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Abstract For the intersection family 2~ of general Fermat-type hypersur-
faces in IP’% defined over an algebraically closed field K, we extend Brotbek’s
symmetric differential forms by a geometric approach, and we further exhibit
unveiled families of lower degree symmetric differential forms on all possible
intersections of 2~ with coordinate hyperplanes. Thereafter, we develop what
we call the ‘moving coefficients method’ to prove a conjecture made by Olivier
Debarre: for a generic choice of ¢ > N /2 hypersurfaces Hy, ..., H, C ]P)g of
degreesdy, ..., d. sufficiently large, the intersection X := Hy N ---N H, has
ample cotangent bundle Q2x, and concerning effectiveness, the lower bound

di,...,d. > 1—[;\/: IN/2] 4 (l + 1)21 works. Lastly, thanks to known results
about the Fujita Conjecture, we establish the very-ampleness of Sym* Qy for

2
all k > kg, with a uniform lower bound xo = 64 ( Zf: 1 di> .
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1 Introduction

The goal of this article is to answer the Debarre Ampleness Conjecture.

Theorem 1.1 The cotangent bundle Q2x of the complete intersection X :=
HnN---NH. C Pg of ¢ = N/2 generic hypersurfaces Hy, ..., H. with
degrees > d(N) is ample, where:

N
dN) == [ (@ +1)" < NENTHO?,
I=[N/2]

Precisely, ampleness means that, for all large k > ko > 1, for all pairs of
distinct points x, y € X, the two evaluation maps:

H® (x, Sym* Qx) — Jet; Sym* Qx| _,
H? (x, Ssym* @x) — Sym* Qx| & Sym* Qx|y

are both surjective, where Jet; E |x = Oy (E) / (my)? O, (E) for every vec-

tor bundle E over X.

The hypothesis ¢ > N /2 appears optimal, for otherwise HO(X , Symt @ X)
= 0 for all k& > 1, according to Briickmann-Rackwitz [3] and Schneider
[15].

As highlighted in [4], projective algebraic varieties X with ample cotangent
bundles have several interesting properties, for instance, the canonical line
bundles of all subvarieties of X are ample; there are finitely many nonconstant
rational maps from any fixed projective variety to X ([14]); if X is defined
over C, then every holomorphic map C — X must be constant ([9]); if X is
defined over a number field K, the K -rational points of X are conjectured by
Lang to be finite ([10,13]).

In [1], Brotbek reached a proof of the Debarre Ampleness Conjecture for
complex surfaces: dmc X = N — ¢ = 2. Recently, Brotbek [2] constructed
explicit global symmetric differential forms in coordinates by a cohomological
approach, and thereby proved the Debarre Ampleness Conjecture in the case
4c > 3N — 2 forequal degreesd; = --- =d. > 2N + 3.

In this article, we work over an algebraically closed field K with any charac-
teristic. Our main theorem is the following, which coincides with Theorem 1.1
forr =0and K = C.

Theorem 1.2 (Ampleness) For all positive integers N > 1, for any non-
negative integers ¢, r = 0 with 2c + r = N, for all large integers
di,...,de,des1,...,deyr = d(N), for generic choices of ¢ + r hyper-
surfaces Hy, ..., Heyr C IP’HA(f with the corresponding degrees dy, . .., dc+,
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the cotangent bundle Qy of the intersection of the first ¢ hypersurfaces
V := HiN---N H, restricted to the intersection of all the c +r hypersurfaces
X:=HN---NH.NH.p1 NN Heyp is ample.

Lastly, taking account Siu’s result [ 16] about the Fujita Conjecture, we will
prove in Sect. 13 the following

Theorem 1.3 (Effective Very Ampleness) Under the same assumption and
notation as in the Ampleness Theorem 1.2, if in addition the ambient field K has
characteristic zero, then for generic choices of Hi, ..., Hey,, the restricted
cotangent bundle Sym* Qy | y is very ample on X, for every k = ko, with the

2
uniform lower bound ko = 16 (Zle di + YT d,-) .

i=l

Concerning organization, we provide basic preliminaries in Sects. 2, 3, 4.
In Sect. 5, we present the proof blueprint of Theorem 1.2, which extends
the previous method of [2] by adding new ingredients in four aspects as
follows.

As a matter of fact, our initial idea is to reconstruct Brotbek’s symmetric
differential forms [2] by means of a geometric approach, which turns out to be
fruitful in that, not only we obtain symmetric forms on intersections of general
Fermat-type hypersurfaces, but also in that we discover unveiled symmetric
forms on all possible further intersections with coordinate hyperplanes—see
Sect. 6.

Fundamentally, our central idea is to design more ‘flexible’ hypersurfaces
than the pure Fermat-type ones of [2], so that we can construct many more
negatively twisted symmetric differential forms. To this aim, we develop the
moving coefficients method (MCM) in Sect. 7. Then, we devote Sect. 8 to
control the base locus of the obtained symmetric forms over the part where all
coordinates are nonvanishing. Lastly, the ultimate difficulty lies in the Core
Lemma, whose proof constitutes the technical heart of this article, and which
will be accomplished in Sect. 11.

Playing an essential role, another key idea is to make use of symmet-
ric differential forms constructed over the part where some coordinates
vanish, a new feature which removes the last obstacle towards ampleness,
and that therefore determines the shape of our desired hypersurfaces—see
Sect. 9.

Surprisingly, one neat idea, which we term product coup, enables us to con-
struct ample examples of intersections of hypersurfaces with any large degrees.
This settles the Debarre Ampleness Conjecture and shapes the formulation of
our main theorem—see Sect. 5.4.

Finally, we achieve the effective degree estimates of Theorem 1.2 in Sect. 12.
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2 Restatements of the Ampleness Theorem 1.2

Recalling the projective parameter space of ¢ + r hypersurfaces with degrees
di,....,deyr 2 1is:

P (@] HO(BY, Opy @) =P @] Y- ALz Al e KL,

i=l1

|ot|=d;
for shortness we write it as:
P = Proj K[{A%}1<i<ctr]- (1)
let|=d;

First, we introduce the two subschemes:
<> N
3{' C /7 C PK XK ]P)]K’

where 2 is the family of intersections of all the ¢ + r hypersurfaces:

%::V( Z Abzo, .., Z Ag 2%,

la|=d\ |o|=d,
Z AC+1 ZO( Z Ac+r ZO{) (2)
a S ey o s
lot|=dc1 lot|=dc+r

and where 7 is the family of intersections of the first ¢ hypersurfaces:

V(Y avE Y A, 3)

|lo|=dy |or|=d,

Now, let pry, pr, be the two canonical projections of ]P’% XK ]P’H[z onto its two
1
¥ |P
relative differentials of degree 1 of 7" over P$, which should be viewed as the
family of cotangent bundles of the intersections. Then, we consider the pro-
jectivization P(Q , equipped with the Serre line bundle ﬁP(Ql ) (1) on
2"
it. Recalling the cotangent bundle Q&D y of Pﬁz and its projectivization P(QIIP)%),

components. By restricting pr; }7/: YV — ]P’%, we receive the sheaf 2~ . of
K

1
vvpg)
now looking at:
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P(Q) /P<>><—>IP<> XKP(QlN) P(Q) )

l l

PO g Y,

we see that ﬁp(gl )(1) is the pullback of ﬁ;‘ P(QIIPN)(l) by 7, where
K
P(Ql )(1) is the Serre line bundle of P(QlN).

Next, let 7 : IPK XK P(Qé’u’%’) — ]P]I% XK Pﬁg be the canonical projection,

and let 71, 75 be the compositions of 7 with pry, pr:

Py xx P(QLy) (5)
K

Let:

ozl 1 1 <> 1
P = 77M(2) NP@) o) C PR o) © P xxP(@py)  (©)

be the ‘pullback’ of 2" C ¥ C P% XK ]P’ng under the map 7, and let:

Op(1) = (D] =73 1 (M) (7
P(Q,V/Pﬂi) |P 2 P(Qpﬁ) |P

be the restricted Serre line bundle. Then, Theorem 1.2 can be reformulated as
below, with the assumption that the hypersurface degrees are sufficiently large
dlv LR ,dc—‘,-r >> 1~

Theorem 1.2 (Version A) For a generic point t € IP’%, over the fibre P, :=
nl_l(t) NP, the restricted Serre line bundle Op, (1) := Op(1) |Pt is ample.

We will abbreviate every closed point ¢t = [{Afx}lgigc+r] € IP’% as
. lo|=d
= [Fi: ---: F.y,), where F; := Zla\=di Al z% Then P, = {r} xk

Fetrtyoo Ferr PPy, ... F, fOr a uniquely defined subscheme:
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946 S.-Y. Xie

FeotroFer PR Fe C© P(Qpy). ®)
Theorem 1.2 (Version B) For a generic closed point [Fy: ---: F.q,] € IP’%,
the Serre line bundle ﬁp(glN) (1) isample on f, ... F..,PF,.. F.
Pr

To understand better the above statements, we now show the geometric
picture.

3 The background geometry

For each scheme mentioned above, we consider its underlying topological
space (K-variety) that consists of all the closed points.

3.1 The geometry of P(Sl];ﬂlz) and ﬁP(Q;)N)(l)
K

Recalling the tangent space of ]P’H’g at every point [z] is TP% |[z] =KN+1 / K-z,
thus the total tangent space of ]P’H]z 18 TP%/ = Thor KN ! / ~, where:

ThorkV = {2, 16D+ 2 e KV \ (0} and [§] € KM /K -2}, )

and where the quotient relation is (z, [£]) ~ (Az, [A€]), for all A € K*.
Note that the K-variety associated to P(2! N) is just the projectivized tangent

space ]P)(T]P;N) Also, the Serre line bundle ﬁ’P(Ql )(1) on P(Q1 N) corresponds

to the Serre line bundle ﬁ’p(T )(1) on P(TPN) whose dual is the tautological
line bundle Op(r, N)( 1) defined by:

Op(ro) (D) e = K- 151 C Ty
= KN*! /K-z (¥ (12, £D €P(Ty)).
3.2 The geometry of P(2! ), P and P,
7Py
Recalling (3), the K-variety of ¥ is:
V= {([Fl,,_,,pc+,], z]) € PE x PY : Fi(z) =0, Vi= 1...c}.
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Moreover, recalling (4), the K-variety of P(S! /PQ) C IPO XK P(QIIPN) is:
K

]P)(TV/IP%) = {([Fl’ oo Feqr ], ([2] [S])) € ]P)% X ]P(Tpﬂig) : Fi(z) =0,

dFi|Z(§):0,Vi:1...c}.

. . . . 1 ..
Similarly, the K-variety P C P(T, /Pﬂ%) associated to P C P(Q’V/Pﬁ) is:

P = {([F1,---,Fc+r], (2], [€D) = Fi(z2) =0,

dpj\z(g):o,Vizl...c+r,Vj:1...c},

and the K-variety f,_, Pr,

,,,,, F, c+r

.....

F. C P(TPH’z) associated to (8) is:

Fovtvon b Pr = | (2L 18D 1 Fi(2) =0, dF,]€) =0,

Vi:l...c+r,‘v’j:1...c}. (10)

4 Some hints on the Ampleness Theorem 1.2
4.1 Ampleness is Zariski open

The foundation of our approach is the following theorem due to Grothendieck
(cf. [6,111.4.7.1], [11, p. 29, Theorem 1.2.17]).

Theorem 4.1 (Amplitude in families) Let f : X — T be a proper morphism
of schemes, and let £ be a line bundle on X. For every pointt € T, denote by
X; = fYt) and & = z’x,' If £ is ample on X for some point 0 € T,
then there exists a Zariski open set U C T containing 0 such that ¢; is ample
on Xy, forallt € U.

Note that in (5), w1 = pr; o 7 is proper, and so is its restriction to P.
Therefore, by virtue of the above theorem, one only needs to find one point
t e IP’% such that Op, (1) is ample on P;.

4.2 Largely twisted Serre line bundle is (very) ample

Let 7o P(Q1 N) — IF’N be the canonical projection. By a classical result [8,

p. 161, Proposmon 7.10], for all large integers £ > 1, the twisted line bundle
1
ﬁp(%&’)(l) ® g By (£) is ample on P(QP%).
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In fact, one can check by hand that, for all ¢ > 3, the following global
sections:

_ Zi
2 2 1d(z—l) i j k=0 N, i # j) (11)
j

even guarantee the very-ampleness.
Consequently, when £ > 3, for every point ¢ € PY, the positively twisted
Serre line bundle Op, (1) ® 75 ﬁpﬂzz (£) is (very) ample on P, = nl_l (HNP.

4.3 Nefness of negatively twisted cotangent sheaf suffices

Thanks to the above ampleness, now we may relax the ampleness goal men-
tioned below Theorem 4.1.

Proposition 4.2 For every point t € IP)%, the following properties are equiva-
lent.
(i) Op,(1) is ample on P;.

(ii) There exist two positive integers a, b > 1 such that Op (a) @5 ﬁPﬁ (—=b)
is ample on P;.

(iii) There exist two positive integers a, b > 1 such that Op,(a) @ 5 ﬁpﬂzz (—=b)
is nef on P;.

Proof (i) = (ii) = (iii) is clear. To show (iii) == (i), noting that

“ample ® nef = ample” (cf. [11, p. 53, Corollary 1.4.10]), one can use any

ample positively twisted Serre line bundle to compensate the negative twisted
degree of the nef line bundle. O

Repeating the same reasoning, we may obtain:

Proposition 4.3 Foreverypointt € IP’H% if Op,(L1)®m) Py (—4r) isnefonP;
for some positive integers L1, £ > 1, then for any positive integers £}, £}, > 1
with £}, /€) < £2/L1, the twisted line bundle Op, (£}) ® 73 BY (—15) is ample
on P;. O
By definition, the nefness of .} (—b) := Op,(a) @75 ﬁpﬁz (—b) means that,
for every irreducible curve C C P, the intersection number C - .7 (—b) is
> 0. Recalling now a classical result [8, p. 295, Lemma 1.2], one only needs to
show H° (C , I (—b)) # {0}. To this end, one would desire sufficiently many
global nonzero sections s, ..., S, € HO (P,, ,5”,“(—19)) such that their base
locus is empty or discrete, whence one of s | Co e Sm | c suffices to conclude.
More flexibly, without fixing a and b, we have

Corollary 4.4 Suppose that there exist some m = 1 nonzero sections:

si € HY(P, % (=b))  G=1omiabi>D)
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On the ampleness of the cotangent bundles 949

such that their base locus is discrete or empty, then for all positive integers
a, b with:

b/a < min {bl/m,...,bm/am},

the negatively twisted Serre line bundle ./ (—b) is nef. O

5 A proof blueprint of the Ampleness Theorem 1.2
5.1 Main Nefness Theorem

Recalling Theorem 4.2, the Ampleness Theorem 1.2 is a consequence of the
theorem below, whose effective bound do(®) for ® = 1 will be given in
Theorem 12.2.

Theorem 5.1 Given any positive integer ® > 1, there exists a lower degree
bound dy(®) > 1 such that, for all degrees dy, . .., dc.y, = do(®), for a very
generic't € PS, the negatively twisted Serre line bundle Op, (1)@ Opy (—¥)
is nef on P;. :

It suffices to find one such ¢ € IP’H% to guarantee ‘very generic’ (cf. [11, p. 56,
Proposition 1.4.14]).

We will prove Theorem 5.1 in two steps. At first, in Sect. 5.3, we sketch the
proof in the central cases when all ¢ + r hypersurfaces are approximately of
the same large degrees. Then, in Sect. 5.4, we play a product coup to embrace
all large degrees.

5.2 A refined nefness criterion

In practice, it is delicate to gather enough global sections with empty/discrete
base locus to guarantee the desired nefness. To overcome this difficulty, we will
also use nonzero sections of the same bundle restricted to proper subvarieties,
and such an idea will be a key feature of our approach compared with that of

[2].

Definition 5.2 Let X be a variety, and let Y C X be a subvariety. A line bundle
Z on X is said to be nef outside Y if, for every irreducible curve C C X with
C ¢ Y, the intersection number C - .Z is > 0.

A standard reasoning on irreducibility and Noetherian topology gives ([17,
p. 16, Theorem 4.6])

e ]P’% \ U2, Z; for some countable proper subvarieties Z; & ]P%
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950 S.-Y. Xie

Lemma 5.3 Let X be a Noetherian variety, and let £ be a line bundle on X.
Assume that there exists a set &2 of closed subvarieties of X satisfying:

() e Pand X € &;
(ii) for every element Y € &2 with Y # (), there exist finitely many elements

Zi,.... 2y € P with Zy,...,7Z, ;Cé Y such that the restricted line
bundle X}Y is nef outside the union Z; U --- U Z,,,.
Then £ is nef on X. O

5.3 The central cases of relatively the same large degrees

Theorem 5.4 For any fixed c +r positive integers €1, . .., €.+, = 1, for every
sufficiently large integer d > 1, Theorem 5.1 holds with d; = d + €,
i=1...c+r.

When ¢ +r > N, generically X is discrete or empty, so there is nothing to
prove. Assuming ¢ + r < N — 1, we now outline the proof.
Step 1 In the entire family of ¢ +r hypersurfaces with degrees d +¢€1, ..., d +
€c+r, Whose projective parameter space is ]P’H%, we will work with some specific
subfamily which suits our coming moving coefficients method, and whose
projective parameter space will be denoted by PH’( C IP’H%. The presentation of
P}?{ will be made partially in Sect. 7, and then completely in Sect. 9.2.

Recalling (2) and (5), we then consider the subfamily of intersections %" C
"

pri' (PY) N2 = % c P xxPY = pr;! (PY).

Recalling (5), (6), we introduce the subscheme P’ := 7~ /(%) NP c P.By
restriction, (5) yields the commutative diagram:

P’ (12)

7| =priom

Introducing the restricted Serre line bundle Op/(1) := Op(1) |P/ over P/, in
order to establish Theorem 5.4, it suffices to prove the

Theorem 5.5 For a generic closed point t € P%, the bundle ﬁP{(l) ®
ng‘ﬁpﬂz\é(—v) is nefon P, := P;.
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Step 2 The central objects now are the universal negatively twisted Serre line
bundies:

Op(a,b,—c) := Op(a) ® nf ﬁpk(b) ® ) ﬁpg(—c),

where a, ¢ are positive integers such that c/a > ®, and where b are any
integers.

Using the moving coefficients method, we will firstly construct a series of
global universal negatively twisted symmetric differential n-forms:

Se € H(P, Op(n. N.—Dp) =15, (13)

wheren ;= N — (c+r) > 1 and all Oy /n > @, and where we always use the
symbol ‘#’ to denote auxiliary positive integers, which vary according to the
context.

Secondly, for every integer 1 <n <n—1,forevery0 < vy <--- <v,; <
N, considering:

/. / —1
V] UV]P :Pﬂr[z {ZUIZH':ZU

.....

, =0},
we will construct a series of universal negatively twisted symmetric differential
(n — n)-forms:

..... 5 Q) =18,
(14)
with all y, _,Qc/(n —1m) = .
This step will be accomplished partially in Sect. 7, and then completely in
Sect. 9, and thus determines the Algorithm of MCM in Sect. 12.1.
Step 3 From now on, we only consider the closed points of every scheme.
Firstly, we will control the base locus of all the global sections obtained
in (13):
BS := Base Locus of {S¢}1<¢<cx C P’ (15)

by proving that, on the ‘coordinates nonvanishing part’ i’/ = PN
5 Hzo -+ - 2w # 0}, there holds:

dim BS N P/ < dim P (16)

Secondly, for n = 1...n — 1, we will control the base locus of all the
sections obtained in (14):

/
V1,...,Up BS := Base Locus of {v] ..... vy Se}lgegz%z C vy, v,,P .
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by proving that, on ,

.....

v,,P/ = v1,...,v,,P/ N 7T2_1{Zro C Zryoy = 0}, where:
{ro,....,rv—p} = {0,..., N} \ {v1,...,v5}, (17

there holds: R
o, P < dmPy. (18)

.....

This step will be performed mainly by the Core Lemma in Sect. 8.
Step 4 For the regular map n;: PP — IP’H’@ noting the dimension esti-
mates (16), (18), applying now a classical theorem [7, p. 132, Theorem 11.12],
we know that there exists a proper subvariety X g IE"H’< such that, for every

closed point ¢ € IPHE \ X

(1) the base locus of the restricted symmetric differential n-forms:
Py— Lp— /
BS; := Base Locus of {Sg(t) = SZ}P;}KK:% c P,
is discrete or empty over the coordinates nonvanishing part:
dim BS, N P}, < 0, (19)

where P/, := P'N nfl(t);
(i1) forn = 1...n — 1, the base locus of the restricted symmetric differential
(n — n)-forms:

P} <0, (20)

.....

Lastly, for n = n, there exists a proper subvariety X’ g IP’]I’< such that, for
every closed point ¢ € IP’HE\ Y/, the fibre % .= % ﬂprl_l (t)—corresponding to
the intersection of the ¢ 4r hypersurfaces defined by ¢ in ]P’le—is of dimension
n = N — (¢ + r), and moreover all intersections:

Un@l O<v<--<vy, <N) (21)

..........

are just finitely many points.
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Now, we shall conclude Theorem 5.5 for every closed point ¢ € ]P’HE \ (X U
).
Proof of Theorem 5.5 For the line bundle . = ﬁp;(l) ® my Pﬂzg(—') over

the variety P}, we claim that the set of subvarieties:

o / /
Vo= {@’ Pt’ Ulyeeny Ur;Pt} 1<n<n

0y < <vy <N

satisfies the conditions of Lemma 5.3.

Indeed, firstly, recalling (19), the sections {S¢(¢)};,=1..% have empty/
discrete base locus over the coordinates nonvanishing part, i.e. outside
U;.V:O ;P;. Hence, using an adaptation of Corollary 4.4, remembering /1 <
min {O¢/n}1<e<x , the line bundle ﬁP; (1) ® m) Opn(—*) is nef outside
U P

j=0J"1t"

Secondly, for every integer n = 1...n — 1, recalling the dimension esti-
mate (20), again by Corollary 4.4, remembering ®/1 < min{,, v, Qe/(n —
M} 1<e<s, the line bundle Op/ (1) ® n5 Opy (—9¥) isnefon y, ., P; outside

UN 0 oty Py (see (17).
Lastly, for n = n, noting that under the projection 7 : P, — ¢, thanks
to (21), every subvariety ,, . ,,P; contracts to discrete points 4, ,, %, we
see that on ,  ,,P;, the line bundle Op (1) ® o2 ﬁﬂ’ﬁz (—%) = Op (1) is not
only nef, but also ample!
Summarizing the above three parts, by Theorem 5.3, we conclude the proof.

O

.....

5.4 Product coup

We will use in an essential way Theorem 5.4 with all €; equal to either 1 or 2.
To begin with, we need an elementary

Observation 5.6 For all positive integers d > 1, every integer dy > d*> + d
is a sum of nonnegative multiples of d + 1 and d + 2. O

Proof of Theorem 5.1 Take one sufficiently large integer d such that The-
orem 5.4 holds for any integers ¢; € {1,2},i = 1...c + r. Now, the
above observation says that all large degrees dy, ..., deyr > d*> + d can
be written as d; = p; (d + 1) + ¢; (d + 2), with some nonnegative integers
Pingi = 0,i =1...chr.LetF = f{--- fy fh 1 fhig beaprod-
uct of some p; generic homogeneous polynomials fli, o f [’;i (to be chosen
later) each of degree d 4 1 and of some ¢; generic homogeneous polynomials
f l’;i TR fzin +qi (to be chosen later) each of degree d + 2, so that F; has
degree d;.
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Recalling (10), a point ([z], [£]) € IP’(TP%/) lies in Fc+1,m,Fc+rPF1 ,,,,, F, if and
only if:

Fi(z) =0, dFj| () =0  (Yi=lwctrVj=1-0).
Note that, for every j = 1...c, the pair of equations:
Fi(z) =0, dFj| (£)=0 (22)
is equivalent to either:
31 <v < pi+gq st fL@=04dff[.E) =0, (23

or to:

31 < wi < wi < pj+gqj st fu])}(z) =0, fu])%(z) =0. (24
Therefore, ([z], [§]) € F.y,...F..,PF ... F. is equivalent to say that there exists
a subset {iy,...,ix} C {1,...,c} of cardinality k (k = O for {J) such that,
firstly, for every index j € {i1 ...}, (z, &) is a solution of (22) of type (23),
secondly, foreveryindex j € {1,...,c}\{i1...ik}, (z, &) isasolution of (22)
of type (24), and lastly, forevery j = c+ 1...c + r, one of flj, R fI;j‘HIj
vanishes at z. Thus, we see that the variety g, .. F.,, P .. F, actually decom-
poses into a union of subvarieties:

Feyt,oons Fc+rIP)F1 ,,,,, Fo = Ug=0..c U1<i1<~~-<ik<cU1<vij<pvj+qvj
J=1.k
it remid =1 s\ fit i) Y1<uj<pj+a;
lgw}l r[\p’1+q’l j=c+1l..c+r
I=1...c—k
Fe—k Te—k c+1 L+r ]P .
‘wrl fw)1 ..... f r]C . f 2 fuc+1 ”c+r fv’l ‘fllk

Similarly, we can show that the scheme ¢, , |
into a union of subschemes:

Pr, .. F. alsodecomposes

~~~~~ F, c+r

.....

FetonFerr PF o Fe = Uk=0c Vi<iy << <e Vi<, <pu s+,

j=1..k
Ugr...., rc_;i}:{l ,,,,, Niteit) Y1<uj<pjta;
lgwrl rl\Prl-Fer -]=C+1"'C+r
I=1...c—k
I ] Te—k Te—k c+1 c+r P ip .
fwll’fw Iy hek J, WP,y Sieir it fv’l""’f”ik
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Note that, for each subscheme on the right hand side, the number of poly-

nomials on the lower-left of ‘P’ is #; = 2(c — k) + r, and the number of

polynomials on the lower-right is #r = k, whence 2#r +#;, =2c+r > N.

Now, applying Theorem 5.4, we can choose one { f'}e o such that the twisted

Serre line bundle ﬁP(Q;P N)(l) ® my ﬁpg (— %) is nef on each subscheme
K

P ek ek petl et P i, » and therefore is also nef on
w,ll s w}gl ..... wrl(‘ik’ w}g 7kw Upy]oms Uetr fvil,..., Uik

their union g, .. F.,, Pr, .. F. Since nefness is a very generic property in

family, we conclude the proof. O

6 Generalizations of Brotbek’s symmetric differential forms
6.1 Preliminaries on symmetric differential forms in projective space

For three fixed integers N > 2,¢, r > Osuchthat2c+r > Nandc+r < N—1,
for ¢ + r positive integers d, ..., dcy,, foralli =1...c+r,let H; C ]P’H]\é
be ¢ + r hypersurfaces defined by some degree d; homogeneous polynomials
F; € Klzo,...,zn]. Let V be the intersection of the first ¢ hypersurfaces:

Vi= HinonH =z eP) s R =0 vi=1..c}, 05
and let X be the intersection of all the ¢ + r hypersurfaces:

X = B0 N Hep = {21 €PY 0 Fi) =0, Vi=1...cHr].
(26)
It is well known that, for generic choices of {Fi}l?:]’ , the intersections V =

N{_, Hy and X = ﬂfif H; are both smooth complete, and we shall assume
this henceforth. Set:

n:=N-—(c+r) =dmX,

and observe that 1 < n < c.

Let us denote by 7 : KN+1\ {0} — ]P)ﬁ the canonical projection. For every
k € 7, over any Zariski open subset U C P¥, sections in H° (U , ﬁpﬁz (k)) can
be defined as regular functions fon 7~ 1(U) satisfying f(kz) =k f(z), for
allz € 7 ~1(U) and all » € K*.

For the cone V := 7~ 1(V) = [z e KNP\ {0}: Fi(z) =0,Vi=1...c}
of V, we define the horizontal tangent bundle Thorf/\ which has fibre at any
point z € V:

Thor V|, = {[g] c KN“/K-Z L dF|(6) =0, Vi= 1...c}.
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Its total space is:

ToorV =@ 16D : z€ V. (1 e KN /K2, dFy| €) =0,
Vi=1...c}. 27)
Thus the total tangent bundle Ty of V can be viewed as:
Ty =ThorV/ ~,  where (z, [E]) ~ (Az, [AE]), V1 € K*.

Let Qy be the dual bundle of Ty, and let QhorV be the dual bundle of
ThorV For all [ > 1 and for all © € Z, we denote by Sym Qy(©Q) :
Sym Qy ® Oy (Q) the twisted symmetric cotangent bundle.

Proposition 6.1 Let Y C V be any regular subvariety. For every Zariski open
setU C Y together withits cone U := 7~ (U), there is a canonical injection:

HO(U, Sym' Qv (©)) < H(U, Sym' Qhor V),
whose image is the set of sections ® satisfying:
@ (hz, [18]) = 17 @(z, [€]), (28)

forall 7 € ﬁ,for all [€] € Thorf/\‘z and for all A € K*. O

In future applications, ¥ = X orY = X N{z,, =0}N---N {Z”n = 0} for
some vanishing coordinate indices 0 < vy < --- < v, < N.

6.2 Symmetric horizontal differential forms

Now, we introduce the Fermat-type hypersurtaces H; C IP’% defined by some
homogeneous polynomials F; of the form:

N
o
F = Z Al 2 =l (29)
where Ag,...,Axy = 2 are some positive integers and where Aij €
Klzo, 21, - .., zn] are some homogeneous polynomials with deg A{ +Aj =

deg Fjfor j =0---N
Differentiating F; fori = 1...c, we receive:

N
i ai—1
dF, = Z Bij zj" (i=1..0)),
j=0
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where Bl.j = zjdAlj + Aj A{dzj. Now, set Kl] = Al.jzj, so that F; =
~i hj—1
Z?’:O AiJ z j’ has the same structure as d F;.
We denote the cone of X by:

X = {zeKN“\{O}: Fi(z) =0, Vi=1...c—|—r}.

V.. by the definition (27) of The V, we

have: ST
ZN Al z "7 (z)—O (i=1..ctr), 30)
Z -0 B](Z 5)Z (Z) =0 (i=1..0).
Now, we view these c+r +c equations as a linear system with N 4+ 1 unknowns
Z())»o—l’ ’ ;\VN 1
A0 AN
(A1 o Al
Z)Lo—l :
0 A0 AN
Al - Al
C : =0, where C:= égr Bc]—\tr . (31)
an—1 I |
<N
BY ... BY

Next, let D be the upper (c+r+n)x(N+1) = N x (N +1) submatrix of C.
Forevery j =0---N,let D; denote the submatrix of D obtained by omitting
the (j +1)th column, and let Dj denote the (j + l)th column of D. Introduce the
affine W; := {z; # 0} C IPN having cone WJ = n_l(W )y ¢ KN+ {0},
Denote also U; := W; N X, whose cone is U] = n_l(U i) C X. Lastly, let
Qhor KV be the dual bundle of Tho;, KN !, and let Q KV i be the cotangent
bundle of KN+1,

Proposition 6.2 For every j = 0--- N, on the affine set Wj, the following
affine symmetric horizontal differential n-form is well defined:

(=
®j = 57

det (D)) e H(W), Sym" k1) (32)
%

Proof 1t suffices to treat the case j = 0. First of all, we may view &g € H°
(f/\o, Sym" Q KN+1), and in order to show @ € HO(VO, Sym” QhorKN+l),
we only have to check that:
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wo(z, & +pnz) =wo(z,8)  (VzeW, kN pek). (33)

Coming back to the definitions of Blj and 'sz , Euler’s identity gives:
B/ (2.6 +12) = B/ (2, &)+ n(hj +deg AN YA/ (2)  (i=1cj=0-N).

Therefore, the matrix 60 (z, &€ + A 2) not only has the same first ¢ + r rows
as the matrix Dy (z, &), but also for every £ = 1...n, the (¢ + r + £)th row
of the former one is equal to the (¢ + r + £)th row of the latter one plus a
multiple of the £th row. Therefore both matrices have the same determinant,
which verifies (33). O

Cramer’s Rule In a commutative ring R, for all positive integers N > 1,
let A% A, ..., AN € RY be (N + 1) column vectors, and suppose that
20, 21,-+--,2N € R satisfy.‘

Alzo+Alzi+- + AV zy = 0.

Then for all 0 < i, j < N, there hold the identities:

o~ o~

(—=1)/ det (A% ..., Ad, ... AY)z; = (=D’ det (A°,... Al ..., AN) z;.

We may thus glue horizontal symmetric differential forms.

Proposition 6.3 The following (N +1) affine symmetric horizontal differential
n-forms:

wj = ——det (61) € H0<ﬁj’ Sym,1 Qhorf/\) (j=0..N)

glue together to make a symmetric horizontal differential n-form on X.

Proof Proposition 6.2 yields that, by restriction, each @; € HY (ﬁ i, Sym”

Qhor f/\) is well defined. We now show that, for every 0 < j; < jo» < N, the
two forms @, and @;, glue together along U N U -

Indeed, recalling (31), granted that D consists of the first (¢ + r + n) rows
of C, applying the above Cramer’s rule to all the (N + 1) columns of D and
the (N + 1) values zéo_l, e z?VN_l, we receive:

(=12 det (D) ;" = (=)' det (D) 2}
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A=l aj—1
When zj, # 0, zj, # 0, dividing by zjl“ ijlz on both sides, we conclude

the proof. O

By permuting the indices, the preceding Proposition 6.3 generalizes to any
(¢c+7r-+n)x (N+ 1) submatrix of C containing the upper ¢ + r rows. Indeed,
forevery 1 < ji <--- < ju <c,denoteby Cj, . ; the (c4+r+n)x (N+1)
submatrix of C consisting of the first upper ¢ + r rows and the rows ¢ +r +
J1seescHr—+ jy. Also,for j =0--- N, let le,‘..,jn;j denote the submatrix
of C;, .. j, obtained by omitting the (j 4 1)th column.

Proposition 6.4 The following (N +1) affine symmetric horizontal differential
n-forms:

~ _ =D/

15005 Jnsd T )”/_1
ZJ
(j=0--N)

det (C cedin j) S H0<l7js Sym" Qhor"/\)

glue together to make a global symmetric horizontal differential n-form
Bjy.....jn ON X O

.....

6.3 Twisted symmetric differential forms
Now, applying Proposition 6.1 to the above symmetric forms, we thus gener-
alize [2, p. 434, Lemma 4].

Proposition 6.5 The symmetric horizontal differential n-form @ j,
image of a global twisted symmetric differential n-form:

j» € HO(X, Sym™ Qy (V)

.....

.....

under the canonical injection as a particular case of Proposition 6.1:
HO(X, Sym” Qy () = HO(X, Sym” Qo V),

with the twisted degree:

c+r N
=Y degF, +ZdegFJq Y M +N+L (34)
p=1 q=1 j=0

For all homogeneous polynomials P € H° (]P’N , Opn (deg P)), by multiplica-
tion:

j» € HO(X, Sym™ Qy (deg P + ©)).

.....

O
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Proof According to the criterion (28), we only need to check, for all z € X,
for all [£] € ThorV|Z and for all A € K*, that:

Djy,..ojo (A2, [181) = 27 @), (20 [£D), (35)

which follows from straightforward computations. O

Now, let K be the (¢ +r +¢) x (N + 1) matrix whose first ¢ + r rows consist
of all (N + 1) terms in the expressions of Fi, ..., F.4, in the exact order, i.e.
the (i, j)th entry of K is:

=1 _%j-1

Kij = A"

(i=1-ctr, j=1--N+1), (36)

and whose last ¢ rows consist of all (N + 1) terms in the expressions of
d Fy, ..., d F. in the exact order, i.e. the (¢ + r + 7, j)th entry of K is:

. J=1 kj-1 . .
Kc+r+i,j .=d(A ZJJ 1) (i=1..c,j=1..N+1).

The jth column K; of K and the jth column C; of C are proportional:

a1
K; =C; ij_ll (GG=1..N+1). 37

In later applications, we will be mainly interested in determining the base
locus of wj, .. ;, in the coordinates nonvanishing part {zo---zy 7# 0}, thus,
using (37), we may compute the corresponding symmetric horizontal differ-

ential n-forms wj, _; as:
~ (—1)J
wjl ~~~~~ Jns J = )L 7] det (C ~~~~~ jn§j)
Ve
J
(~1)] - |
= o1 gy det (Kj1 ,,,,, jn;j) (j=0--N), (38)
20 ol

where K, ;. ;is defined as an analog of C;, ;.. ;.

6.4 Twisted symmetric differential forms with some vanishing
coordinates

Investigating further the above construction of symmetric differential forms,
for every integer 1 < n < n — 1, for any indices 0 < vy < --- < v, < N, by

focusing on:

Vg XIS X N {zy, :0}ﬂ...ﬂ{Zvn:0}’

@ Springer



On the ampleness of the cotangent bundles 961

we can also construct a series of twisted symmetric differential (n — n)-forms
as follows.

For indices 1 < ji < -+ < ju—y < c, denote by 4, +,Cj .. j,, the
(N —n) x (N —n+ 1) submatrix of C determined by the first ¢ + r rows and
the selected rows ¢ +r + ji,...,c +7r + ju—y as well as the (N —n + 1)
columns which are complement to the columns vy + 1,..., v, + 1. Next,
for every index j € {0,..., N} \ {vi, ..., vy}, lety, U176j1 dnni denote
the submatrix of ,, vy C Jlaeerdnn obtained by deleting the column which is
originally contained in the (j 4 1)th column of C. Lastly, denote:

.....

whose cone is o, ...y, 0j =7 (o0, Uj)-

Now, we have two very analogs of Propositions 6.4 and 6.5. Before, we
write the (N — 1 + 1) remaining numbers of {0, ..., N} \ {vy, ..., v;} in the
ascending orderrg <ry < --- <ry_y.

Proposition 6.6 Forall j = 0---N — n, the following (N + 1 — n) affine
symmetric horizontal differential (n — n)-forms:

~ (=1 =
Vo0 @ nni 1j *= 1 det(m, "V lev---,jnfnﬂ’j)

€ HO(U1 ..... U,]ﬁ}"jv Symn_i7 Qhorf/\>

glue together to make a symmetric horizontal differential (n — n)-form:

Vlyeens v,?ajl,...,jn,,7 € Ho(vl,m,vn?: Symn_n Qhorv)

Proof Without loss of generality, we may assume that (v, ..., v,) = (N —
n+1,...,N) andthat Utseves Jn—py) = (1 .,n—n).Recalling (31), for all
Z € Neptl,..., NX and for all [&] ,since zy_p41 =+ =2y =0,
we have

zéo_l

N—n+1 NCI ..... n—n =0
An—p—1
IN—y

Therefore, by mimicking the arguments of Propositions 6.2-6.4, we conclude
the proof. o
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Proposition 6.7 The symmetrtc horizontal differential (n — n)-form ., .
X is the image of a twisted symmetric differential (n — n)

.....

o 0 n— o
vl,.“,l),]a)]],.“,]n,n € H (Ul,-usUnX’ Sym QV(UI ~~~~~ vno]lw--’]nfr)))

under the canonical injection:

U],y Ur)@]l ..... Jn—n Z deg Fp + deg qu
p=1 qg=1
N U
<Zx, ZAUM)HN—n)H. (39)
j=0 u=l1

Furthermore, for all homogeneous polynomials P € H° (IP’N , Opn (deg P)),
by multiplication:

P v, @i, juey

e HO (Ul,, X, Sym" T Qy (deg P+, @,l,,,,,‘,-nfn)).

Remark 6.8 We thank an anonymous referee for providing an alternative
algebraic construction, according to which Propositions 6.6 and 6.7 can be
obtained as corollaries of Propositions 6.4 and 6.5 by introducing n new
equations:

Fetre1 = 2us v Fc+r+r} = Zuy-
O

In our coming applications, we will be mainly interested in determin-
ing the base locus of Ve @1 juy in the coordinates nonvanishing part
{zro -+ 2ry_, # O}, thus, using (37), we may compute the corresponding sym-
metric horizontal differential (n — n)-forms Ul,,.,,vnajlw Jn_n @S
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~ =/ d .
V1o U D1 s 1 = )‘rj Ct( ..... vy ]1,.4.,],1,,7;1’]-)
2,
(_1)1 ~
Arg—1 gyl det (u1,...0, K. . juyirs)
Z”0 e "FN—n
(j=0-N-p), (40)

o~

v, Kji.ooju_y: r; 18 defined as an analog of vl,,.,,vné‘,l,,,,,jnfn; re

The two identities (38), (40) will enable us to efficiently narrow the base loci
of the obtained twisted symmetric differential forms, as the matrix K directly
copies the original equations/differentials of the hypersurface polynomials

Fi,..., Fesr.

,,,,,

7 Moving coefficients method (I)
7.1 Motivation and ideas

It would be natural to try to settle the Debarre Ampleness Conjecture by means

of pure Fermat-type hypersurfaces F; = Z i—0 A] ze with deg AJ =e=>1,
a strategy which was indeed successful in [2] for the case 4¢ > 3N 2.

However, one could soon realize that this approach would not work, simply
because, for instance in the limiting case N = 2¢ (with r = 0), one could
only obtain a single symmetric form w € H° (X, Sym‘ Qx (—©)) for such
intersection X = Hy N---N H, since 1 < j; < --- < j, < ¢ = n forces
g=1...,ju=n, Whereas dmP(Tx) = 2d|mX —1=N-1>1.

To overcome this difficulty, our core idea is to look for more ‘flexible’
hypersurface equations, such that they can be expressed as general Fermat-
type polynomials in several distinct ways, while keeping negative twist for all
the symmetric differential forms obtained by Proposition 6.5.

To be more precise, assume that N = 2¢, r = 0, and that all hypersurface
equations F1, ..., F, have the same degree d. First, every F; can have a lot
of homogeneous monomials, and we arbitrarily gather them in N 4 1 parts as

F; = Zyzo Fij . Next, for every j = 0--- N, choose the maximum integer
i j j .
Aj such that Z; 7 divides Flj ,..., F!, so F; rewrites under the form F; =

Z -0 AJ . Hence by applying Proposition 6.5, we receive a symmetric
d1fferent1a1 form with twisted degree:

N
@=Nd—2)tj+N+1 [use (34)].
j=0
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Lastly, we think on how to make © < —1. Observe that, althougheach 1 ; < d,
yet the total number of As is N + 1 > N = the multiple number of d, and
it is this feature that leaves some room to design the moving coefficients
method (MCM). Indeed, we can choose all but one A; ~ d > 1, and let
the remaining one A, > Zj#v (d—=2;) + N + 1 be large enough, so as to
ensure:

O=-M+Y @-AD+N+1~ -k <L 41)
J#v
Let us best illustrate this central idea of MCM by the following ¢ hyper-

surface equations, each being a Fermat-type polynomial plus one moving
coefficient term:

N
' A 2
F;, = ZA{Z?—FM,-ZOO---ZNN (i=1-o0),
j=0

where A{ , M; are some homogeneous polynomials of degree € > 0, and where
Mo + -+ + Axy = d are some positive integers to be determined. For every

v = 0--- N, associating the moving coefficient term M; zéo = -z;‘VN to the term
AY z49, we may rewrite:

N
PR ERRVRTIRE S S R
jv
and thus by Proposition 6.5, we obtain a symmetric differential form with

twisted degree O, = —A, + N e + N + 1. Therefore we require all A, >
Ne+ N+ 1+ 1tomake Q, < —1.

7.2 Global moving coefficients method

Recalling Theorems 5.1, 5.4, we first fix positive integers ®, €1, ..., €c4r = 1.
Skipping some thinking process which essentially roots in the above example,
we construct the following ¢ + r hypersurface equations, each being a Fermat-
type polynomial plus N + 1 moving coefficient terms:

N N
j ik d—N
F; = Z Al z‘} - Z MEZE g T e,
j=0 k=0
(42)
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where all coefficients A{ , Mik € Klzo, ..., zn] are some degree €; homo-
geneous polynomials, and where all positive integers (o, d are to be chosen
by a certain Algorithm, so as to make all the symmetric differential forms to
be obtained later have negative twisted degrees. For the moment, instead of
making the Algorithm clear, we prefer to roughly summarize it as:

1 < max{€}izi crr € o € -+ K uy K d. 43)

[Le grow exponentially

There are two kinds of manipulations in MCM to transform the polynomials
F1, ..., Feyr to Fermat-type. The first one is much like the above example,
in the sense that we view all the N 4+ 1 moving coefficient terms as a whole.
Precisely, for every v = 0--- N, for all F;, we associate all (N + 1) moving
coefficient terms with the term A? sz by rewriting:

N
i Tk d—N
Fio= Y0 Al (Al bl TN e,

j#v k=0
(44)
By (43), all terms in the bracket are divisible by z,°. Hence, applying Propo-
sition 6.5, and choosing all multi-indices 1 < j; < j» < -+ < j, < ¢, we

can receive many negatively twisted jet differential forms. Indeed, that was
our original approach in a previous long version [17]. Now, inspired by sug-
gestions from an anonymous referee, we shall simplify our construction by
constantly choosing (ji, ..., jn) = (1,...,n). In fact, in the limiting case
N = 2c it is indeed our only choice, and in the general case, this choice will
turn out to substantially shorten the arguments of controlling the base loci.
Thus we receive a twisted symmetric differential n-form:

9" e H'(X, Sym” Qy (")),
whose twisted degree OV according to formula (34) is negative:

c+r n
Q¥ = — Ho + Z € + ec+N+1 < —ne [compare with (41), use (43)].
i=1 =1
(45)
The second kind of manipulationsis, foreveryr = 0--- N—1,forevery p =
T+ 1--- N, forall F;, to associate each of the first (r 4+ 1) moving coefficient
terms with the corresponding terms A} z2, to associate all the remaining (N —

7) moving coefficient terms with the term Af ZZ’ hence to rewrite:
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T

ik d—N
F; = (Afzf+Ml~kzg"---sz---z%"zk ’”‘)
k=0
N N . N
Jd P _d Jomi Kj Kj @—NHj

+ Z A,-zj+|:A,-zp+ Z M; zg" -z Ty i|

j=t+1 j=t+1

J#0
(G=1..ctr). (46)

Each bracket in the first sum is divisible by the corresponding zZ_N Mk and

remembering (43), the last square bracket is divisible by zﬁ”l . Now applying
Proposition 6.5 again, taking (ji, ..., j,) = (1,...,n), we receive a twisted
symmetric differential n-form:

Y"P e HY(X, Sym" Qy (V7))
whose twisted degree O ? according to formula (34) is negative:

c+r

T
O = —peri+ ) N+ &
k=0 i=1

n
+ Z e+N+1 < —ne [compare with (41), use (43)]. @7
=1

8 Controlling the base locus

Recalling the claimed step (16), at first we shall determine the:

Base Locus of {gb", 1//”'0} =: BS C IPH‘{ X P(TIP’H’@' (48)

v, T, p

8.1 Characterization of BS

Forafixedv = 0- - - N, by mimicking the construction of the upper N x (N+1)
submatrix Kj _, of the matrix K defined in around (36), in accordance with
the manipulation (44), we construct the N x (N + 1) matrix PS\” analogously,
i.e. by copying terms, differentials, and then we denote by K‘jf the N x N
submatrix of K” obtained by deleting the (j + 1)th colum.

Now, let us look at points ([A:, M?], [z, S]) € BS with zg - - - zy # 0. For
the sake of readability, we will keep in mind the parameter (A, M) without
writing it. Recalling Propositions 6.4, 6.5, for every a" corresponding to ¢,
we have:
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)0
0=gf(z,6) = D det (Ko) (z,€)  [use(38)forj =0,
252y

where all integers * are of no importance here. Indeed, we can drop the nonzero

factor ( 1) :
3 ZN

ranky K (z,€) < N — 1. (49)

Analogously, foreveryz =0---N —land p = t+1... N, we define the
N X (N 4+ 1) matrix K*” in accordance with the manipulation (46), and we
receive:

rankg Ko ” (z,6) < N — 1, (50)

where Ké’ is the N x N submatrix of K™ ” obtained by deleting the first
column.

It is now time to clarify the (uniform) structures of the matrices KV, K% 7,
First of all, we construct the N x (2N + 2) ambient matrix M such that, for
everyi =1...c+r,j=1...n,itsith row copies the (2N 4 2) terms of F;
in (42) in the exact order, and its (¢ + » + j)th row is the differential of the
jth row. In order to distinguish the first (N 4+ 1) ‘dominant’ columns from the
last (N + 1) ‘moving coefficients’ columns, we write M as:

M= (Ao |- Ay |Bol | By).

For every v = 0--- N, comparing (44) with (42), the matrix K" is nothing
but:

N
K'= (Aol 1A | [ Ax | A+ ) B;), (51)
j=0
where the last column is understood to appear in the ‘omitted’ column. Sim-

ilarly, foreveryt =0---N — 1 and every p = 7 + 1... N, comparing (46)
with (42), the matrix K # is nothing but:

K™ = (Ao +Bo |+ | Ac+ B | Acer |- [ Ay [+ | Ay | Ay
N
+ Y By).
j=t+1
hence:
K3 ” = (A1+Bi |+ [ ActBr | Acsr |- | Ay |- |AN|Ap+ZB)
j=t+1
(52)
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Now, trying to get rid of both Ag and B, we only consider the inequalities
(50), and thus we introduce the subvariety:

My C Matyyon(K) (53)

consisting of all N x 2N matrices (o) | oo | -+ |an | B1 | B2 1| Bwn)
such that:

(i) forevery v = 1... N, there holds the rank inequality:
rankic @1, .o @y @, o + (B4 ot BN S N — 15 (54)
(ii) foreveryr =1...N — 1, forevery p =t + 1--- N, there holds:

rankK{al+181’a2+ﬁ25'~'7a‘[+ﬁf7af+17~~-5&;a~-~sa1\’7
ap+ Bryr+-+ BN} <N —L (55)

Denoting by M° the N x 2N submatrix of M obtained by deleting the
columns Ay, Bp, we thus characterize the base locus over coordinates nonva-
nishing part by:

Proposition 8.1 For every point ([A:, M:], [z, 5]) e BSwithzg---zy #0,
the defining equations Fi1(z) = -+ = Feq0(2) = 0, dF) (z,€) = -+ =
dF, (z,&) = 0read as:

(Ao+---+Ay+Bo+---+By)(z,6) =0. (56)

Moreover, concerning the algebraic dependence of Ay, ..., An,B1,...,Bn,
one has: A

MO(z, &) € Ay. (57)

O

8.2 Emptiness of the base locus

In order to estimate the dimension of the base locus over coordinates nonvan-
ishing part:

BS® := BS N (P} x P(Tpw)).

where J%’ (Tpnv) =P(Tpnv) N{zo . ..zn # 0}, we now claim the following Core
Lemma in advance, whose proof will constitute the most technical part of this
article (see Sect. 11 below).
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Core Lemma For every N > 2, there holds the codimension estimate:

codim.Zy = N. O

Proposition 8.2 One has the dimension estimate:

dimBS° < dimPY,. (58)

o
Proof Let 1, mp be the two canonical projections of PH’{ x P(Tpn) onto two

components. Forevery ¢ = [z,&] € ]?D (Tpw), Proposition 8.1 forces all param-
eters

[As, M:] x (¢} € (o) N BSY < P x (¢}

to satisfy the Egs. (56) and (57). Note that, thanks to the Lemma 10.1 below,
the linear evaluation map at (z, £):

-+l
(Aol -+ |AN[Bo| -+ |By) : K**' — Matyon+1)(K)
is surjective, because we have the nonvanishing:
Tk d—N

Therefore, all such parameters (A2, M?) € K**1\ {0} together with 0 € K**!

constitute a subvariety of K**! having codimension > N + N = 2N, because
the equation (56) is clearly independent of (57), which, by the Core Lemma,
contributes codimension N. Therefore, using the Theorem 10.4 below, we see
that

77 (¢) N BSY ¢ P x (¢}

has codimension > 2N. Lastly, applying Theorem 10.2 with respect to

my: BS? — ]%’(TPN), we receive:
dimBS? < dimffD(TPN) + max; dim (7, ' (¢) N BSY)

dim P (Tpy) + max; (dim (P x (¢}) — 2N)
(2N — 1) + (dmP% —2N) < dimP%,

N

whence we finish the proof. O
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Now, thanks to the dimension estimate (58), by the projection 7y : BS? —
]P’H’g, we receive

Proposition 8.3 There exists a proper algebraic subvariety % ;Cé ]P% such

that, for every parameter t = [A:, M:] € IP’H’{ \ X, the corresponding
base locus BS; is empty over the coordinates nonvanishing part {zo---zn
# 0}. O

9 Moving coefficients method (II)
9.1 Obstacles of MCM when some coordinates vanish

It would be desirable to find one parameter ¢ such that BS, N {zg---zy = 0}
is discrete or empty, whence the semicontinuity theorem would guarantee the
same property for all generic ¢. Then, together with the above Proposition 8.3,
we would prove the Debarre Ampleness Conjecture! However, this is impos-
sible because, for instance when zy = 0, we can check that all the obtained
global symmetric differential forms either vanish or become the same one,
up to a scalar of the form zg - - - z,_,. Moreover, all hypersurface equations

in (42) become exactly Fermat-type F; = Z;V:_Ol Aij j.’, so even with the
further help of Propositions 6.6, 6.7, we cannot construct enough negatively
twisted symmetric forms. Nevertheless, supposing at this moment that we still
have abundant moving coefficient terms:

N-1 N-1

) ~ J.d k ik ik ur  d—(N=1) ux

"zN=0” AiZj+ZMi Zp %k U IN—1 % ;
j=0 k=0

we may then continue to move on by adapting MCM...Yet when further
coordinates vanish, the same obstacle might appear ...

9.2 Refined construction of hypersurfaces for MCM

The above reasoning process leads us to construct the following ¢ + r refined
homogeneous polynomials F1, ..., F.4,, each being the sum of a dominant
Fermat-type polynomial plus an ‘army’ of moving coefficient terms:

ZAsz-i- Z Z

[=c+r+1 0 jo<<ji<N

0reees i i I Twx ik _d—lp
JOs--5 Jis Jk 1,k 1,k 1k Lk S 1
><§ M; R SRS (i=1wctr),  (39)
k=0
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where all coefficients AT, M* € Klzo, ..., zy] are some degree ¢; > 1

homogeneous polynomials, and where all positive integers u!**, d are to be
chosen by a certain Algorithm, which is designed to make all the symmetric
differential forms to be obtained later have negative twisted degrees. For the
moment, we just roughly summarize the Algorithm as:

I < max{€}i=t. ctr K tetr+1,0 K -+ KL Pegrl,etrtl

[etr+1,0 ErOW exponentially

SOEEREE L pNo L - L pyy L d, (60)

LN e grow exponentially

and we will state it explicitly in Sect. 12.1 below when it is really necessary.
The above construction fulfills the claimed Step 1 in Sect. 5.3. Now, we
illustrate how to transform (59) into the form (42), so as to apply MCM that
we have developed in Sect. 7.
First, we rewrite the polynomial F; by extracting the terms for which/ = N

ENERD WD)

I=c+r+1 0<jo<--<ji<N

: 1 i ik M T wik d—lu
seees JI5 INS 1,k 1,k 1,k
X E Ml.JO Jidk Lk AER L R +

jo Jk J %k
k=0
Z LNk MN k Nk UN Kk _d—N Nk .
k=0
vl Ty d-1
Next, we associate each term MJO""’]”J" Zhk Lk Rk CTL S the

Jo Jk Jr Ck
second sums with the corresponding term AJ k j in the first sum by rewriting
F; as:

d—s TINK d—N
F; _ZC] N+ZM LNk ,U«Nk “Z;:N.k“'ZZN,ka Nk

(=1 c+r), (61)

where §y = (N — 1) uny—1,v—1 and Cij are uniquely determined by
gathering:
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d s 05005 J13J
C] N AJ Zd + Z Z Mijo Ji Jk
l=c+r+1 0<jo<-<ji<N
Jix=] for some O<k</

n Tr gk d—ln
1,k 1,k 1,k —LU] K
X Zj, Lk i Lk ’

namely, after dividing out the common factor z?_SN —guaranteed by (60)—of
both sides above:

N—1
J e AJ 0N JOs s J15 ke
cl=al"+ ) > M;

I=c+r+1 0<jo<<ji<N
Jrx=J for some 0<k </

—_—
XZ,U«l,k ke SN—lpik
Jo Jk J ik :

Note that by the Algorithm (60), we now have the rough estimates:

deg Cij =¢+on=¢€¢+N—-1)unv_1,n-1
L pno K - L un N K d, (62)

with the same growth structure as the previous Algorithm (43)!

Thus, we are able to adapt the MCM in Sect. 7.2 to produce a series of
negatively twisted symmetric differential forms. Indeed, using the same kind
of manipulations and the corresponding notation, for every v = 0... N, we
receive:

¢" € H(X, Sym" Qy (@),
with negative twisted degree:

c+r n
O'=—uno+ NN+ &+) e+N+1< —ne
i=1 =1
[compare with (45), use (62)]. (63)

Also, foreveryt =0---N — 1, forevery p =7+ 1--- N, we receive:
Y™P e HY(X, Sym" Qy (O 7)),
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with negative twisted degree:

T
O =—pNnrri+ ) Nuvik+ (N —1—1)8y
k=0
c+r
+ Z € + Z &+ N+1 < —ne  [seed7),use(62)]. (64)
i=1

Thus, we complete the claimed construction (13).

To respect the coherence of notation, we will continue to denote by IP’HE the
projective parameter space of Fi, ..., F.4, in (§9), and we will also use the
same notation as in Sect. 8, and then by exactly the same arguments, everything
goes on smoothly, and finally we get the analogue Proposition 8.3, which is
our claimed estimate (19). Similar details can be also found in the proof of the
Proposition 9.1 below.

9.3 MCM with vanishing coordinates

Forevery 1 < n <n—1,forevery 0 < vy <--- < v, < N, consider the
intersection of X with the n coordinate hyperplanes:

U1y UﬂX::Xﬂ{ZUl:O}Q"‘Q{ZUUZO}.

Recalling the claimed step (14), we now investigate further the MCM to con-
struct a series of:

.......

0, X, SYym" T Qy (@) e=1..%),

with all ©; < —(n — n) @, as follows.

First, we write the complement elements of {vy, ..., v,} in{0,..., N} as
rg < --- < ry—y. Observe that in Propositions 6.6, 6.7, the polynomial terms
in Fy, ..., Fey,involving zy,, .. ., 2y, eventually play no role—because they
just vanish. Thus, we may decompose F; into two parts:

l
Z A er-i- Z Z ZMirj()""’rjz;”jk

I=c+r+1 0<jo<<ji<N—n k=0

Ak Tk Mk d=lpg g

X ero e erk .. ri rjk +
+ (Residue Terms) """ (i=1-c+r), (65)
negligible
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where the first part (1st line above) only involves the variables zy,, ..., zry_,,
and where the second part (2nd line above) collects all terms involving at least
one of zy, ..., Zy,-

Next, before applying Propositions 6.6, 6.7 to (65), it is appropriate to write:

N—n
B IERED MDD

j=0 I=c+r+1 0<jo<<ji<N—n

=

—_—
ik

l
Tjgo-Tjps Vi Mk ik _d—lu k .
X Z Ml erO e erk tee erl erk (l =1 c+r)
k=0

(66)

Now, we see that the above (66) has the same structure as (59), in the sense of

replacing:

N+—— N —n, {0,....N} —> {ro,....rn—y}.

Thus, we are able to adapt the MCM in the preceding Sect. 9.2 to produce
negatively twisted symmetric differential forms.

Indeed, using the same kind of manipulations and the corresponding nota-
tion, fixing the multi-indices (ji,..., ju—y) = (1,...,n — n), for every
v=0---N —n, we receive:

with negative twisted degree:

c+r
vy’ == N0+ (N = SNy + Y €
i=1
n—n
+Y @+ (N-—m+1 < —@m—nw
=1
[compare with (63)], (67)

where 804,41 = max{€;}i=1.. c+r and where for N —n > ¢ +r + 1 we define
dn—n by replacing:

(N=Dpuy-1n-1=08N +> IN—p =N —n— 1) uUN—y-1,N—p—1-
Also, foreveryr =0---N—n—1,foreveryp =t+1--- N —n, wereceive:

U],...,Unwr’ : € F(Ul """ UT}X’ Symn_77 S2V(Ul ..... Ur]or’p))’
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with negative twisted degree:

k=0
c+r n—n

+Y @+ @t+(N-—n+1 < —(—me.  (68)
i=1 (=1

The above construction fulfills our claimed step (14). So now, we complete
the Step 2 in Sect. 5.3.
To prove the claimed estimate (18), we now determine the:

Base Locus of {vl,...,vnfpva Ulyenns vnwt’p}v,r,p

= vl,...,v,7BS C Pﬂ‘g X vl,‘..,vnP(Tpﬁl\é), (69)
where:
V..., v,,]P)(TPN) = IP)(TIP’N) N {Zv1 ==y, = 0}.

Employing the same arguments, here is an analog of Proposition 8.3.

.....

that, for every parameter t € ]P’% \ Vlseens Uy 2 the base locus , v, BS, =

Voo, 1)nBS n 1(t) is empty over the coordinates nonvanishing part

.....

Proof Without loss of generality, we may assume that (vy, ..., v)) = (N —
n+1,...,N).

Firstly, by mimicking the argument before Proposition 8.1, we can construct
asimilar N x 2(N 4+ 1 — n) matrix:

(A0 1 Av 1B By

so that, for every point (7, [z, £]) € N—p+1
defining equations

NBS; with zg - - “ZIN-p # 0, the

.....

Fi(z) = =Fey(2) =0, dFi1(z,§)=--=dF,(z,§)=0
now read as:

Ao+ +An_y+Bo+---+Bny_y) (z,€) =0, (70)
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and also that, concerning the algebraic dependence of Ay, ..., Ay_,, B1, ...,
By—y, one has:

M(z, &) € My, (71)
where M7 is the upper (N — 1) x 2(N —n+ 1) submatrix of (Al Ay—y |
Bi [ -] BN—n)-

Next, we estimate the dimension of the base locus y_,41,..., NBS0 =

N—n+1,..NBS N {zp---zn—, # 0} over the coordinates nonvanishing part.
Notice that, by our construction and by Lemma 10.1 below, the linear evalua-
tion map at (z, &):

(Aol -~ |AN—y|Bo| -+ |By_y) : K*' — Matysow+1-n) (K)

is surjective, because in (66) we have the nonvanishing terms:

d n Tk g _d—lp
1,k 1.k 1,k —L] K
G #FO etz #F0

(j=0..N—n,i=1-N—nk=0..1,0< jo < < jt <N—n).

Recall the Core Lemma: codim.#x_, = N — 1. Thus, by the same argument
as that of Proposition 8.2, we obtain the dimension estimate:

dimy_p41,..., vBS? < dim N—n+1,...NP(Tpn)
+ max; dim (7‘[2_1@) N N—n+1,..,
2N —1—7) + (dmP& — N — (N — )

= dmP% — 1 < dmP¥.

N

where in the first line above ¢ is running through all points of y_;4+1,.
(Tpw~). Hence we conclude the proof. |

Thus, we finish the claimed Step 3 in Sect. 5.3. Now, the proof of Theo-
rem 5.5 is complete, and so are the proofs of Theorems 5.4, 5.1.

10 Basic technical preparations
10.1 Surjectivity of evaluation maps
For every N > 1, denote:

o/ (KN .= K[zp, ..., zn].
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For every A > 1, the K-linear space spanned by all degree A homogeneous
polynomials is:

%(KN-Fl) C M(KN—’_I).

For every g € 7 (KN*1), for every z € KN*!, denote by (g - v), the K-linear
evaluation map:

(g-v),: K'Y — K, f+— (gNQ,

and for every & € T,KN*! = KN+! denote by d,(g- ) (&) the K-linear differ-
ential evaluation map:

d(g)&) : JET) — K, f r— d(gf)].©).

Lemma 10.1 Forall » > 1, forall g € o/ (KRN, at any z € KNT1\ {0}
with g(z) # O, for every &€ e KNI\ K . z, the K-linear map:

(g-v); \ . N+1 2
(c&(g-)(s)) AT — K

is surjective.

A similar result was obtained in [2, p. 444, Claim 3].

Proof By Leibniz’s rule, we have:

(g : U)Z — g(Z) 0 Uz (72)

d.(g-)(§) dgl| (§) g(2) d.(§))’
—_—
invertible, since g(z) #0

thus we only need to prove the claim for the K-linear map (v,, d,(£))” corre-
sponding to g = 1.

Up to a linear transformation of K¥*!, we may assume that ; =
(1,0,...,0)and £ = (0, ..., 0, 1). Now, computing that:

v; o (1 v; w—1__ _ (0
(dz@) 0T (0) (dz@)) 0o (1>
we conclude the proof. m|
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10.2 Fibre dimension estimates

The following classical theorem will prove fundamental in dimensional esti-
mations of all base loci in this article.

Theorem 10.2 Let X, Y be two K-varieties, and let f: X — Y be a mor-
phism. Then one has:

dim X < dim Y + maxy ¢ y dim f_l(y).

10.3 Classical codimension formulas for determinantal ideals
For all p, g > 1, denote by:
Mat, ., (K) = KP>4

the space of all p x ¢ matrices with entries in K. For every 0 < £ < max{p, ¢},
denote by:

=/ C Mat) g (K)

all p x g matrices with rank < £.

Theorem 10.3 There holds the codimension formula:

codim Ef’q = max {(p —4£)(q — 1), 0}.

10.4 Affine cones preserve codimensions

In our practice, it would be more convenient to count dimension in an affine
space rather than in a projective space.

Theorem 10.4 Ler 7: KNt — IP’sz be the canonical projection, and let

Y C ]P’le be a nonempty algebraic set defined by a homogeneous ideal 1 C
Klzo, ..., zn]. Denote by C(Y) the affine cone:

CY):=n"'(Y)u{o} c KN*tL
Then C(Y) is an algebraic set in KN, and it preserves codimension:

codm C(Y) = codimY.
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11 The engine of MCM
11.1 Core codimension formulas

To prove the Core Lemma, by induction on positive integers p > 2 and
0 < £ < p, we estimate the codimension ¢C), of:

¢X, C Mat,y2,(K) (73)

which consists of p x 2p matrices Xp = (ay,...,ap, B1,..., Bp) such that:

(1) the first p column vectors have rank:
rankig {al,...,ap} < 4 (74)
(i1) for every v = 1... p, there holds:
rankg {or1, ..., 0, ... op o+ (Bi 4+ B} <p—1;  (75)
(iii) foreveryt =1...p — 1,forevery p = 7 + 1 --- p, there holds:

rankK{Oll+ﬂ19'--va‘[+ﬁ‘[vaf+1""a&;a---vap7ap
F(Brr1+ -+ B} <p -1 (76)

Noting that our target variety .#y in (53) is nothing but y X, hence the Core
Lemma reads as yCy = N.
Let us start with the easy case £ = 0.

Proposition 11.1 For every integer p > 2, the codimension value ¢C for
£ =0is:

0Cp=p*+ 1. (77)
Proof Firstly, (i) is equivalent to a) = --- = a, = 0, contributing codimen-

sion p2. Hence (ii) holds trivially, and the only nontrivial inequality in (iii)
is:

rankK{0+,81,...,0+/3p} < p-—1,
which contributes one more codimension. O

For the general case £ = 1. .. p, we will use Gaussian eliminations and do
inductions on p, £. Firstly, we need
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Lemma 11.2 Let W be a K-vector space, and let p > 1 be a positive integer.
Forany p + 1 vectors ay, ..., ap,, B € W, the rank restriction:

rankK{“l?’&\Uasapyav-"_ﬁ} < p_l (vzlp)s (78)

is equivalent to:

ranki {aq, ..., ap, B} < p—1,
or
rankg {a1, ..., ap} = p, (1 +---+ap) +B=0.

Proof The “if” direction being immediate, we only prove the “only if” part.

If rankg {a1, ..., ap} < p — 2, then rankg {ay, ..., ap, B} < p — L If
ranki {a1, ..., a,} = p — 1, then (78) implies that B € Spany («1, ..., ap),
hence rankg {a1, ..., ap, B} < p — 1. Lastly, if rankg {oq, ..., ap} = p, then
(78) implies that:

(a1 +---+ap)+ B € Spang {ai, ..., ay,...,ap}  @=1-p).

Sinceay, ..., o) arelinearly independent, this yields that (o) +- - -+ ) +8 =
0. O

Now, we count the codimension of the exceptional locus of Gaussian elim-
inations.

Proposition 11.3 For every integer p > 2, the codimensions ¢C 2 of the sub-
varieties:

{ar + B1 =0} N (X, C Mat,2,(K)

read according to the values of £ as:

o_Jp+2 ¢ =p-—1,p),

et e-0* w=0-p-2),

Proof The conditiona;+ 81 = 0 contributes codimension p. Now, the inequal-
ity (76) in (iii) trivially holds, and the restriction (75), thanks to the lemma 11.2,
is equivalent to:

rankg {@1, ..., 0p, B1+---+Bp} < p—1, (79)
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or
rankg {oq, ..., ap} = p, (ar+---+ap)+Br1+---+Bp) = 0. (80)

Since a1 4+ B1 = 0, adding the first column vector of (79) to the last one,
we get:

rankg {@1, ..., ap, B2+ -+ Bp} < p—1,

which, by Theorem 10.3, contributes codimension 2. Similarly, (80) is equiv-
alent to:

rankK{al""’O{p} =D, (O{2++ap)+(,32++ﬁp) = 0’

contributing codimension p. Therefore, when £ = p — 1 or £ = p, we obtain
that:

p_lcg:p—i-Z, pC2=min{p+2,p+p}=p+2.

When ¢ = 0-- - p—2, the condition (75) follows trivially after (74), which,
by Theorem 10.3, contributes codimension (p — £)%. Combined with the codi-
mension p contributed by the independent equation a1 + 81 = 0, this finishes
the proof. m|

Next, we claim the following Codimension Induction Formulas, the proof
of which will appear in Sect. 11.4. To make sense of y_>Cp,_1 in (83) when
¢ =1, we henceforth agree _1C,_ := o0.

Proposition 11.4 Forall p > 3, there hold the codimension induction formu-

las:
pCp = min {p, p_lcp} (t=p), (81)
p—1Cp=min{, 1C). ,1Cp1+2, p2Cpi+1, p3C, 1}
(€=p=1, (82)
¢Cp=min{eCh, (Cp1+2(p—0) — 1,
—1Cp1 +(p =0, —2Cp_1}  =1-p-2. (83)

Now, we can estimate the codimension values ,C), iteratively to deduce the
crucial

Proposition 11.5 For all p > 2, there hold:
pCo=p, 1Cp = l+(p—0*+1 (=0-p-1. (84)

In particular, the Core Lemma follows.
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Proof We only need to verify the initial data for p = 2:
0C2=35, 1C2=3, 200=2,

the remaining cases p > 3 being easy to check by straightforward induction
using (81)—(83).

Recalling formulas (77) and (81), we only need to prove 1Cp = 3.

For every matrix (o1, a2, B1, f2) € 1X2 \ 0X2, we have the following 4
defining equations: rankK{ozl,otz} = 1, rankK{al + (B1 + ,32),0(2} < 1,
ranki {1, a2 4+ (B1 + B2)} < 1, rankg {1 + i, a2 + B2} < 1. Without loss
of generality, we may assume that «; # 0. Then the first equation yields
ay € K- ay, and the third one implies ay + (B1 + B2) € K - a1, whence by
subtracting we receive B; + B € K-«ay. Hence a1 + a2 + (B1 +B2) € K-«j.
Now, the fourth equation implies ranky {' + a2 + (B1 + B2), a2 + B2} < 1,
therefore, there are two possible situations, the first one being:

ar+o+ B+ p =0, (85)
and the second one being:
ajtar+B1+ B € Keag\ {0}, ar+pB € K-oy.

In either case, together with the known restrictions ay, 81 + B2 € K- oy, the
total restrained codimension is > 3. Therefore |C, > 3. Lastly, noting that
1 X7 contains a subvariety defined by the two equations:

rankg {or1, 00} <1, ar+ar+ B+ p2 =0,

whose codimension is exactly 3, we conclude that {C, = 3. O

11.2 Gaussian eliminations
Following the notation in (73), we denote by:

Xp=(a1,...,0p, B1,...,Bp)

the coordinate columns of Mat >, (K), where each of the first p columns
explicitly writes as:

T
i = (A1 Upi)
and where each of the last p columns explicitly writes as:

Bi= Biir-- s Bpi)".
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First, observing the structures of the matrices in (75), (76):

XOUi= (o |- 1@ | lap law+ (Bt +Bp)),
X5P = (a1 +B1 |- |ar+Be | ary
[ 18 el ap | @+ Brat -+ By).

where the second underlined columns are understood to appear in the first
underlined places, we realize that they have the uniform shapes:

X0 =X, 107, X2 =X, 157, (86)

where the 2p x p matrices I?,’” explicitly read as:

p

v-th column

the upper p x p submatrix being the identity, the lower p x p submatrix being

zero except its vth column being a column of 1, and where lastly, the 2p x p
matrices If,’ ? explicitly read as:
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¢4

’T

p
L
1
1
__________________________ R
T
1
7-th column lf p-th column

the upper p x p submatrix being the identity, the lower p x p submatrix being
zero except T copies of 1 in the beginning diagonal and p — t copies of 1 at
the end of the pth column.

Next, observe that all matrices X # have the same first column:
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ar+B1= (a1 +Bial - lapi+ By

1

_@atb
a1,1+p1,1

ap,l'f‘ﬁp,l 1
ar,1+p1,1

Therefore, when a1+ 81,1 # 0, operating Gaussian eliminations by means
of the matrix:

(87)



On the ampleness of the cotangent bundles 985

these matrices X # become simpler:

a1 +pi1 e - e
0 e %

GX,” = _ o 1, (88)
0 * *

where we will soon see the (p — 1) x (p — 1) star submatrices enjoy amazing
structural properties.

Observation 11.6 Ler p > 1 be a positive integer, let A be a p x 2p matrix,
let B be a2 p x p matrix such that both its 1st, (p+ 1)throws are (1,0, ..., 0).
Then there holds:

(A B)/ — A// B///,

where (A B) means the (p — 1) x (p — 1) matrix obtained by deleting the
first row and column of A B, and where A” means the (p — 1) x 2(p — 1)
matrix obtained by deleting the first row and the columns 1, p + 1 of A, and
where B" means the 2(p — 1) x (p — 1) matrix obtained by deleting the first
column and the rows 1, p + 1 of B. O

Observation 11.7 Forallp > 3,71 =1...p—1,p =t+1... p, the matrices

If,’ P transform to |;:11,p ! after deleting the first column and the rows 1, p+1,
. t—=Lp—=1 _ T, o\
ie. Ip_1 =, O

Now, thanks to the above two Observations, noting that:
GX;”’ =G (Xp I;"") = (GX,,) I;’p,

denoting XIG7 = (GX,)", the (p — 1) x (p — 1) star submatrices in (88) thus
have the forms:
* e %k

G t—1,p-1
=X, (89)

*x ek

Comparing (89) and (86), we immediately see that the star submatrices have

the same structures as Xg’”, X;’ P
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11.3 Study of the morphism of left-multiplication by G
Let us denote by:
D(ay,1 + B1,1) C Mat, o, (K)

the Zariski open set defined by «1 1 + 81,1 # 0. Now, consider the morphism
of left-multiplication by the regular function matrix G:

Lg: D(ay1+B1,1) —> D(ai1+ Bi1)
X, —> GXp.

Note that it is not surjective, because direct computation shows that its image
lies in the variety:

N_, {ei.1 + Bi.1 = 0}
In order to compensate this loss of surjectivity, combining with:

a: o D(ey, + Br,1) —> Mat,_1)x1(K)

T
Xy —> (2 1+ B2 |- loap1+Bp1),
we construct a morphism:

Lg@®x: D(ai+Bi1)
— (N)_, {a,1+ B, =0} N D(ar,1 + Bi.1) & Matp—1)x1(K),

which turns out to be an isomorphism. Indeed, denoting the right-hand-side
target space by M, it has the inverse morphism:

W — D(ar1+ Bi.1)
Y & (sz,...,sp)T — “1G - Y,

where the regular function matrix ~!G is the ‘inverse’ of the matrix G in (87):

1

52 1
ay1+P1,1

(90)

Sp
al1+B1,1 1
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Now, denote by 7, : Mat, 2, (K) — Mat,_1)x2(,—1)(K) the projection
obtained by deleting the first row and the columns 1, p + 1. Denote also
LG =mpolLg.

Recalling the end of Sect. 11.2, we have X]? = ZG(X,), and we receive
the following key

Observation 11.8 For every p > 3, for every £ = 1...p — 1, the image of
the variety:

¢eXp N D(ay1 + Br,1) C D(ag1 + Bi,1)
under the map:
Za: D(ai1+ p1,1) — Mat,_1)x2p—1)(K)
is contained in the variety:

Xp—1 C Mat,—1)x2p—1)(K).

O
11.4 Proof of Proposition 11.4
First, applying Lemma 11.2, we receive:
Corollary 11.9 For every p > 2, the difference of the varieties:
»Xp \ p—1X, C Mat,y2,(K)
is exactly the quasi-variety:
{on +otapt Bt + By =0} N {rankK{al,...,aP} =p},
whose codimension is p. O

Now, we give a complete proof of Proposition 11.4.
Proof of (81) This is a direct consequence of the above corollary. |
Proof of (82) By Observation 11.8, under the map 4G : D(«1.1 + B1.1) —
Mat(,_1)x2(p—1)(K), the image of the variety ,_1X, N D(ai,1 + Bi,1) is
contained in the variety ,_1X,_1 C Mat(,_1)x2(p—1)(K).

Now, we decompose the variety , X, into three pieces:

p—1Xp-1 = p-3X, 1 U (p—2Xp—1 \p—3Xp—1) U (p—IXp—l \p—2Xp—l)v
91
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where each matrix (a1, ..., ap—1, B1, ..., Bp—1) in the first; (resp. second,,
third;) piece satisfies:

rankg (@1, ..., ap—1) < p—31 (resp.= p—2,,=p— 13). (92)

Pulling back (91) by the map £, we see that ,_1X, N D(ai,1 + B1,1) is
contained in:

'XG_1 (p—3Xp-1) U -iﬂe_1 (p*Zprl \ p73X17*1)
U 'ZG_1 (p—lxp—l \ p—2Xp—1)' 93)

Firstly, for every point in the first piece Y € ,_3X,_1, using the commuta-
tive diagram:

LG@ILX

D(ay,;1 + Bi,1) s

7, ®0
k l[’

Mat,—1)x2(p—1)(K),
(94)

where the horizontal map is an isomorphism, we obtain the fibre isormorphism:

L' = @0 (V)N (Le @) Dl + Bi1)
= (7, ' ()N La D11 + B1.1)) @ Mat(,_1)x1(K)

= (”IJ_I(Y) N (Ng—y {1+ Br1 =0} N D(ar +,31,1))>
@ Mat,_1)x1(K),

thus we receive that:

dim.Z5 ' (Y) = (dimker 7, — (p — 1)) + dim Mat(,—1x1 (K)
= dim Matpxzp(K) — dim Mat(,,,l)xz(p,l)(K).

Now, applying Theorem 10.2 to the regular map . restricted to:
L= 25" (,3X,-1) C Mat,.0,(K),
we receive the codimension estimate:
codimI > codim , 3X, 1. (95)
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Secondly, for every point in the second piece Y € ,_»>X,_1\ ,—3X,_1, for
every matrix:

(ar |- lap|B1l---|Bp) € i”G_l(Y) N (p—1Xp N D(ar1 + B1,1))
= &

the bottom (p — 1) x (p — 1) submatrix J of (a2 | -+ | @) is exactly the
left (p — 1) x (p — 1) submatrix of Y, hence rankx J = p — 2. Consequently,
the condition rankg (1 | -+ | @p) < p — 1 is non-trivial, whence guarantees
that & C 7, '(Y) has codimension > 1. Hence, applying Theorem 10.2 to the
map Zg restricted to:

II:= ‘XG_1 (p—2Xp—1 \ P—3XP—1) n (P—IXP
ND(ai1+ B11) C Mat,,(K),

we receive the codimension estimate:

codim II codim (p—ZXp—l \ p_3Xp_1) + 1

. (96)
codim , 2X, | + 1.

VoWV

Thirdly, for every point in the third piece Y € , 1X,_1 \ p—2X,_1, using
the commutative diagram (94), we have the isomorphism:

Z5' ) N (p-1X, N D@ + A1)
= (JTP & 0)_1(Y) N (Lg &X) (p—lXp N D(ay,1 + 131,1)) = ®.

For every element (ay | --- [ ap | B1 | --- | ﬂp)@(SZ,...,Sp)T € W, we
have:

rankg (a1, ...,ap) < p— L.

Moreover, since the rank inequalities (75) are preserved under the map Lg,
taking v = 1 we receive:

rankg (a1 + (B1 + -+ Bp) a2, ..., ap) < p— 1.

Noting that the bottom (p — 1) x (p — 1) submatrix of (a2 | --- | @p)
is the left (p — 1) x (p — 1) submatrix of Y, having full rank, we receive
rankg (a2, . .., &p) = p — 1, and hence we obtain:

rankK(,Bl+'-'+,3p,011,052,---»0lp) = p_l
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Therefore, we get 2 conditions which are easily seen to be independent from the
original equations oy j +B1,; = O0for j =2--- p. Thus 8N (7, ®0)~(Y) c
(m,® 0)~'(Y) has codimension > 2. Now, applying once again Theorem 10.2
to the map Zg restricted to:

I := ge_l (p—1Xp=1 \ p—2Xp1) N (p—1Xp
ND(a1,1 + B1,1) C Matyuz,(K),

we receive the codimension estimate:

codimIII > codim (p—1Xp—1 \ p—2Xp—1) + 2 o7
>

codim , 1 X,_1 + 2.
Summarizing (93), (95), (96), (97), we receive the codimension estimate:

codim , 11X, N D(ay,1 + B1,1)
= min {codimp_3Xp_1, codim , 2X, 1 + 1, codim , 1X, | + 2}.

By permuting the indices, we know that all:
p—lXp N D(ai,l +,3i,l) C Matprp(K) (i=1-p)
have the same codimension, and so does their union:

p—1Xp N D(ery + B1)
= U;'D:1 (p—lXp N D(a;, +,3i,1)) C Mat, 2, (K).

Finally, taking codimension on both sides of:
p—lXp = (p—lXp N {O{] +/31 =O}) U (p—lXp N D(Ot] +/31))’

Proposition 11.3 and the preceding estimate conclude the proof. O
Proof of (83) If £ > 2, decompose the variety (X, into three pieces:

Xpo1 = 0-2Xp-1 U (=1Xp-1 \ e—2Xp—1) U (eXp1 \ e—1Xp—1)s
and if £ = 1, decompose the variety (X, into two pieces:
1Xp—1 = 0Xp—1 U (1Xp—1 \ 0Xp—1).
Now, by mimicking the preceding proof, everything goes on smoothly. O
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12 Algorithm of MCM and estimates on hypersurface degrees
12.1 A must design

Given the integer ® > 1 in Theorem 5.1, recalling the Step 2 in Sect. 5.3, we
naturally carry out the Algorithm of MCM as follows.

The procedure is to first construct /% in a lexicographic order with respect
toindices (/, k),forl =c+r+1--- N,k =0---1, along with a set of positive
integers &;.

For simplicity, we start by setting:

8c+r+1 2 max {61, ey ec+r}- (98)

For every integer l = ¢ +r + 1--- N, in this step, we begin with choosing
.0 that satisfies:

[see 67), 63)]  M1,0 = L6 +1(Bcrry1+D+1+U—c—r)e, (99

then inductively we choose 1 x with:

k—1
oo 68, 641 pik = Y Lps g+ (L —k) 8 +1Gesrpr + 1)
j=0
+14+(U—c—r)® (k=1--D. (100)

If/ < N, we end this step by setting:

Sir1 =1y (101)

as the starting point for the next step / + 1. At the end [/ = N, we make the
integer d large enough:
d = ((N+1Dpunn. (102)

12.2 Effective lower degree bounds

Recalling Sect. 5.4, we first provide an effective

Theorem 12.1 For all N > 3, for = 1, for any €1, ..., €4 € {1,2},
Theorem 5.4 holds for all d > [])\.,, 1> + 1) —2.
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Proof Set §c4r4+1 = 2 in (98), and choose all 114  in (99), (100) to be:

wio =18 +41+1,
k—1

pik = luj+A =8 +4l+1  &=1-0.
j=0

By induction on k we can show that:

I+ Dk -1

; )+<4z+1>(1+1>k k=11).

g =0 (10 + 1 -
In particular, we have:
Siat = Ly = & (12(1+1)l —(z+1)l+1)+ @G+ D1+ 1),

Therefore §;41 > 41+ 1)1 (I + Diforl=c+r+1...N—1. Consequently,
forl =c+r+2---N—1wehave —§/((+ 1! —1)+ @ + DI+ 1) <0,
thus we receive:

S < P+ 18, (103)

a neat estimate suitable for the induction! For convenience, we define Sy 41 :=
Npn, N, so that the above inequality still holds true for/ = N.
Now, when N > ¢ + r + 2, using the estimates (103) for/ = ¢ +r +

2... N iteratively, and noting that 8., 4> < 6[2( + 1)’ | I—eqrg1s W receive
the estimate:
N+1 N+1 il
N+ Dy y = —— by < Sevrz || 2+
l=c+r+2
N
<——¢6 [[ 7e+p
l=c+r+1
N N
<12 ]_[ i+ < ]_[ 1>+ 1l =2,
l=c+r+1 I=c+r

whence we conclude the proof. |

Hence, the product coup in Sect. 5.4 yields

Theorem 12.2 In Theorem 5.1, for ® = 1, the lower bound dy(—1) =
H;V:cw 1* (I + D) works. In particular, Theorem 1.2 follows. O
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Now, using the following two estimates:

N N+1

Z Inl < f Inx dx = (x lnx—x)ix;rzl,
I=[N/2] N/2
N N
Y Ilm@+1) < Y (+DIn@+1D
I=[N/2] I=[N/2]
N42 1 L2\ [N+2
g/ xlnxdx:(—lenx——> ,
N/2 2 47N
we can see that:
N 3
ln< ]_[ 14 (1+1)21) < ZNQ InN + o(N*InN).
I=[N/2]

This verifies the claimed estimate in Theorem 1.1.

13 Uniform very-ampleness of Sym“Qy
13.1 The canonical bundle of a projectivized vector bundle

Let X be an n-dimensional complex manifold, with canonical line bundle .
Let E be a holomorphic vector bundle on X having rank e, with dual bundle
EY,and let 7 : P(E) —> X be the projectivization of E. Then we have:

o)y = OpEy(—e) @ n* A°EY @ n* K,

as follows by taking the determinants of the relative Euler exact sequence and
the exact sequence of relative differentials.

Inapplications, we are interested in the case where X C V for some complex
manifold V of dimensionn + r, and E = Ty X thus we receive:

ATyl = Opayi(—n—r) @ m% Ay |, @ 7% Ay (104)

Moreover, assume that X, V are some smooth complete intersections in ]P’g ,
so their canonical line bundles %, .#y have neat expressions by the following
classical theorem.

Theorem 13.1 For a smooth complete intersection:

Y :=DiNn---NDy C PX
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with divisor degrees:
deg D; =d; (i=1+h),

the canonical line bundle #y of Y satisfies:

Ay = ﬁy(—N—l-l—Xk:di).
i=1

13.2 Proof of the very-ampleness theorem 1.3

Now, assume K = C. Recall our Ampleness Theorem 1.2, dmc X = N —
(¢ + r) = n. Then the above formula (104) and Theorem 13.1 imply:

H(tyly) = Obryl)(—n —1) © 75 Opy
c+r

( 2(N+1)+Zd +Zd>

Also, recalling Theorem 5.1 and Proposition 4.3, for generic choices of
Hy, ..., H.y,, for any positive integers a > b > 1 with b/a < ®, the nega-
tively twisted line bundle below is ample:

Opry i) (@) @ 5 Opy (=b).

It is now time to recall (c.f. [5,16])

Siu’s result about the Fujita Conjecture Let M be an n-dimensional com-
plex manifold with canonical line bundle J¢y;. If £ is any positive holomorphic
line bundle on M, then £®™ ® %ﬁz is very ample for all large m >

2+ (3n+1)

Consequently, the line bundle below is very ample:

c+r
ﬁP(Tvu)(ma—%—Zr)@ﬂi"ﬁpﬁg( mb— 4(N+1)+2Zd+22d)

i=1
(105)

Also recalling (11), for all £ > 3, the line bundle below is very ample:
Or(ty|y) (1) ® 73 Opy (0). (106)
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Note the following two facts:

(A) if Opry 1) (K) @ 75 6’[@% (%) is very ample, then so it is for every x' > *;
(B) the tensor product of any two very ample line bundles remains very ample.

We now consider the semigroup ¢ of the usual Abelian group Z @ Z generated
by elements (£1, £2) such that Op(t,|)(£1) ® 75 ﬁpﬁz (€2) is very ample.

3dimP(Ty |x)+1

Then, forallm > 2 + ( dimP(Ty|x)

), ¢ contains:

c c+r
isee (105)] (ma —2m =2, —mb—4(N+D)+2) di+2) di>,
i=l1 i=1

[see (106)] (1, 0), Vi >3,
Paying no attention to optimality, taking:

c c+r
b=1,a=2m=—-4(N+1)+2) di+2) di+3

i=l i=l

we receive that ima — 2n — 2r, —3) € ¢. Adding (1, 3) € ¥, we receive
(ma—2n—-2r+1,0) € 4. Now, also using (m a —2n —2r, 0) € ¢, recalling
Observation 5.6, we may take:

ko = ma—2n—2r —1)(ma —2n —2r) < azmz,

or the larger neater lower bound:

c+r

ko = 16(26: i+ di)z.

i=1 i=1

Thus, we have proved the very-ampleness Theorem 1.3 for K = C. Remem-
bering that very-ampleness (or not) is preserved under any base change
obtained by ambient field extension, and noting the field extensions Q <— C
and Q — K for any field K with characteristic zero, by some standard argu-
ments in algebraic geometry, we conclude the proof of the very-ampleness
Theorem 1.3. O
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