall that on X \ 0E,, V;, satisfies dd°V,, = —w with boundary condition V;, = U3 on
J0FE},. By maximum modulus principle, for z € X,

Vo(z) > ranEin Us, > —3czlogm.
by (.2). Since U, > Uy , it follows from Lernrnathat Up > —3calogm —O(m~*). Thus
‘ / Upw‘ < Area(E, \ D) - (3calogm + O(m™*)) < O(m °logm).
X

This finishes the proof of the lemma. O
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Proposition 4.6. There exists a constant C' > 0 independent of D, m and p such that for all

m > 1,
‘/U; dap—/U; dpp
x v x '

| max U, — max U;p‘ <Cm™2

< Cm™

and

Proof. Recall that U, = Uz on X \ (Ep \ D), which contains supp(p,). Using Lemma
we have

/ Uy dpp = / Up dpip + O(m™°) = / U; dpup 4+ O(m™).
X X X

Therefore, by (2.7)),
[ Usdon = [ Ui = [ U7, 4000 = ) + O )
X X X
_ / (Uz, = U)oy + O(m™).
X

Since supp(op) C X \ (E, \ D), using Lemma again, we prove the first assertion.

For the second assertion, by Lemma we only need to prove

max U, < max U} + O(m™?).
Ep\D Ep\D P

We can decompose E, \ D into the union of ¢ (¢ < m) disjoint simply connected open
domains By, Bs, .. ., By, with diameter bounded by 2m~2 each. We will show

max U, < max U} + O(m™?) forevery k.
By By P

We present the proof for k = 1. Assume Up|5, attends its maximum at y;, and U; |5
attends its maximum at y,. Take a smooth local potential ¢ of w near By, i.e., dd°p = w on
a neighborhood of B;. The function U, + ¢ is harmonic on B, whose maximum appears
on the boundary, say y; € 0B;. Recalling that U, = U;_ on 0B, yields

Up(y1) + 0(y1) < Up(ys) + ©(ys) = Us, (y3) + ©(y3) < Ug (y2) + #(y3)-

The desired inequality follows by the fact |o(y1) — ©(y3)| < ||¢|l¢r - diam(B;) = O(m™2).
The proof of the proposition is complete. O

Proof of Proposition Propositions [4.3] and [4.6] give

1
Em(p) — 2max Uy §/ Ur dop — 2max U, —l—O(Ogm)
P x P P m
N N logm logm
g/UMpdup—Qmaqup—i—O( 2T = ~Zn(up) + O,
b

This gives (4.1) and ends the proof of Proposition 4.1 O
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5. FEKETE POINTS OF THE HOLE EVENT

For proving Theorem (1.1, we also need to investigate the minimum value of the
functional —&,,(p) + 2maxU; defined on (X \ D)™. To achieve this, we adapt the
theory of logarithmic potentials with external fields (cf. [44, Chapter I]) on compact
Riemann surfaces.

The w-capacity of a closed subset £ C X is defined as

cap,(E) := sup exp [/ Uljd,u],
HEM(E) X

where U} is the w-potential of type I of v, see (2.6). If a property holds outside a set

of capacity zero, it is said to hold quasi-everywhere. It is known that if the w-capacity of

E is zero, then for any other smooth positive (1, 1)-form w’ on X giving unit area, the

w’-capacity of E is also zero. Additionally, a set of capacity zero is a polar set.

Lemma 5.1. Let ju be a probability measure on X such that [, U} dyu s finite. If cap,,(E) = 0,
then u(E) = 0.

Proof. Assume, to the contrary, that y(F) > 0. Then we can take a probability measure
pip := cplp for some appropriate ¢ > 0. Since [, U du > —oc, it follows that [, Uy dug >
—oo. Thus, cap,,(E) > exp [ [, Uy, dug] > 0, which is a contradiction. O

Let () be a real continuous function on X. We define the functional
(5.1) T (1) ::—/ U;d,u+2/ Qdu, Yue M(X\D).
X X

Here, () is called an external field. The following theorem is analogous to [44, Theorem
[.1.3].

Theorem 5.2. The functional J9 admits a unique minimizer vg € M(X \ D) with a
continuous w-potential Uy, of type I. Moreover, one has

(1) —U;*Q—i—QZmian—fXQduQ on X \ D;
2) —-U;, + @ =min Je — [x @ dvg on supp(vg).

Proof. The existence of v follows from the continuity of (). The uniqueness is based on
the fact that o — — [, U dy is strictly convex whenever it is finite, as seen in e.g., [58|
Proposition 12]. Now, we verify the remaining two statements.

First, we show that (1) holds quasi-everywhere on X \ D. Suppose, to the contrary, that
the set £:= { — U}, +Q <minJ¢ — [, Qdvg} \ D has positive capacity. Then, for some
small a > 0,

(5.2) Ea::{—U,fQ—l—QSmian—/QdVQ—a}\D
X

also has positive capacity. Hence, there exists a probability measure o supported on £,
such that [, U do is finite. On the other hand, since

/(—U:Q+Q)dVQ:—/ U:QdVQ—l-/ QdVQ:mian—/ Q dvg,
X X X X
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and —U;,, + Q is lower semicontinuous, there is a closed ball B C X \ D such that

(5.3) -U; —|—Q>mian—/QdVQ—a/2 on B, and vg(B) > 0.
be

Q

Let ¢ := vg(B) > 0. Consider the probability measure o, := vy + ¢(co — vg|p) on X for
a small ¢ > 0. Using (2.7), we rewrite J9(o.) as

jQ(VQ)—Q/ Uy, d(ECO—EI/Q|B)—|—2/ Q d(eco — evg|p) + O(e?)
X X

— %) + z/X(—U;Q + Q) d(eco) — 2/X(—U;Q + Q) d(evgls) + O()

<JT%Wwg) —2-a-ec+2-a/2-cc+O0(?) [use (5.2), (53]
= J%(vg) — cac + O(e?).

Thus, for e small enough, J%(0.) < J%(vq), which is impossible since v, is the minimizer
of 7.

Next, we prove (2). Since [ x Ul, dvg is finite, by Lemma the set FE of capacity
zero must have vy-measure 0. Therefore, (1) holds v-almost everywhere. Furthermore,
Jx (U, + Q) dvg = minJ? — [, Qdyg implies that (2) holds vq-almost everywhere
on supp(vg). The lower semi-continuity of —U; ensures that (2) holds everywhere on
supp(vg).

Finally, to prove (1), from (2) we see that U} o is continuous as a function on supp(vg).
By a classical result [57, p. 54, Theorem III.2], U;Q is continuous as a function on X.
Therefore, (1) holds everywhere on X \ D. O

Theorem 5.3. One has

Uy, -+ min T — / Q dvg = sup {¢ is w-subharmonic : ¢ < Qon X \ D},
X ¢

where % denotes the upper semicontinuous regularization.

Proof. By Theorem Uy, + minJ @— « @ dvg is an w-subharmonic function bounded
from above by @ on X \ D. This establishes the direction "<".

Denote the function on the right-hand side by V', which is also w-subharmonic. For the
probability measure v := dd°V’ + w, we have dd*(V — U;) = v — vg. Thus, V — Uy, is
subharmonic on X \ supp(rg). On the other hand, by Theorem Q="U;, + minJ Q—
Jx Qdvg on supp(vg) C X\ D. We see that V < Uy +min J9 — [ Q dvg on supp(vg). By
the maximum principle, V' — U; < minJ @ — [, Qdvg on X \ supp(rg). This completes

the proof of the direction ">". O
For eachm > 1 and p € (X \ D)™, define (see (2.10), (2.13))
(5.4) K2p) =~ 8D +2 [ Q.
m—1 ¥

Let f,, = Z;”:l fm; be a minimizer of K¢. It may not be unique, but we fix one. We call
Fm = {fm1, .-, fmm} an m-th Fekete set and call f,, ; Fekete points. Clearly, all the points
in .#,, C X \ D are pairwise distinct.



HOLE PROBABILITIES OF RANDOM ZEROS ON COMPACT RIEMANN SURFACES 21

Theorem 5.4. One has
~U;, () + Q(z) = min 79 — /XQdI/Q, Vr € F.
Proof. By Theorem it suffices to show that
(5.5) U, (1) + Q(z) < min T — / Q dvg
for every x in .%,,. Without loss of generality, we may assume = = f,, ;. Define the function

F(Z) = IC?%(Z+ fm,Q + -+ fm,m)

for = € X \ D, which attains a minimum value at z = f,,,;. Letf/ = f,o+ -+ frum- B
the definition of &,,, the new function (see - 2.6) and (2.13))

F<z>::———ZszmJ +2Q() = 2(~ U, (2)+ Q)

_1m2

must attain its minimum on X \ D at z = f,,;. In other words,
(5.6) ~Us,, (fma) + Q(fm1) < =Uj, (2) +Q(2), Vz€ X\ D.

Now, consider the auxiliary function ¢(z) := Ué/ (z) — U5, (fma) + Q(fm1) on X. Clearly,
¢ is w-subharmonic and bounded from above by Q on X \ D. By Theorem

¢(z)§U:Q(z)+mian—/QduQ, Vz e X.
X

Taking z = f,, 1, we obtain the desired inequality (5.5). O

Using the theorems above, one can show that J, converges weakly to v. Since this is
not required for the current article, we leave the proof to the reader. Now, we show that
any two Fekete points cannot be too close.

Proposition 5.5. If U} L i ~-Holder continuous for some 0 < ~ < 1, then there exists a
constant cg > 0 independent of m such that

diSt(fm,jla fm,jg) > CQm_l/Fy> lf jl 7& j2'

Some arguments in the proof are inspired by [39, Proposition A.2], although they are
technically more involved. One new difficulty is finding appropriate local holomorphic
coordinate charts on X to apply the Schwarz lemma. Another new difficulty is dealing
with the local weight functions of certain holomorphic line bundles. The next two lemmas
will be useful for handling these difficulties.

Lemma 5.6. Let g : D — C be a holomorphic function. Let x,y be two points in D. Assume
that g(y) = 0, |g(z)| = a, and supy |g| < b for some constants a,b > 0, where U C D is a
simply connected region containing x. Then

a
|z —y| > o dist(x, 0U)
Proof. Assume, to the contrary, that |z — y| < -4 - dist(z,0U). Then y € U, and

b b
1 > di — — > . di —. —ul.
dist(y, 0U) > dist(x,0U) — |z — y| > P> dist(z,0U) > - |z —y|
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Hence, the disc D’ := D(y, - |z — y|) centered at y with radius - |z — y| is contained in U.
By the maximum principle, sup,, |g| < supy |g| < b. Thus, by the Schwarz lemma, noting
that g(y) = 0,

|z — vl

l9(z)| = lg(y + (z —y))| < 5

|z =yl

which is a contradiction. OJ

a
suplgl < % -b=a,
D/

Lemma 5.7. Let L be a holomorphic line bundle on X, and let U C X be a simply connected
region. Let b1, by be two smooth metrics of L over U giving the same curvature. Then, for any
holomorphic section s; € I'(U, L) of L on U, one can find a holomorphic section s, € I'(U, L)
such that

[s2llp, = [[s1lly, on U.

Proof. We can define the ratio h,/h; at every point of U and check that it is a positive
smooth function on U. Since the curvature of h; and b, coincide, log(h2/h1) is a harmonic
function on U. As U is simply connected, we can write log(h,/h;) = Re(u) as the real part
of a holomorphic function u € &(U). Hence, s, := e* - 51 suffices. O

Proof of Proposition Step 1. By symmetry, it suffices to show the existence of ¢ > 0
and M € Z, such that dist(fo.1, fm2) > com™ /7 for all m > M.
Letf := fo+ -+ fi.m. For every z € supp(vg), we have

Uz, (2) = U3, (Fr) < Q) — Qfunr)  [use GB)]
= U, (2) = U} (fm1) [by Theorems .
Consequently, Ugf;n (z) = U, (2) < U;ﬂ,ﬂ (fm1) = Uy, (fm,) for z € supp(rg). Since Uy, is
harmonic outside supp(vg), U;, , Uy, is subharmonic on X \ supp(rq). By the maximum
principle,
(5.7) U(;*fr,n (2) — U‘;;;n(fm’l) <U;,(2) = Uy (fmn) forallze X.
Since Uy, is -Holder continuous with some constant A := ||U}_[ls-, if dist(z, fr1) <

(m — 1)7'/7, the right-hand side of (5.7)) is < A - (m — 1)~'. Hence, (2.11)) implies that
o, — 108 [[Low,) (fma)]l,, <A-(m—-1)7"

log || (e, (=)

or equivalently,

[T 1oty ()
m 2/ 11h; < 6A’ Vze B, =B(f. . (m — 1 —1/v :
[T 1ot llo; (fm1) (fim1: ( =)

where §; is the metric of J(f,, ;) defined as in (2.9).

Step 2. The idea is to show that f,, » cannot be too close to f,,; by exploring (5.8). First,
we make some technical preparations which will be helpful later.

For every point y € X, we take a local holomorphic chart g, : D, — V,, with ¢,(0) = y.
Since {g,(D)},ex covers X, by compactness, we can find finitely many points v, ..., yum
such that X is covered by the union of W; := g, (D) for j =1,..., M.

Since each g,, : D, — V,, is a biholomorphism, by compactness, both the restrictions
9y; 5 and g, 'y are K;-Lipschitz for some large K; > 0 with respect to the Euclidean norm
on D and the given distance on X. Set K := max{Ky,...,Ky}.

(5.8)
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For each j = 1,2,...,m, we fix a smooth weight function p; on V,, satisfying the

equation dd°p; = w. By compactness, we can take some large constant K’ > 0 such that all
p; are K'-Lipschitz on W, for j =1,2,..., M.
Step 3. By a compactness argument, there exists a uniform radius » > 0 such that for
any z € X, the small disc B(z, r) is contained entirely in one of W, ..., W,,. Take a large
integer My, so that (m — 1)~'/7 < r for all m > M. Without loss of generality, we can
assume that B,,, C W;.

Since 1/, is open, any holomorphic line bundle on W is holomorphically trivial (cf. [23]
p. 229]). In particular, for each line bundle &'(f,, ), j = 2,...,m, we can fix a nowhere
vanishing section e; € I'(W4, O(f.,;)) and use it to trivialize O'( f,,, ;)|w, by identifying every
holomorphic section s € I'(W3, O( f,,;)) with the holomorphic function s/e; € ¢(W;). In
accordance with this trivialization, the metric b;|w, of &(f,.;)|w, defines a smooth weight
function ¢; on W, by the law

Isllo; () = Is/ejl(z) - e# &, V2 e Wi

Since the curvature of b; is w, we have dd°p; = w.
In this way, each canonical section 14y, ;) € I'(W1, O(fn;)) for j = 2,...,m has norm

||1ﬁ(fm,j)||hj(z) = |h](Z)| : e—cpj(z)7 Vz € Wl,

where h; := 14(;,, ,)/e; is some holomorphic function. Hence, we can read (5.8)) as

75[?22 ()] - H%Z e i) <A VzeB,.
szz A (fm,)] - szz e~ #s(fm.1)
Step 4. For some technical reason to be seen later, we would like to have a uniform
Lipschitz bound for each ¢, on 1¥;. One way to achieve this is by using some singularity
decomposition result (see Lemma [2.2) of the Green kernel G(z, y) near the diagonal {z =
y} C X x X and by choosing appropriate e;, p;.

Nevertheless, here we present an alternative method. To apply Lemma for every
j =2,...,m, we define another metric b’ of the line bundle &(f,, ;) on W, by evaluating
any holomorphic section s € I'(Wy, O(f,,;)) with the norm [|s|ly.(2) = |s/e;|(2) - e71) at
each point z € W;. Since dd°p; = w, the curvature of h;. coincides with that of h; on ;.
By Lemma 5.7, we can find some holomorphic section 1} € I'(W1, O(f,, ;)) with the norm
equality [|1o(4,, ,)lls, = [[1]]lp; on W1. Equivalently, we have

(5.9

[hj(2)| - e = |hy(2)| - e P, V2 e,
where i@ = 17/e; € O(W)) is the representative holomorphic function of 1} in the local
trivialization. Thus, we can rewrite (5.9) as
(5.10) M . g2zl (fm1)=p1(2)] < €A7 Vz € B,,.
[1i2o P (fm)

Note that by our preparation, the weight function p, is K’-Lipschitz on W;, which contains
B,,. Hence, we have

S Io1(fun) = ()] < (m—1) K- (m— 1)/ <K, VzeB,.
j=2
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By the above two estimates, the holomorphic function

H fml

which is well-defined on W7, has absolute norm < e4tX" on B,,..

Step 5. Assume, to the contrary, that dist(f,1, fm2) < A+ (m — 1)7%/7 for some sufficiently
small \. It is clear that f,,» € B,,, H(fn1) = 1, and H(f,,2) = 0 because the canonical
section 14y, ,) vanishes at f,, , by definition.

Now we are in a position to apply Lemma with the following choices:

g ::Hogyn T = gy_ll(fmﬂ)a Y = gy_11<fm,2)7 a = 17 b:= €A+K/7 U:= gy_ll(Bm)
Since g, is K-Lipschitz by our preparation, we have

(m — 1)V = dist(f,.1, 0B,,) = dist(g,, (), g,, (OU)) < K - dist(z, dU).

Thus, Lemma [5.6| guarantees that

1

- Kl —_ 1\ V
1+ ywre K (m—1)""".

On the other hand, since gy_l1 is also K-Lipschitz, we have

2 —yl =19, (fm1) = 95, (fm,2)] < K- dist(fin1, fms2)-

Combining the above two inequalities, we obtain

dlSt(fm 1, fm 2) . Ki2 . (m — 1)71/7.

T 14 eAK

—_ suffices. O

Therefore, if A < —X—, we get a contradiction. Hence, cg = TR
6. FUNCTIONAL VALUES WITH FEKETE POINTS
In this section, we construct a configuration p € (X \ D)™ that satisfies

logm)
—)

(6.1) —E(p) + 2max Uy, < minZp + o(

Although vp is the minimizer of Zp, the functional —&,,(p) + 2maxU;, does not directly
relate to vp. Instead, it serves as an approximation to Zp, and its explicit properties
are not immediately accessible. To address this difficulty, we employ the functionals J©
(see (5.1)) and K2 (see (5.4)), which were introduced earlier. The close relationship
between these functionals is established by the following key result.

Proposition 6.1. For @) := one has vg = vp, where v is defined as in Theorem

l/D’

Proof. Since supp(vp) C X \ D, integrating the first inequality in Theorem [5.2]against vp,
we get

—/U:le/D‘F/U;DdVD Zmian_/U;DdVQ-
Using (2.7)), we obtain min J9 < [ U dvp.
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On the other hand, @ itself is an w-subharmonic function and is bounded from above by
Q on X \ D. According to Theorem it follows that

U;, < Uy, + min J€9 — /U:D dyg.

Integrating this inequality against v, we get [ Uy, dvp < min J Q,

Therefore, [ Uy, dvp = minJ Q, Moreover, direct computation shows that
J9vp) = [ Uy, dvp = min J Q. By the uniqueness of the minimizer of the functional 7%
(see Theorem|5.2), we conclude that vy = vp. O

The functional &,,(p) defined in can be viewed as a discrete version of [ U} dpu.
Similarly, the functionals —&,,(p) + 2maxU; and K2 (p) (see (5.4)) are discrete versions
of Zp(p) and J (), respectively. The introduction of J© is advantageous because, within
the framework of potential theory, such functionals have been extensively studied; see, for
instance, [44]. Using Proposition |6.1, we will find a p satisfying from the Fekete
points of K& (p).

Hereafter, we fix the external field @ := U} . By Proposition () is 1/3-Holder
continuous. As a result, Proposition ensures that distinct Fekete points f,, 1,.. ., fi.m
are separated for m > 1, with the distance estimate dist(f,, j,, fm.j,) = com > for j; # ja
(we still use ¢ for convenience in this section, which depends on D).

For each m > 1, similar as in Sect. define the set
Em = U ]B(fm,]a CQm_5))
j=1

and consider the function
Vi :=sup {¢ is w-subharmonic : ¢ < U; ondE,,}",
¢ m

which is a continuous w-subharmonic function satisfying:
Vi = U(;*fm on X\E, and V> Ugfm on E,,,

ddV,, = —w on X\ 0E,,.
Define the probability measure
O = ddV,, + w,
supported on 0, = UJL,0B( f,. ;, com™®). The same proof as Lemma gives
(6.2) Vi = UZ |=0(m™®) as m — oo.

Here, the situation is better than Sec. because FE,, is the union of disjoint open balls.
So, using Proposition 4.3]and Remark [4.4] (modify the proof a bit), we have the following
result.

Proposition 6.2. There exists a constant Cp > 0 independent of m such that for all m > 1,

1
(gm(fm) —/ U dam’ < Cp 8"
X m

Lemma 6.3. There exists a constant C'p > 0 such that, for all m > 1, one has

Cb
* _ * < —_——
’/UVD do,, /UZ,D défm‘ =
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Proof. Since U} is 1/3-Holder continuous, we have

* * 1 - * * —5/3
‘ /UIJD dO'm - /UI/D défm S E 2; ‘ / Ul/D dO'm’j - UVD(fmyj) = O(m / )7
=
which implies the Lemma. OJ
The auxiliary measure o, will be used to approximate d, , as | U, ddg, = —oo, while

[ Uz do,, > —oo. In the subsequent analysis, we will need the following principle of
domination for probability measures.

Lemma 6.4. Let i1, 12 be probability measures on X. If U; < Uy on supp(uz), then
M1 = M2

Proof. Observe that U; — U is subharmonic on X \ supp(uz). Its maximum appears on
the support of yi,. By hypothesis, U — U, < 0 on supp(uz), giving Uy, — U, < 0 on X.
But [U; w= [U;,w = 0. We conclude that U = U}, a.e. on X and thus, U; = U}, on
X.

Lemma 6.5. There exists a constant C'p > 0 independent of m such that
Uy dvp— [ U dég, > —C
/ VD VD / vp fn = D m
Proof. By integrating (5.7) against vp = v, and using (2.7)), we obtain

/U:D déf;n - Ugfr/n(fm’l) S /U:D dVD — U:D(fmJ)_

logm

forall m > 1.

Hence,

(63) /U:D dl/D — / U:D d5fm Z U:D<fm,1> — U(;;/ (fm71) + Em,D)

where
1 T 1
m = *d(S/— *d(S :—g * m.__* "
&m,D /UVD fin /UVD b m(m — 1) =2 Uip (fins) mU”D(f )

clearly satisfies |e,, p| <2-m™' - max|U; | = O(m™").
Take a w € IB(f,1,com ™). Using and Lemma [2.2, we can bound ‘Ugf, (fm1) —
U;. (w)| from above by the sum of

1 , 1 _ 1 :
(6.4) El log dist(w, fm1)| + jzg ‘E log dist(w, fi.;) — p— log dist(fr.1, fm.j)
and
1 1 1
(6:5) e fnl + 3 0w o) = g 0 F)|

Since p is Lipschitz, is O(m™1). By the monotonicity of the log function,
| log dist(fin,1, fins) — log dist(w, frn;)] <

log dist(frn, finj) oe dist(w, fm;) + com™
diSt(fm,lafm,j) - CQm_E)’ diSt(w7fm,j)

(6.6) max ( ) = O(mﬂ)a
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because dist(fn1, fm;) > com>. Hence, is O(logm/m). Summarizing, we have

(6.7) U, (fn) = U, (w)] = O (logm)

On the other hand, the 1/3-Hélder continuity of Uy yields |U;, (fm1) — U (w)| =
O(m~°/3). Thus, we conclude that

1
Uy, (fn) = U, (fn) 2 Up, (w) = Uy, (w) = o( Ogm)

m
by the above two estimates. Recall from that |U; (w w)| = . Hence,
) imply that

(6.8) / U’ dup— / U dég, > UL, (w)—U;m(w)—O<

By symmetry or an analogous argument, it follows that holds for any
w € IB(fmj,com™®), j=1,...,m, i.e., on the support of 7,,.

To prove the desired inequality in the lemma, it is enough to find a point w € supp(o,,)
such that U} (w) — Uj (w) > 0. Suppose for contradiction, U} (w) — Uz (w) < 0 for all
w € supp(o,,). By Lemma it is not possible. So we finish the proof of the lemma. [

logm

- > for w € B(fyn1,cqm™®).

The following is the main result of this section, giving (6.1)).

Proposition 6.6. There exists a constant Cp > 0 such that for all m > 1,

1
e (f) < — / U dup + Cp 8™

and
logm

max U, < maxU), +Cp

Proof. By symmetry, the inequality remains true after replacing (f,.1,f,,) by
(fmk,zj?gk fm,j) for every k = 1,2,...,m. Summing up all these m inequalities, we
obtain (use formula (2.6])

m

ZG fmj’fmk) ZQ(fJ) S_ZG(Z7fm7j)+mQ(z)

J#k J=1

forall z € X \ D, where @ = Multlplymg both sides b

-1 —
(6.9) —En(f) + mT / Us o, < — U(;*fm(z) + TU;D(z) for ze X\ D.

By Lemma one can find a point w € supp(vp) C X\ D such that U3, (w)—U;, (w) < 0.
So implies
m —

(6.10) —Ep(fn) < ——— [ U Aoy,
m

On the other hand, by (2.8), we have [(U; — U} )d(o, —vp) < 0. Equivalently,

—/U;m doy, > /UV*D dUD—Q/UV*D do,.

Combining this with Proposition [6.2] and Lemma [6.3] we get
l
(6.11) —En(E )+O Ogm /U* dyD—Q/ dafm—o )
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Taking (6.10) into account, we obtain

log m

1
(6.12) / Uz dvp — / Ur ddy, < —— [ UZ dog, +Cl

m
Since U} is bounded, the integral J Uy, ddg, is finite and depending on D. We conclude
the first assertion using (6.10) again.

For the second assertion, it is sufficient to show that Uj, () < U;, (2) + Cp=5* logm for all
2 € X. Plugging (6.11)) into the left-hand side of (6.9), we get for all z€ X\ D

1 Uy dés,, + /UV*D dz/D—/U:D dds,, —O<logm> < mT_(U:D(Z) _Uém@)'

m m
By Lemma [6.5|and the boundedness of U , we deduce that

log m

Uz (2) S UL (2) + Co—2 ) Wz X\ D.

Noting that U, — U;. is harmonic on D, by the maximum principle, the above inequality
holds for any z € D as well. This completes the proof of the proposition. O

7. CONSTRUCTING HOLE EVENT SECTIONS BY FEKETE POINTS

We have obtained a set of Fekete points F,, :== {fin1,-- - fmm} C X \ D. When X =P,
Fn can be directly realized as the zero set of a degree m homogeneous polynomial in the
hole event. However, in the higher genus case, there may not exist points ¢, ..., g, in
X \ D such that holds for p; = f,, ;, due to the constraints imposed by the Abel-
Jacobi equation (2.5]). In other words, this m-th Fekete set may not correspond to the zero
set of a section in H,, p. To address this issue, we construct a valid section s,, in the hole
event H,, p whose zero set Z,, deviates only mildly from F,,. The following lemma plays
a crucial role in our approach.

Lemma 7.1. Let B(y, R) C X be the disc centered at y € X with radius R > 0 with respect
to wy. Then there exist constants 0 < (, 31, 52, B3 < 1 and an integer k > 1 such that, for any
Z € Jac(X) and any m > 1 points py,...,pm € X, one can find PVl = P74 ... 4 pil ¢ x(©
(1<ji<k)and Q=Q; + -+ Q, € X9 satisfying the following conditions:

PPLQue fy . =By, R)\ | JB(p;,¢/v/m) foradll (j,
j=1

(7.1) > APU) + 4,(Q) =2,
j=1
(7.2) dist (Q, 7y (%#y) U 7/) > fi,
(7.3) dist(PP, PPNy > By for all (ji, 61) # (ja, ),

(7.4) dist(P, Qi) > s fordll j, 01, 0s.
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The proof is quite intricate and will be separated into seven steps according to the
thinking process. For clarity, we will use K;, Ky, Ks, ... instead of merely O(1) to denote
uniform positive constants independent of Z, m, and py, ..., py-

Proof. Step 1. By choosing ¢ < 1 sufficiently small, we can ensure that the union of any m
closed discs -, B(p;, ¢/+/m) does not cover the open annulus B(y, R) \ B(y, 2R/3). Here,
we assume the annulus is nonempty by shrinking R if necessary. This follows from an area
comparison:

> Avea (B(ps,¢/vim) < m -k - (¢/vim)?

(7.5) = Ki - ¢* < Area,, (B(y, R) \ B(y,2R/3)).

The existence of a uniform constant K; > 0 is guaranteed by the compactness of X. Thus,
we can choose g points (), in the nonempty open set

(B(y, R) \ B(y,2R/3)) \ U B(p;,¢/v/m)

fort=1,...,g,suchthat Q := Q1 +--- + Qg ¢ 7y(#,) U W, since m,(%,) U W is a proper
subvariety of X (9. However, it remains to show that we can choose 3; > 0 independent of
Z, m, and pq, ..., p, such that the requirement (7.2)) holds.

Step 2. To further refine this argument, we proceed as follows. First, we select g points

e @, in By, R) \ B(y,2R/3) such that Q' := Q| + --- + Q, & mg(%Z,) UW . Next, by a
continuity argument, we can choose a sufficiently small positive constant K, < 1 such
that B(Q),,Ky) C B(y,R) \ B(y,2R/3) for ¢ = 1,...,9 and such that
Qi1+ +Qy & my(#,) UW whenever @y, ...,Q, are mild perturbations of @, ...,Q;
respectively within distance K, i.e., dist(Q, Q) < Ky for £ = 1,...,g. By compactness,
for all such @4, ...,Q,, we have for some uniform constant $; > 0. Finally, we need
to ensure that | JI_, B(p;, (/v/m) does not cover any of B(Qy, K,) for £ =1,...,g. This can
be achieved by modifying as

(7.6) Ki - (* < Area,, (B(Q),Ky)) forevery (=1,...,4.
Thus, (7.2) is obtained.

Step 3. We will choose all the remaining points P in B(y, R/2) so that (7.4) automatically
holds for sufficiently small 3; < 1. Now the only remaining obstacles are (7.1)) and (7.3).
Fix a local holomorphic coordinate chart ¢ : D — B(y, R/2) with

(7.7) |de]| > K3 >0

with respect to wy and the Euclidean metric on D. Recall the construction (2.1I) of the

Jacobian variety defined by the holomorphic 1-forms ¢, ..., ¢,. In the local chart, read
'P1(z) =wi(2)dz, ..., @ (%) = w,y(z)dz,

where z is the standard coordinate of the unit disc D. By the standard theory of Riemann
surfaces (e.g., [36, p. 871), the equation det(wy(z;))1<s,j<, = 0 defines a proper subvariety
of DY with coordinates (zy,...,z,)". Fix a point (2{,...,2;)" € DY outside this subvariety,
ie., det(we(2)))1<ej<g # 0. Therefore, the fixed matrix M := (w(2}))1<sj<, is invertible,
and the g fixed points 21, ..., 2, are pairwise distinct.
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Step 4. Fix a small positive constant

(7.8) 5::min{M,1— 2 1<l <ly<g, 0= 1,...,9} >0,

which is clearly independent of Z, m, and py, . . ., p,,. Define a holomorphic map (see (2.2))
F:D — Jac(X), (z,..., zg)T > .A(go(zi + zl)) +o A(gp(z; + zg)).

Then the differential df” of F' at the origin (0, ... ,0)T € DY has the Jacobian matrix M.
Select another system (¢y,...,¢,)" = M~ (91, - ., ¢y)" of C-linearly independent
holomorphic 1-forms on X. The Jacobian variety Jac(X) associated with (¢4, . .. ,qﬁg) is

Jac(X) := C9/M~' - A by @.I). The corresponding Abel-Jacobi map A : X — Jac(X)
defined as

A(x) = </:$1’”'7/:59>T (mod M~'-A), VrelX,

satisfies A = M~'. A. Here, we also denote M ! as the isomorphism from Jac(X) = C7/A
to Jac(X) =C9/M~1. A.
Define another holomorphic map

(7.9) F:D¢— Jac(X), (21,...,2)" — Alp(z +21)) + -+ + j(go(z; + 24)).

It is clear that /' = M~!- F.. Once we identify both the tangent spaces of DY and Jfac(X ) at
any point as CY, the differential dF : CY — CY of F' at (0, ...,0) € D is the identity map.

Step 5. We plan to choose
(7.10) Pg[j] = p(zy + zl[j]) for some zéj] eDs forall j ¢

Let G := F — F(0,...,0) be the translation of F so that G maps the origin of DY to that of
Jac(X). First, we transform the equation (7.1) equivalently to

(7.11) ZG (2. 20y = M7 (Z — AJ(Q)) — KF(0,...,0) =: [Z] € Jac(X)

for some Z € CY in a fundamental domain of Jj/ac(X ) = CY9/M~*-A. Note that the Euclidean
norm of Z is uniformly bounded from above by some finite constant K.

Step 6. The key point is that the differential dG : C¢ — C9 at the origin of DY is the
identity map. By the inverse function theorem, there exists a small neighborhood U of the
origin in Jac(X ) on which G is invertible. We denote the inverse by G—'. The idea is to
show, by means of volume comparison, that for some large integer k and for sufficiently
small 0 < ¢ < 1, we can choose certain k points PUl € C¢ near the origin for j = 1,...,k,
such that }_%_ PUl = 0, and such that

(7.12) (zgﬂ,...,zm) = é‘l([k‘_l : Z—I—f’m])

g
meets the requirement (7.3).
Now, we fill in some technical details. For convenience, we regard U as an open
neighborhood of the origin of CY. It is clear that the differential dG~! : CY — C9 at the
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origin is the identity map. Hence, we can fix a sufficiently small constant ¢ > 0 such that
for every w in the polydisc D¢ C U, we have

(7.13) G (w) =w+O(|w]?),

where the error term O(||w||?) has Euclidean norm < K - ||w/||%.
Denote the finite square lattice

W, ={ap+bp-i€C:abeZnllt]}

for some t € Z, and p > 0 to be determined. Let J : C — CY be the diagonal map, sending
210 (2,z,...,2). We will take k = 2¢2, and take the aforementioned points Pli} € C¥ for
j =1,...,t* as mild perturbations of the ¢* points in J(W,,), and for j = 1 + ¢*,...,2¢*
as mild perturbations of the ¢* points in —J(W,,). Here, perturbations mean that the
differences are within ]D)i /3- In practice, we will take

(7.14) Pt = _pUl for j=1,... .

First of all, we need to ensure that all possible {k~! - Z + PU! }+_, chosen in this way are
contained in DY. For this purpose, we require that

(7.15) Ik~ Z| = |27 - ¢72 - Z|| < ¢/100 and t-p<e/2.

_ Next, we verify (7.14) for each j. The only risk is that one of the g coordinates of
G-k - Z + PUl) or GT'(k7! - Z + PU) = G-k~ - Z — PY)) lies in the set & :=
@~ (U™, B(p;,¢/v/m)). Note that such “bad” choices of PV! are either in

(G(D} x # x Dy )~k -Z) orin ng (k' Z -G} x 2 x Dy 7)),

j=0 7=0

whose total Euclidean volume is < Kg - ¢? (see (7.7)). Since all possible choices of Pl
have a Euclidean volume equal to that of ]D)Z /3> A8 long as

(7.16) Kg - (2 < Vol(DY ) = Ky - p*,

we can select PY! not to be “bad”. Thus, (7.1)) is satisfied due to (7.11)), (7.12)), and (7.14).

Step 7. Finally, we check the requirement (7.3]). By the definition (7.12]), for any ¢ =
1,...,g, and for any two distinct j;, j» € {1, ..., k}, using (7.13) we obtain that

(7.17) |zl£jﬂ - z}jﬂ\ >(p—p/3—p/3) =2 -Ks-ge® = p/3 —29Ks - €°.

(=

Here, ge? stands for an upper bound for both ||k - Z 4+ PU1||2 and ||k~ - Z + PU2]|2,
Under the restriction (7.15]), we can still ensure that

(7.18) p/3 —2gKs - € > p/6.
Indeed, (7.15) follows from
(7.19) 27172 Ky < €/100, t-p<e/2

By possibly shrinking ¢ > 0, we can check that by selecting

t:= [\/50K4/€} +1, p = 129Kse? > 0,
both the requirements (7.18)) and (7.19) are met. Thus, (7.17) implies that
12— 202 > 576 >0, hence  dist(PP, PPP) > Ky - p/6 > 0.
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On the other hand, for any 1 < j;, j» < k, and for any two distinct /1, ¢ € {1,..., g}, by
the construction (7.8) and (7.10), we have

(24, + 2) = (24, + 2P| > 6, hence dist(P, PPy > Ky -6 > 0.

In summary, we can take (55 := min{Kg - p/6, Kg - 6}, and demand ¢ > 0 to satisfy
and (7.16), ensuring that all the requirements are fulfilled. O

Using Lemma we can construct a valid section in H, p, whose zeros are mostly
coming from the m-th Fekete set.

Proposition 7.2. There exists an ny depending on D such that for every n > ny, one can find

a holomorphic section s,, € H,, p with zero set Zs, = {p1,...,pm. @1, --.,qy}, satisfying
(7.20) D= fuyg forall j<m— kpg,

(7.21) dist(p;,, pj,) > com™>  forall ji # ja,

(7.22) dist(pj, q) > cp/v/m  forall j,1,

(7.23) dist(q;, D) > ¢p forall 1,

(7.24) dist (q1 + 4 gy, T (Ky) U 7/) > cp,

where kp € Z, and cp > 0 are independent of n.

Proof. We apply Lemmato an open disc B(y, R) € X \ D to obtain kp := k € N*. Now,
starting with the data
m—kg
pj = fm,j for ] S m — kga Z = An(ﬁn) - Z A(fm,])a
j=1
we obtain the remaining kg + ¢ points
pm—kg—&—l_"_‘_pm:P[l]_l'_"P[k} and q1_|_+qg:Q

These n points are the zeros of some holomorphic section s, due to equation (7.1). The
desired distance inequalities follow from the definition of H*¢ and (7.2), (7.3), (7.4).

YiPLyeeP
0

The zeros of s,, also provide an element in S,,, p (see (2.15) for all sufficiently large
m. The last inequality of the corollary implies that p; + - - - + p,, ¢ 4%, i.e., the choice of
¢ + -+ - + g, is unique.

8. COMPARISON OF THE TwO FUNCTIONALS-II

In this section, we aim to approximate the minimum of the functional Z, by —¢&,,(p) +
2max Uj , and to demonstrate that such configurations p € X (m) occupy a sufficiently
large volume.

Proposition 8.1. There exist constants my € Z, and Cp > 0, both depending on D, such
that for every integer m > my, there exists an open subset ,,, p C S;, p C X (m) (see (2.19))

with volume Vol($2,,, p) > m~*™, satisfying
2 1 1
(8.1) —&(p) + %J-—m(p) <minZp + Cp Ofnm, Vp € Qup.
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Take any p := p1 +- - - +pm € Sin.p. We require the following two lemmas, which ensure
the stability of the functional values —&,,(p) + 2max U; under mild perturbations of p.

Lemma 8.2. For any p’ := p} + - - - + p,, satisfying p; € B(p;, m~°), the following holds:

logm

/ C * *
}Sm(p) —En(p )’ < o and ‘maXU(;p — maXU(;p,‘ <C -

for some constant C' > 0 independent of p and m.

Proof By (2.13) and Lemma 2.2} the difference |&,,(p) — &£..(p')| is bounded above by

1 i . 1
—3 D [ogdist(p;, pe) — log dist(pj, p)| + — > o(pj, pr) — o) 21)|-
it i#t
Since o is Lipschitz, the second term is O(m~°). For the first term, using the monotonicity
of the log function, each term | log dist(p;, p¢) — log dist(p}, p;)| is bounded by

dist(p;, pe) | dist(p;, pe) + 2m5> — O(m™Y)

1
fmax ( 08 dist(pj, pe) — 2m=>’ ©8 dist(p;, pe)

because dist(p;, p/) > m~* for j # ¢ from the definition of S,, p. Therefore, the summation
of m(m — 1) terms, divided by m?, is also O(m ™), which establishes the first assertion.

For the second assertion, we let

(8.2) K; :=B(p;, m ") UB(p};,m™°) foreach j and Q:=U",K;.
It is enough to show the following three estimates:
(8.3) }U(;*p(w) — U(;*p/ (w)| = Ologm/m) if w¢Q;
. * > * —1\.
(8.4) 1)1}%)2( Us, > sgp Us, O(m™);
. x s * -1 ]
(8.5) I)I(lilé( U(;p, > sgp Uép, O(m™)
By and Lemma the left-hand side of (8.3) is bounded from above by
. Z | log dist(w, p;) — log dlst(w,p;)‘ + - Z ‘Q(w,pj) — g(w,p;)}.
j=1 j=1

Since o is Lipschitz, the second term is O(m~"). Note that for all but at most one j = jj,
we have dist(w, p;) > sm™*, since dist(p;, p;) > m™* for j # (. For the first term, using the

monotonicity of the log function, each |- - - | for j # j, is bounded from above by
dist : dist : -0
max <log _ distw,py) log = (w,p;) +m > =0(m™),
dist(w, p;) —m= dist(w, p;)

-5

because dist(w,p;) > im~* for j # jo. For j = jo, since dist(w,p;,) > m~> and

3
dist(w, p,) = m~?, the term |log dist(w, p;,) — log dist(w, p/, )| is bounded by

| log dist(w, pj,)| + |log dist(w, p})| < 2max {|logm™"|,0(1)} = O(logm).
Thus, the summation of m terms, divided by m, is also O(log m/m). This proves (8.3).
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To prove (8.4), observe that K’s are disjoint simply connected domains. Thus, it is
enough to show that for every 7,

(8.6) max U} >supU; — O(m™).
OK; P K, p

We give the proof for j = 1. If the maximum of Uj |z, appears on 9K, holds trivially.
Now we assume z € K, is a maximum of ng]fl and y € 0K, is a maximum of ng\@Kl.
Note that the diameter of K, is at most 3m~°. Thus, we can find a local potential ¢ of
w, i.e., ddp = w on a neighborhood of K;. Then Us, +¢ is subharmonic on K, whose

maximum on K ; appears on the boundary, say z € 0K;. We have

Us () + p(x) < U (2) + ¢(2) < U (y) + ¢(2).
Then follows by the fact that |p(z) — ¢(2)| < ||p||diam(K;) = O(m™5). Hence, we
conclude (8.4). The proof of (8.5) is analogous. O

Lemma 8.3. Fix kp € Nand cp > 0. For any p' := p|, + --- + p/, € X™ satisfying
dist(p/,, p,) > cpm ™ for ji # jo, and with p); = p; for 1 < j < m — kpg, one has

log m logm

Em(p) — En(P)] < C

and ‘maxUé*p —maxUj | <C
P

m

for some constant C' > 0 mdependent of p and m.

Proof. Since p and p’ differ only in the choice of kpg points, by (2.13) and Lemma we
can bound |&,,(p) — £, (p’)| from above by

(8.7) iQ Z

1 t=m—kpg+1,

> (! log dist(p;, pe) — log dist(p, py)| + |o(p;, pe) — Q(p;,p2)|>-

—k

7
By the assumptions, each |log dist(- \ is O(logm). Using the boundedness of p, we
conclude that (8.7) is kpO(logm/ m) Th1s proves the first assertion.

For the second assertion, we define K’s and 2 as in (8.2) and going to show (8.3),
(8.4), 8.5). By (2.6), we can bound |U; (w) — U, (w)]| by

m m

1 1
— > | log dist(w, p;) — log dist(w, pf)| + — > Jolw,p;) = o(w, p))]-

j=m—kpg+1 j=m—kpg+1

If w ¢ Q, the first term is kpO(logm/m), and the second term is kpO(m ™). This proves
(8.3). The proof of and are a bit different from Lemma[8.2]because K; may not
be simply connected here. For the K;’s not simply connected, we show (8.6), replacing K
by B(p;, m~?) and B(p, m~?) respectively. The remaining arguments are similar. O

Now we are ready to prove Proposition The idea is to fix a set {f1,..., fmm} Of
Fekete points for every large m, and then to apply Proposition[7.2)to show that certain mild
perturbations p € X™ of f,,,; +- -+ fu.m, which correspond to zero sets of some sections
in H, p, constitute a "large" volume, and that their functional values —&,,(p) + 2max U, gp
are close to minZp.
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Proof of Proposition [8.1] Take an m-th Fekete set {fn1,..., fmm} for every m > 1.
Applying Proposition with the same notation, we obtain a holomorphic section
s, € H,p whose zero set reads in two separated parts as p := p; + --- + p,, and
q:=q + -+ ¢, Define

Qm.p == QL (B(p;,m™°)\ D) C xm,

Since D has a smooth boundary and half of the unit disc has Euclidean area 7/2 > 1, the
volume of B(p;, m~°) \ D is greater than m~" for sufficiently large m, regardless of where
p; is in the compact complement X \ D. Thus, the volume of Q,, p is greater than m~'?"
for m > 1.

Now we check that Q,, p C S,, p. Take any point p := p} +--- +p), € Q. p, i€, pj €
B(p;,m~°). Letq' := ¢} +- - -+, be a solution to the Abel-Jacobi equation A,,(p')+A,(q') =
An(L"). We need to show that dist(p],, p},) > m~* for all j; # js, dist(p}, ¢;) > 1/m for all
J.l,and ¢/ € X \ D for all [. The first inequality follows directly from when m > 1.
For the second and third assertions, since A; is holomorphic, for a fixed Euclidean distance
in Jac(X), we have

dist (A (D), An(p) = dist (D Ai(p). - A))

j=1 j=1

Consequently, dist (Ay(q), Ay(q)) < O(m™). Recalling that dist (q, 7y (%,) U #)
is bounded below by a constant, by the inverse function theorem and the compactness
argument, A, is a biholomorphism in a small ball centered at q with some uniform radius.
For sufficiently large m, A,(q’) is in the image of such a ball under A,. Thus, ¢’ is unique,
and we can read q' as ¢) +- - -+ ¢, in a suitable order so that dist(q;, ¢;) < O(m™). Whence
dist(p}, q;) > 1/m by and ¢; € X \ D by (7.23).

It remains to verify (8.I). Now we apply Lemma to the two points p and f,, :=

fma + -+ fmm, which clearly meet the criterion by (7.20). Taking also Proposition
into consideration, we see that

—Em(P) +2max U < minZp + O(logm/m).
Combining this with Lemma [8.2] yields
—En(P') + 2max U; | < minZp + O(logm/m), Vp' € Qnp.

Thus, we can conclude the proof by Lemma 2.4 O

9. DECAY OF HOLE PROBABILITIES

In this section, we present the proof of Theorem |1.1|for the case where g > 1, which is
more intricate than the case g = 0 discussed in Remark[9.2]

Proof of Theorem By applying (2.12)) and Proposition we can express

)= (1) [
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_ (”) B /p o C,, exp [m2 (Sm(p) -~ Mfm(p))} kn(P)-

m m
Taking the logarithm yields

2 1
O1) 1ogPy(Hop) <logCutm®  sup  (Ea(p) ~ 2"V () 4 10g / Fin
X (m)

pE(X\D)(m™)

Lemma implies that as m — oo, F,(p) > maxU; — O(logm/m). From the uniform
upper bound of max Uy for all p, we obtain

2(m+1)

logm

OO

PE(X\D)(™)

fm(p)> < O(

) +  sup  (En(p) — 2max U(;*p).
pE

m (X\D)(m)

The last term is — min Zp + O(log m/m) as per Proposition
To estimate the integral of x,,, we use Proposition to get

log/ Kn < log (eo(m)diam(X)ng) = O(mlogm).
X (m)

Therefore, gives
(9.2) logP,,(H, p) <logC, — m?minZp + Cmlogm
for some C' > 0 independent of D and m. By Lemma [9.1] below, we conclude
logP,,(H, p) < —m?minZp + C'mlogm.

For the lower bound, using Proposition to define €2, p, we have

P, (H,p) > <:L) B /Q B o (VES)
_ (") [ e [m(ente) - X 0) ).

m m

From (8.1)), it follows that
(9.3) logP,(H,p)> —log <n) +1log C,, — m*minZp — Cpmlogm + log/ K-
m Pegm,D

Finally, to estimate the integral of «,, over (2, p, we note that ,, p C S,, p, and for any
pointp=p; +- -+ pn € Sppand q := B,,(p) = ¢ + - - + g4, We have

ﬁ ﬁ dist(p;, q)* > m 2™,

j=11=1

Using £(q) > c in Proposition and the volume estimate from Proposition the
logarithm of the integral is at least

—O(m) + log/ m™2™ idzy AdZy A - Addzy, A dZ, > —O0(mlogm).
peQm,D

Therefore, (9.3) gives
9.4 log P,,(H, p) >log C, — m*minZp — Cpmlogm — O(mlogm).
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Consequently, by Lemma below, there exists a C, > 0 independent of m such that
log P,,(H, p) > —m?minZp — Cymlogm.
This concludes the proof of Theorem|1.1 O

Some useful estimates for C, may be found in the literature. For the sake of
completeness, we provide a proof here.

Lemma 9.1. There exists a constant ¢ > 0, independent of n and D, such that
—cnlogn <logC, < cnlogn.
Proof. Since P, (H, ») =1 and minZ, = 0, applying to the case D = @ yields
log C,, > m*minZy — O(mlogm) = —O(mlogm).
On the other hand, applying to the case D = @, we get
log C,, < m*minZy + O(mlogm) = O(mlogm).
completing the proof. O

Remark 9.2. For the case when g = 0, i.e., X = P!, the proof follows a similar strategy but
is significantly simplified. By using a density formula for the zeros (see [58], Proposition
3]), we only need to consider the functional &,,(p) — %Fm(p) with m = n, where F,,

is defined by F,,(p) := log ||€ng [ (o)~ The absence of q simplifies the analysis, as there
are no additional variables to account for.

10. ASYMPTOTIC BEHAVIOR OF HOLE PROBABILITIES

To establish Theorem [1.2] it suffices to demonstrate the inequality for a fixed point x
and all sufficiently small radii ». The full theorem will then follow by a standard
compactness argument.

Fix a point 2y € X. For a radius r > 0, we denote Z, := Zg(,,,) and v, := vp(g,,) for
brevity. This section is dedicated to proving the following proposition, which, in
conjunction with Theorem implies Theorem (1.2

Proposition 10.1. There exist constants C' > ¢ > 0, independent of r, such that

cer' <minZ, < Cr* forevery 0<r < 1.
We will break down the proof into several lemmas.

Lemma 10.2. For any probability measure y supported on X \ B(xo,r), one has Z,(u) > cr?
for some ¢ > 0 independent of r and .

Proof 1. Consider a local coordinate function ¢ : V' — C with ¢(z¢) = 0, where V' contains
B(x,7) for some small 7, > 0. By compactness, there exists a sufficiently small ¢, > 0
such that both wy and w are greater than €2-¢*dd°|z|? on B(z, ), where z is the coordinate
on C.

For any probability measure i supported on X \ B(zo,r) with r < r, the w-potential U,
of  satisfies the equation dd°U, = —w on B(x(,r). Note that for any r € [0, (], the range
¢(B(z,7)) contains D(0, ¢ - r) C C for some ¢; = const - €y, where const denotes a positive

constant independent of r and p, whose specific value may vary depending on the context.
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We can verify that
U _U Ogb (061 To)—>R<0
is strictly subharmonic:
—dd°T, = —(¢7")"ddUy = (¢7")'w 2 (¢71)" (€ - "dd’[2]?) = € - dd°|2

Using Jensen’s formula (cf. e.g., [40, 43]]), for any 0 < ¢t < ¢; - 79, we have

1 . tq = td
U,(0) — — Uud6=—2/ —x/ ddCUu22/ —x/ €o - dd°|=[*.
2 |z|=t z=0 ¥ @ a=0 T ©

Discarding the first term (7“(0) < 0, we obtain

1

7 fode 2 2 2 42
—— Uud022/ —/ ;- dd®|z|” = const - €5 -
27 |z|=t z=0 ¥ z

forany 0 < t < €; - rg. Thus,
—/ ﬁu dd®|z|* = —const - / tdt ﬁu df > —const - € -
D, t=0 |z|=t

forany 0 < r < € - 1. Since U, < 0, we can bound Z, (1) > — fB(I " U, - w from below by

—/ Ujodp™ (o7 'w> —/ 17“ - €2 ddC|z|* > const - €5 - 1
#(B(z,r)) D(0,¢e1-7)

for any r € (0, o). O

Proof 2. In the definition of Z,, U, is non-positive. It suffices to show that — [, U, w > ¢’
We will show that for any wp- subharmonic function U, with U, < 0 on D and dd°U, = —wp
on D,, one has — fm U,wp > crt, where wp := f(2)idz A dz is some fixed Kahler form on
D. This clearly gives the desired result on X.

Suppose, for contradiction, there exists a sequence (U;,r;) with dd°U; = —wp, U; <0,
and lim;_,., ; = 0, such that

lim 7“]._4/ U wp = 0.
J00 D(0,7;)
Consider the dilation map 7, : D — (0, ), z — rz. Define
;= —rj_zT:J,Uj.
Then, on D, for large j, we have ®; > 0 and
dd®; = 7“_2 - (=dd°U;) = rj-_QTéwD = f(rjz)idz AdZ > cidz AdZ

for some ¢ > 0 independent of j. But,

1
—/q)jidZ/\dES/(I)jT'jZT:_wD:/T'j2<’7'r].)*(q)j)wm):—Tj4/ Uj(.U]D).
¢ Jp D ! D D(0,r;)

This indicates that the L'-norm of ®; converges to 0. However, this is not possible because
dd°®; does not converge to 0. Hence, we reach a contradiction. O

To prove the upper bound, we construct a local quasi-subharmonic function first.
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Lemma 10.3. Let wyp be a Kdhler form on D. There exist an integer ¢ > 2 and a constant
a > 0, such that for every small 0 < r < 1, there exists a continuous wp-subharmonic function
®, on D, such that @, =0 on D \ Dy, —ar? < ®, <0 on Dy, and dd*®, = —wp on D,.

Proof. Take two positive constants (3;, 8 > 0 such that
B1dde|z]* < wp < BoddC|z|?
on Dy /,. Let £ be a large positive integer to be determined. Define an auxiliary function
O, (2) == (|2 — fr)?
on Dy, \ D,, where r € (0,1/(2¢)]. Direct computation shows that
dd°®, = — B, dd°|z|* + 26:r dd°|2| > — B, dd|2|* > —wp

on Dy, \D, C D, 5. Next, we trivially extend ®, = 0 outside D)., and we extend ®, inside DD,
as the unique solution to the elliptic equation dd°®, = —wp with the boundary condition
D, lop, = —fr(€ — 1)

Now we show that &, < 0 on D,. To do this, we introduce a comparison function
U, which solves the equation dd°¥, = —f,dd®|z|? with the same boundary condition
U, |op, = —B1(¢ — 1)?*r?. Noting that

dd®(®, — ¥,) = —wp + B2dd°|z[> > 0

with the vanishing boundary values (®,—V,)|sp, = 0, by the maximum principle, ®,— V¥, <
0 on D,.. Thus, we only need to check that ¥, < 0. Indeed, it is easy to see that

U(z) = —Bil = 1) + Bo(r” = |2) < (=Bi( = 1)* + By) - 1* < 0

for z € D, as long as £ > \/B2/31 + 1.

It is clear that ®, is a continuous wp-subharmonic function and satisfies all the desired
properties with o = 3;(¢ — 1)%. O

Lemma 10.4. For every small 0 < r < 1, there exists a probability measure ;. supported
outside B(zg,r) such that Z,(1) < Cr* for some C' > 0 independent of r.

Proof. Using Lemma [10.3] we can find an w-subharmonic function ¢, on X such that
®, =0on X \ B(zg, lr), —ar? < ®, <0 on B(zg, {r), and dd°®, = —w on B(xy, ), where ¢
and « are independent of r. Let y := dd°®, + w. Clearly, supp(u) C X \ B(zo, 7). Observe
that ®, is the w-potential of type M of x. Furthermore, since 1 = w outside B(xy, {r), the
mass of ;. on B(xg, £r) is equal to w(B(xo, {r)). Hence,

Z(n) = —/ o, dp — / ¢, w<ar? / (dp +w) = O(r?).
B(xo,0r) B(xo,0r) B(xo,0r)

This completes the proof. O
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11. OPEN PROBLEMS

We emphasize that our approach for Theorem is not directly applicable in higher
dimensions, as it relies heavily on the Abel-Jacobi theory. Additionally, from a physical
perspective, conformal field theory (CFT) exhibits particularly rich structures in real
dimension 2, which do not extend to higher dimensions. Our approach implicitly utilizes
some of these CFT structures in real dimension 2 (cf. [2]). Consequently, the study of
hole probabilities in higher dimensions remains a challenging and open research
direction.

Even on Riemann surfaces, many questions remain unresolved. For instance, in the
Ginibre point process [28]], which describes the distribution of the eigenvalues of an n x n
random matrix with i.i.d. complex Gaussian entries, the probability P,, , of observing a hole
in the disk centered at O with radius » < 1 admits the following asymptotic expansion:

(11.1D) P,, =exp [C’an + Cynlogn + Csn + Cy/n + 0(\/5)}, as n — +oo,

where C; = —%, Cy = —%, and Cj3, Cy are explicit constants depending on r (cf. [1} 22]).

Comparing the hole probabilities for zeros of random holomorphic sections (see (1.2)
and ((1.5)) with those of the Ginibre point process, we are naturally led to the following
questions:

Question 11.1. Does a similar expansion formula as (11.1) exist for the hole probabilities
P, (H, p) in Theorem [1.1f}

Question 11.2. If such a formula exists, can the coefficient C in the expansion be
characterized?

However, even in the simplest case where (X, £,w) = (P!, 0(1),wrs), one encounters
significant computational challenges (cf. [60]), which may require techniques from
analytic number theory for resolution.
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