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Abstract For the intersection family X of general Fermat-type hypersur-
faces in P

N
K
defined over an algebraically closed field K, we extend Brotbek’s

symmetric differential forms by a geometric approach, and we further exhibit
unveiled families of lower degree symmetric differential forms on all possible
intersections ofX with coordinate hyperplanes. Thereafter, we develop what
we call the ‘moving coefficientsmethod’ to prove a conjecturemade byOlivier
Debarre: for a generic choice of c � N/2 hypersurfaces H1, . . . , Hc ⊂ P

N
C
of

degrees d1, . . . , dc sufficiently large, the intersection X := H1 ∩ · · · ∩ Hc has
ample cotangent bundle �X , and concerning effectiveness, the lower bound
d1, . . . , dc �

∏N
l=�N/2� l4

(
l + 1

)2l works. Lastly, thanks to known results
about the Fujita Conjecture, we establish the very-ampleness of Symκ �X for

all κ � κ0, with a uniform lower bound κ0 = 64
(∑c

i=1 di
)2
.
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942 S.-Y. Xie

1 Introduction

The goal of this article is to answer the Debarre Ampleness Conjecture.

Theorem 1.1 The cotangent bundle �X of the complete intersection X :=
H1 ∩ · · · ∩ Hc ⊂ P

N
C

of c � N/2 generic hypersurfaces H1, . . . , Hc with
degrees � d(N ) is ample, where:

d(N ) :=
N∏

l=�N/2�
l4
(
l + 1

)2l � N
3
4 N2+o(N2).

Precisely, ampleness means that, for all large k � k0 � 1, for all pairs of
distinct points x, y ∈ X , the two evaluation maps:

H0 (X, Symk �X
)

� Jet1 Symk �X
∣
∣
x ,

H0 (X,Symk �X
)

� Symk �X
∣
∣
x ⊕ Symk �X

∣
∣
y

are both surjective, where Jet1 E
∣
∣
x := Ox (E)

/
(mx )

2Ox (E) for every vec-

tor bundle E over X .
The hypothesis c � N/2 appears optimal, for otherwise H0

(
X,Symk �X

)

= 0 for all k � 1, according to Brückmann-Rackwitz [3] and Schneider
[15].

As highlighted in [4], projective algebraic varieties X with ample cotangent
bundles have several interesting properties, for instance, the canonical line
bundles of all subvarieties of X are ample; there are finitely many nonconstant
rational maps from any fixed projective variety to X ([14]); if X is defined
over C, then every holomorphic map C → X must be constant ([9]); if X is
defined over a number field K , the K -rational points of X are conjectured by
Lang to be finite ([10,13]).

In [1], Brotbek reached a proof of the Debarre Ampleness Conjecture for
complex surfaces: dimC X = N − c = 2. Recently, Brotbek [2] constructed
explicit global symmetric differential forms in coordinates by a cohomological
approach, and thereby proved the Debarre Ampleness Conjecture in the case
4c � 3 N − 2 for equal degrees d1 = · · · = dc � 2N + 3.

In this article, we work over an algebraically closed fieldKwith any charac-
teristic. Our main theorem is the following, which coincides with Theorem 1.1
for r = 0 and K = C.

Theorem 1.2 (Ampleness) For all positive integers N � 1, for any non-
negative integers c, r � 0 with 2c + r � N, for all large integers
d1, . . . , dc, dc+1, . . . , dc+r � d(N ), for generic choices of c + r hyper-
surfaces H1, . . . , Hc+r ⊂ P

N
K

with the corresponding degrees d1, . . . , dc+r ,
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On the ampleness of the cotangent bundles 943

the cotangent bundle �V of the intersection of the first c hypersurfaces
V := H1∩· · ·∩Hc restricted to the intersection of all the c+r hypersurfaces
X := H1 ∩ · · · ∩ Hc ∩ Hc+1 ∩ · · · ∩ Hc+r is ample.

Lastly, taking account Siu’s result [16] about the Fujita Conjecture, we will
prove in Sect. 13 the following

Theorem 1.3 (Effective Very Ampleness) Under the same assumption and
notation as in the Ampleness Theorem1.2, if in addition the ambient fieldK has
characteristic zero, then for generic choices of H1, . . . , Hc+r , the restricted
cotangent bundle Symκ �V

∣
∣
X is very ample on X, for every κ � κ0, with the

uniform lower bound κ0 = 16
(∑c

i=1 di +∑c+r
i=1 di

)2
.

Concerning organization, we provide basic preliminaries in Sects. 2, 3, 4.
In Sect. 5, we present the proof blueprint of Theorem 1.2, which extends
the previous method of [2] by adding new ingredients in four aspects as
follows.

As a matter of fact, our initial idea is to reconstruct Brotbek’s symmetric
differential forms [2] by means of a geometric approach, which turns out to be
fruitful in that, not only we obtain symmetric forms on intersections of general
Fermat-type hypersurfaces, but also in that we discover unveiled symmetric
forms on all possible further intersections with coordinate hyperplanes—see
Sect. 6.

Fundamentally, our central idea is to design more ‘flexible’ hypersurfaces
than the pure Fermat-type ones of [2], so that we can construct many more
negatively twisted symmetric differential forms. To this aim, we develop the
moving coefficients method (MCM) in Sect. 7. Then, we devote Sect. 8 to
control the base locus of the obtained symmetric forms over the part where all
coordinates are nonvanishing. Lastly, the ultimate difficulty lies in the Core
Lemma, whose proof constitutes the technical heart of this article, and which
will be accomplished in Sect. 11.

Playing an essential role, another key idea is to make use of symmet-
ric differential forms constructed over the part where some coordinates
vanish, a new feature which removes the last obstacle towards ampleness,
and that therefore determines the shape of our desired hypersurfaces—see
Sect. 9.

Surprisingly, one neat idea, which we term product coup, enables us to con-
struct ample examples of intersections of hypersurfaceswith any large degrees.
This settles the Debarre Ampleness Conjecture and shapes the formulation of
our main theorem—see Sect. 5.4.

Finally,we achieve the effective degree estimates of Theorem1.2 in Sect. 12.
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944 S.-Y. Xie

2 Restatements of the Ampleness Theorem 1.2

Recalling the projective parameter space of c + r hypersurfaces with degrees
d1, . . . , dc+r � 1 is:

P

(
⊕c+r

i=1 H0(
P
N
K

,O
P
N
K

(di )
)) = P

⎧
⎨

⎩
⊕c+r

i=1
∑

|α|=di
Ai

α zα : Ai
α ∈ K

⎫
⎬

⎭
,

for shortness we write it as:

P
♦
K
= ProjK

[{Ai
α}1�i�c+r

|α|=di

]
. (1)

First, we introduce the two subschemes:

X ⊂ V ⊂ P
♦
K
×K P

N
K

,

where X is the family of intersections of all the c + r hypersurfaces:

X := V
( ∑

|α|=d1
A1

α zα, . . . ,
∑

|α|=dc
Ac

α zα,

∑

|α|=dc+1
Ac+1

α zα, . . . ,
∑

|α|=dc+r
Ac+r

α zα
)
, (2)

and where V is the family of intersections of the first c hypersurfaces:

V := V
( ∑

|α|=d1
A1

α zα, . . . ,
∑

|α|=dc
Ac

α zα
)
. (3)

Now, let pr1, pr2 be the two canonical projections of P
♦
K
×K P

N
K
onto its two

components. By restricting pr1
∣
∣
V
: V → P

♦
K
, we receive the sheaf �1

V /P
♦
K

of

relative differentials of degree 1 of V over P
♦
K
, which should be viewed as the

family of cotangent bundles of the intersections. Then, we consider the pro-
jectivization P

(
�1

V /P
♦
K

)
, equipped with the Serre line bundleOP(�1

V /P
♦
K

)(1) on

it. Recalling the cotangent bundle�1
P
N
K

of P
N
K
and its projectivization P(�1

P
N
K

),

now looking at:
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On the ampleness of the cotangent bundles 945

P(�1
V /P

♦
K

)
ĩ

P
♦
K
×K P(�1

P
N
K

)
π̃2 P(�1

P
N
K

)

V
i

P
♦
K
×K P

N
K

,

(4)

we see that OP(�1
V /P

♦
K

)(1) is the pullback of π̃∗2 OP(�1
P
N
K

)(1) by ĩ , where

OP(�1
P
N
K

)(1) is the Serre line bundle of P(�1
P
N
K

).

Next, let π̃ : P
♦
K
×K P(�1

P
N
K

) → P
♦
K
×K P

N
K

be the canonical projection,

and let π1, π2 be the compositions of π̃ with pr1, pr2:

P
♦
K
×K P(�1

P
N
K

)

π1:=pr1◦π̃ π2:=pr2◦π̃
π̃

P
♦
K
×K P

N
K

pr1 pr2

P
♦
K

P
N
K

.

(5)

Let:

P := π̃−1(X ) ∩ P(�1
V /P

♦
K

) ⊂ P(�1
V /P

♦
K

) ⊂ P
♦
K
×K P(�1

P
N
K

) (6)

be the ‘pullback’ of X ⊂ V ⊂ P
♦
K
×K P

N
K
under the map π̃ , and let:

OP(1) := OP(�1
V /P

♦
K

)(1)
∣
∣
P = π̃∗2 OP(�1

P
N
K

)(1)
∣
∣
P (7)

be the restricted Serre line bundle. Then, Theorem 1.2 can be reformulated as
below, with the assumption that the hypersurface degrees are sufficiently large
d1, . . . , dc+r � 1.

Theorem 1.2 (Version A) For a generic point t ∈ P
♦
K
, over the fibre Pt :=

π−11 (t) ∩ P, the restricted Serre line bundle OPt (1) := OP(1)
∣
∣
Pt

is ample.

We will abbreviate every closed point t = [{Ai
α}1�i�c+r

|α|=d
] ∈ P

♦
K

as

t = [F1 : · · · : Fc+r ], where Fi := ∑
|α|=di Ai

α zα . Then Pt = {t} ×K

Fc+1,...,Fc+rPF1,...,Fc for a uniquely defined subscheme:
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946 S.-Y. Xie

Fc+1,...,Fc+rPF1,...,Fc ⊂ P
(
�1

P
N
K

)
. (8)

Theorem 1.2 (Version B) For a generic closed point [F1 : · · · : Fc+r ] ∈ P
♦
K
,

the Serre line bundle OP(�1
P
N
K

)(1) is ample on Fc+1,...,Fc+rPF1,...,Fc .

To understand better the above statements, we now show the geometric
picture.

3 The background geometry

For each scheme mentioned above, we consider its underlying topological
space (K-variety) that consists of all the closed points.

3.1 The geometry of P(�1
P
N
K

) and OP(�1
P
N
K

)(1)

Recalling the tangent space of P
N
K
at every point [z] is T

P
N
K

∣
∣[z] = K

N+1/
K · z,

thus the total tangent space of P
N
K
is T

P
N
K

:= ThorK
N+1/ ∼, where:

ThorK
N+1 :=

{
(z, [ξ ]) : z ∈ K

N+1 \ {0} and [ξ ] ∈ K
N+1/

K · z
}
, (9)

and where the quotient relation is (z, [ξ ]) ∼ (λz, [λξ ]), for all λ ∈ K
×.

Note that theK-variety associated toP(�1
P
N
K

) is just the projectivized tangent

space P(T
P
N
K

). Also, the Serre line bundleOP(�1
P
N
K

)(1) on P(�1
P
N
K

) corresponds

to the Serre line bundle OP(T
P
N
K

)(1) on P(T
P
N
K

), whose dual is the tautological

line bundle OP(T
P
N
K

)(−1) defined by:

OP(T
P
N
K

)(−1)
∣
∣
([z,ξ ]) := K · [ξ ] ⊂ T

P
N
K

∣
∣[z]

= K
N+1/

K · z (∀ ([z, ξ ])∈P(T
P
N
K

) ).

3.2 The geometry of P(�1
V /P

♦
K

), P and Pt

Recalling (3), the K-variety of V is:

V :=
{([F1, . . . , Fc+r ], [z]

) ∈ P
♦
K
× P

N
K
: Fi (z) = 0, ∀ i = 1 . . . c

}
.
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On the ampleness of the cotangent bundles 947

Moreover, recalling (4), the K-variety of P(�1
V /P

♦
K

) ⊂ P
♦
K
×K P(�1

P
N
K

) is:

P(T
V/P

♦
K

) :=
{([F1, . . . , Fc+r ], ([z], [ξ ])

) ∈ P
♦
K
× P(T

P
N
K

) : Fi (z) = 0,

dFi
∣
∣
z(ξ) = 0, ∀ i = 1 . . . c

}
.

Similarly, the K-variety P ⊂ P(T
V/P

♦
K

) associated to P ⊂ P(�1
V /P

♦
K

) is:

P :=
{([F1, . . . , Fc+r ], ([z], [ξ ])

) : Fi (z) = 0,

dFj
∣
∣
z(ξ) = 0, ∀ i = 1 . . . c + r,∀ j = 1 . . . c

}
,

and the K-variety Fc+1,...,Fc+r PF1,...,Fc ⊂ P(T
P
N
K

) associated to (8) is:

Fc+1,...,Fc+r PF1,...,Fc :=
{
([z], [ξ ]) : Fi (z) = 0, dFj

∣
∣
z(ξ) = 0,

∀ i = 1 . . . c + r, ∀ j = 1 . . . c
}
. (10)

4 Some hints on the Ampleness Theorem 1.2

4.1 Ampleness is Zariski open

The foundation of our approach is the following theorem due to Grothendieck
(cf. [6, III.4.7.1], [11, p. 29, Theorem 1.2.17]).

Theorem 4.1 (Amplitude in families) Let f : X → T be a proper morphism
of schemes, and letL be a line bundle on X. For every point t ∈ T , denote by
Xt := f −1(t) and Lt := L

∣
∣
Xt
. If L0 is ample on X0 for some point 0 ∈ T ,

then there exists a Zariski open set U ⊂ T containing 0 such thatLt is ample
on Xt , for all t ∈ U.

Note that in (5), π1 = pr1 ◦ π is proper, and so is its restriction to P.
Therefore, by virtue of the above theorem, one only needs to find one point
t ∈ P

♦
K
such that OPt (1) is ample on Pt .

4.2 Largely twisted Serre line bundle is (very) ample

Let π0 : P(�1
P
N
K

) → P
N
K
be the canonical projection. By a classical result [8,

p. 161, Proposition 7.10], for all large integers � � 1, the twisted line bundle
OP(�1

P
N
K

)(1)⊗ π∗0 OP
N
K

(�) is ample on P(�1
P
N
K

).
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948 S.-Y. Xie

In fact, one can check by hand that, for all � � 3, the following global
sections:

zk z
�−1
j d

( zi
z j

)
(i, j, k= 0 ··· N , i �= j) (11)

even guarantee the very-ampleness.
Consequently, when � � 3, for every point t ∈ P

♦
K
, the positively twisted

Serre line bundle OPt(1)⊗ π∗2OP
N
K

(�) is (very) ample on Pt = π−11 (t) ∩ P.

4.3 Nefness of negatively twisted cotangent sheaf suffices

Thanks to the above ampleness, now we may relax the ampleness goal men-
tioned below Theorem 4.1.

Proposition 4.2 For every point t ∈ P
♦
K
, the following properties are equiva-

lent.

(i) OPt (1) is ample on Pt .
(ii) There exist two positive integers a, b � 1 such thatOPt(a)⊗π∗2OP

N
K

(−b)
is ample on Pt .

(iii) There exist two positive integers a, b � 1 such thatOPt(a)⊗π∗2OP
N
K

(−b)
is nef on Pt .

Proof (i) �⇒ (ii) �⇒ (iii) is clear. To show (iii) �⇒ (i), noting that
“ample ⊗ nef = ample” (cf. [11, p. 53, Corollary 1.4.10]), one can use any
ample positively twisted Serre line bundle to compensate the negative twisted
degree of the nef line bundle. ��

Repeating the same reasoning, we may obtain:

Proposition 4.3 For every point t ∈ P
♦
K
, ifOPt(�1)⊗π∗2OP

N
K

(−�2) is nef onPt

for some positive integers �1, �2 � 1, then for any positive integers �′1, �′2 � 1
with �′2/�′1 < �2/�1, the twisted line bundle OPt(�

′
1)⊗ π∗2OP

N
K

(−�′2) is ample
on Pt . ��

By definition, the nefness ofS a
t (−b) := OPt(a)⊗π∗2OP

N
K

(−b)means that,

for every irreducible curve C ⊂ Pt , the intersection number C ·S a
t (−b) is

� 0. Recalling now a classical result [8, p. 295, Lemma 1.2], one only needs to
showH0

(
C,S a

t (−b)) �= {0}. To this end, one would desire sufficiently many
global nonzero sections s1, . . . , sm ∈ H0

(
Pt ,S

a
t (−b)) such that their base

locus is empty or discrete, whence one of s1
∣
∣
C , . . . , sm

∣
∣
C suffices to conclude.

More flexibly, without fixing a and b, we have

Corollary 4.4 Suppose that there exist some m � 1 nonzero sections:

si ∈ H0(Pt ,S
ai
t (−bi )

)
(i = 1 ···m; ai , bi � 1)
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On the ampleness of the cotangent bundles 949

such that their base locus is discrete or empty, then for all positive integers
a, b with:

b/a � min
{
b1/a1, . . . , bm/am

}
,

the negatively twisted Serre line bundleS a
t (−b) is nef. ��

5 A proof blueprint of the Ampleness Theorem 1.2

5.1 Main Nefness Theorem

Recalling Theorem 4.2, the Ampleness Theorem 1.2 is a consequence of the
theorem below, whose effective bound d0(�) for � = 1 will be given in
Theorem 12.2.

Theorem 5.1 Given any positive integer � � 1, there exists a lower degree
bound d0(�) � 1 such that, for all degrees d1, . . . , dc+r � d0(�), for a very
generic1 t ∈ P

♦
K
, the negatively twisted Serre line bundleOPt (1)⊗π∗2OP

N
K

(−�)
is nef on Pt .

It suffices to find one such t ∈ P
♦
K
to guarantee‘very generic’ (cf. [11, p. 56,

Proposition 1.4.14]).
We will prove Theorem 5.1 in two steps. At first, in Sect. 5.3, we sketch the

proof in the central cases when all c + r hypersurfaces are approximately of
the same large degrees. Then, in Sect. 5.4, we play a product coup to embrace
all large degrees.

5.2 A refined nefness criterion

In practice, it is delicate to gather enough global sections with empty/discrete
base locus to guarantee the desired nefness. To overcome this difficulty, wewill
also use nonzero sections of the same bundle restricted to proper subvarieties,
and such an idea will be a key feature of our approach compared with that of
[2].

Definition 5.2 Let X be a variety, and let Y ⊂ X be a subvariety. A line bundle
L on X is said to be nef outside Y if, for every irreducible curve C ⊂ X with
C �⊂ Y , the intersection number C ·L is � 0.

A standard reasoning on irreducibility and Noetherian topology gives ([17,
p. 16, Theorem 4.6])

1 t ∈ P
♦
K
\ ∪∞i=1 Zi for some countable proper subvarieties Zi � P

♦
K
.
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950 S.-Y. Xie

Lemma 5.3 Let X be a Noetherian variety, and letL be a line bundle on X.
Assume that there exists a set P of closed subvarieties of X satisfying:

(i) ∅ ∈P and X ∈P;
(ii) for every element Y ∈P with Y �= ∅, there exist finitely many elements

Z1, . . . , Zm ∈ P with Z1, . . . , Zm � Y such that the restricted line
bundleL

∣
∣
Y is nef outside the union Z1 ∪ · · · ∪ Zm.

Then L is nef on X. ��

5.3 The central cases of relatively the same large degrees

Theorem 5.4 For any fixed c+r positive integers ε1, . . . , εc+r � 1, for every
sufficiently large integer d � 1, Theorem 5.1 holds with di = d + εi ,
i = 1 . . . c + r .

When c+ r � N , generically X is discrete or empty, so there is nothing to
prove. Assuming c + r � N − 1, we now outline the proof.
Step 1 In the entire family of c+r hypersurfaces with degrees d+ε1, . . . , d+
εc+r , whose projective parameter space isP

♦
K
, wewill work with some specific

subfamily which suits our coming moving coefficients method, and whose
projective parameter space will be denoted by P

♦
K
⊂ P

♦
K
. The presentation of

P
♦
K
will be made partially in Sect. 7, and then completely in Sect. 9.2.
Recalling (2) and (5), we then consider the subfamily of intersections Y ⊂

X :

pr−11

(
P

♦
K

) ∩ X =: Y ⊂ P
♦
K
×K P

N
K
= pr−11

(
P

♦
K

)
.

Recalling (5), (6), we introduce the subscheme P′ := π̃−1(Y ) ∩ P ⊂ P. By
restriction, (5) yields the commutative diagram:

P′

π1= pr1◦π̃ π2= pr2◦π̃
π̃

Y

pr1 pr2

P
♦
K

P
N
K

.

(12)

Introducing the restricted Serre line bundle OP′(1) := OP(1)
∣
∣
P′ over P

′, in
order to establish Theorem 5.4, it suffices to prove the

Theorem 5.5 For a generic closed point t ∈ P
♦
K
, the bundle OP′t(1) ⊗

π∗2OP
N
K

(−�) is nef on P′t := Pt .
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On the ampleness of the cotangent bundles 951

Step 2 The central objects now are the universal negatively twisted Serre line
bundles:

OP′(a, b,−c) := OP′(a) ⊗ π∗1 OP
♦
K

(b) ⊗ π∗2 OP
N
K

(−c),

where a, c are positive integers such that c/a � �, and where b are any
integers.

Using the moving coefficients method, we will firstly construct a series of
global universal negatively twisted symmetric differential n-forms:

S� ∈ H0(P′, OP′(n, N ,−♥�)
)

(�= 1 ···❄), (13)

where n := N − (c+ r) � 1 and all ♥�/n � �, and where we always use the
symbol ‘❄’ to denote auxiliary positive integers, which vary according to the
context.

Secondly, for every integer 1 � η � n− 1, for every 0 � v1 < · · · < vη �
N , considering:

v1,...,vηP
′ := P′ ∩ π−12 {zv1 = · · · = zvη = 0},

wewill construct a series of universal negatively twisted symmetric differential
(n − η)-forms:

v1,...,vη S� ∈ H0(
v1,...,vηP

′, OP′(n − η, N − η,− v1,...,vη♥�)
)

(�= 1 ···❄),

(14)
with all v1,...,vη♥�/(n − η) � �.

This step will be accomplished partially in Sect. 7, and then completely in
Sect. 9, and thus determines the Algorithm of MCM in Sect. 12.1.
Step 3 From now on, we only consider the closed points of every scheme.

Firstly, we will control the base locus of all the global sections obtained
in (13):

BS := Base Locus of {S�}1���❄ ⊂ P′ (15)

by proving that, on the ‘coordinates nonvanishing part’ P′
◦ := P′ ∩

π−12 {z0 · · · zN �= 0}, there holds:

dim BS ∩ P′
◦

< dimP
♦
K
. (16)

Secondly, for η = 1 . . . n − 1, we will control the base locus of all the
sections obtained in (14):

v1,...,vηBS := Base Locus of {v1,...,vη S�}1���❄ ⊂ v1,...,vηP
′.

123



952 S.-Y. Xie

by proving that, on v1,...,vηP
′◦ := v1,...,vηP

′ ∩ π−12 {zr0 · · · zrN−η
�= 0}, where:

{r0, . . . , rN−η} := {0, . . . , N } \ {v1, . . . , vη} , (17)

there holds:
dim v1,...,vηBS ∩ v1,...,vηP

′◦ < dimP
♦
K
. (18)

This step will be performed mainly by the Core Lemma in Sect. 8.
Step 4 For the regular map π1 : P′ → P

♦
K
, noting the dimension esti-

mates (16), (18), applying now a classical theorem [7, p. 132, Theorem 11.12],
we know that there exists a proper subvariety � � P

♦
K
such that, for every

closed point t ∈ P
♦
K
\�:

(i) the base locus of the restricted symmetric differential n-forms:

BSt := Base Locus of
{
S�(t) := S�

∣
∣
P′t
}
1���❄

⊂ P′t

is discrete or empty over the coordinates nonvanishing part:

dim BSt ∩ P′
◦
t � 0, (19)

where P′
◦
t := P′

◦ ∩ π−11 (t);
(ii) for η = 1 . . . n− 1, the base locus of the restricted symmetric differential

(n − η)-forms:

v1,...,vηBSt := Base Locus of
{

v1,...,vη S�(t) := v1,...,vη S�

∣
∣
v1,...,vηP

′
t

}

1���❄

⊂ v1,...,vηP
′
t

is discrete or empty over the coordinates nonvanishing part:

dim v1,...,vηBSt ∩ v1,...,vηP
′◦
t � 0, (20)

where v1,...,vηP
′◦
t := v1,...,vηP

′◦ ∩ π−11 (t).

Lastly, for η = n, there exists a proper subvariety �′
� P

♦
K
such that, for

every closed point t ∈ P
♦
K
\�′, the fibreYt := Y ∩pr−11 (t)—corresponding to

the intersection of the c+r hypersurfaces defined by t in P
N
K
—is of dimension

n = N − (c + r), and moreover all intersections:

Yt ∩ pr−12

(
v1,...,vnP

N ) = {t} × v1,...,vnYt (0� v1 < ···< vn � N ) (21)

are just finitely many points.
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Now, we shall conclude Theorem 5.5 for every closed point t ∈ P
♦
K
\ (� ∪

�′).
Proof of Theorem 5.5 For the line bundle L = OP′t (1) ⊗ π∗2OP

N
K

(−�) over
the variety P′t , we claim that the set of subvarieties:

V :=
{
∅, P′t , v1,...,vηP

′
t

}

1�η�n
0�v1<···<vη�N

satisfies the conditions of Lemma 5.3.
Indeed, firstly, recalling (19), the sections {S�(t)}�=1...❄ have empty/

discrete base locus over the coordinates nonvanishing part, i.e. outside
∪N

j=0 jP′t . Hence, using an adaptation of Corollary 4.4, remembering �/1 �
min {♥�/n}1���❄ , the line bundle OP′t (1) ⊗ π∗2 OPN (−�) is nef outside

∪N
j=0 jP′t .
Secondly, for every integer η = 1 . . . n − 1, recalling the dimension esti-

mate (20), again by Corollary 4.4, remembering �/1 � min {v1,...,vη♥�/(n −
η)}1���❄, the line bundle OP′t (1) ⊗ π∗2 OPN (−�) is nef on v1,...,vηP

′
t outside

∪N−η
j=0 v1,...,vη,r jP

′
t (see (17)).

Lastly, for η = n, noting that under the projection π : P′t → Yt , thanks
to (21), every subvariety v1,...,vnP

′
t contracts to discrete points v1,...,vnYt , we

see that on v1,...,vnP
′
t , the line bundle OP′t (1)⊗ π∗2OP

N
K

(−�) ∼= OP′t (1) is not
only nef, but also ample!

Summarizing the above three parts, by Theorem 5.3, we conclude the proof.
��

5.4 Product coup

We will use in an essential way Theorem 5.4 with all εi equal to either 1 or 2.
To begin with, we need an elementary

Observation 5.6 For all positive integers d � 1, every integer d0 � d2 + d
is a sum of nonnegative multiples of d + 1 and d + 2. ��
Proof of Theorem 5.1 Take one sufficiently large integer d such that The-
orem 5.4 holds for any integers εi ∈ {1, 2}, i = 1 . . . c + r . Now, the
above observation says that all large degrees d1, . . . , dc+r � d2 + d can
be written as di = pi (d + 1) + qi (d + 2), with some nonnegative integers
pi , qi � 0, i = 1 . . . c + r . Let Fi := f i1 · · · f ipi f ipi+1 · · · f ipi+qi be a prod-

uct of some pi generic homogeneous polynomials f i1 , . . . , f ipi (to be chosen
later) each of degree d + 1 and of some qi generic homogeneous polynomials
f ipi+1, . . . , f ipi+qi (to be chosen later) each of degree d + 2, so that Fi has
degree di .
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Recalling (10), a point ([z], [ξ ]) ∈ P(T
P
N
K

) lies in Fc+1,...,Fc+r PF1,...,Fc if and
only if:

Fi (z) = 0, dFj
∣
∣
z(ξ) = 0 (∀ i = 1 ··· c+r,∀ j = 1 ··· c).

Note that, for every j = 1 . . . c, the pair of equations:

Fj (z) = 0, dFj
∣
∣
z(ξ) = 0 (22)

is equivalent to either:

∃ 1 � v j � p j + q j s.t. f j
v j

(z) = 0, d f j
v j

∣
∣
z(ξ) = 0, (23)

or to:

∃ 1 � w1
j < w2

j � p j + q j s.t. f j
w1

j
(z) = 0, f j

w2
j
(z) = 0. (24)

Therefore, ([z], [ξ ]) ∈ Fc+1,...,Fc+r PF1,...,Fc is equivalent to say that there exists
a subset {i1, . . . , ik} ⊂ {1, . . . , c} of cardinality k (k = 0 for ∅) such that,
firstly, for every index j ∈ {i1 . . . ik}, (z, ξ) is a solution of (22) of type (23),
secondly, for every index j ∈ {1, . . . , c}\{i1 . . . ik}, (z, ξ) is a solution of (22)
of type (24), and lastly, for every j = c + 1 . . . c + r , one of f j

1 , . . . , f j
p j+q j

vanishes at z. Thus, we see that the variety Fc+1,...,Fc+r PF1,...,Fc actually decom-
poses into a union of subvarieties:

Fc+1,...,Fc+r PF1,...,Fc = ∪k=0···c ∪1�i1<···<ik�c∪1�vi j �pv j+qv j
j=1...k

∪{r1,...,rc−k}={1,...,c}\{i1,...,ik}
1�w1

rl
<w2

rl
�prl+qrl

l=1...c−k

∪1�u j�p j+q j
j=c+1...c+r

f
r1
w1
r1

, f
r1
w2
r1

,..., f
rc−k
w1
rc−k

, f
rc−k
w2
rc−k

, f c+1uc+1 ,..., f
c+r
uc+r

P
f
i1
vi1

,..., f
ik
vik

.

Similarly,we can show that the scheme Fc+1,...,Fc+rPF1,...,Fc alsodecomposes
into a union of subschemes:

Fc+1,...,Fc+rPF1,...,Fc = ∪k=0···c ∪1�i1<···<ik�c∪1�vi j �pv j+qv j
j=1...k

∪{r1,...,rc−k}={1,...,c}\{i1,...,ik}
1�w1

rl
<w2

rl
�prl+qrl

l=1...c−k

∪1�u j�p j+q j
j=c+1...c+r

f
r1
w1
r1

, f
r1
w2
r1

,..., f
rc−k
w1
rc−k

, f
rc−k
w2
rc−k

, f c+1uc+1 ,..., f
c+r
uc+r

P
f
i1
vi1

,..., f
ik
vik

.
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Note that, for each subscheme on the right hand side, the number of poly-
nomials on the lower-left of ‘P’ is #L = 2(c − k) + r , and the number of
polynomials on the lower-right is #R = k, whence 2#R + #L = 2c + r � N .
Now, applying Theorem 5.4, we can choose one { f •• }•,• such that the twisted
Serre line bundle OP(�1

P
N
K

)(1) ⊗ π∗0 OP
N
K

(−�) is nef on each subscheme

f
r1
w1
r1

, f
r1
w2
r1

,..., f
rc−k
w1
rc−k

, f
rc−k
w2
rc−k

, f c+1uc+1 ,..., f c+ruc+r
P

f
i1
vi1

,..., f
ik
vik

, and therefore is also nef on

their union Fc+1,...,Fc+rPF1,...,Fc . Since nefness is a very generic property in
family, we conclude the proof. ��

6 Generalizations of Brotbek’s symmetric differential forms

6.1 Preliminaries on symmetric differential forms in projective space

For threefixed integers N � 2, c, r � 0 such that 2c+r � N and c+r � N−1,
for c + r positive integers d1, . . . , dc+r , for all i = 1 . . . c + r , let Hi ⊂ P

N
K

be c+ r hypersurfaces defined by some degree di homogeneous polynomials
Fi ∈ K[z0, . . . , zN ]. Let V be the intersection of the first c hypersurfaces:

V := H1 ∩ · · · ∩ Hc =
{
[z] ∈ P

N
K
: Fi (z) = 0, ∀ i = 1 . . . c

}
, (25)

and let X be the intersection of all the c + r hypersurfaces:

X := H1 ∩ · · · ∩ Hc+r =
{
[z] ∈ P

N
K
: Fi (z) = 0, ∀ i = 1 . . . c + r

}
.

(26)
It is well known that, for generic choices of {Fi }c+ri=1, the intersections V =
∩c
i=1 Hi and X = ∩c+r

i=1 Hi are both smooth complete, and we shall assume
this henceforth. Set:

n := N − (c + r) = dim X,

and observe that 1 � n � c.
Let us denote by π : K

N+1 \ {0} → P
N
K
the canonical projection. For every

k ∈ Z, over any Zariski open subsetU ⊂ P
N
K
, sections inH0

(
U, O

P
N
K

(k)
)
can

be defined as regular functions f̂ on π−1(U ) satisfying f̂ (λz) = λk f̂ (z), for
all z ∈ π−1(U ) and all λ ∈ K

×.
For the cone V̂ := π−1(V ) = {z ∈ K

N+1 \ {0} : Fi (z) = 0,∀ i = 1 . . . c
}

of V , we define the horizontal tangent bundle Thor V̂ which has fibre at any
point z ∈ V̂ :

Thor V̂
∣
∣
z =

{
[ξ ] ∈ K

N+1/
K · z : dFi

∣
∣
z(ξ) = 0, ∀ i = 1 . . . c

}
.
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Its total space is:

Thor V̂ :=
{
(z, [ξ ]) : z ∈ V̂ , [ξ ] ∈ K

N+1/
K · z, dFi

∣
∣
z(ξ) = 0,

∀ i = 1 . . . c
}
. (27)

Thus the total tangent bundle TV of V can be viewed as:

TV = Thor V̂ / ∼, where (z, [ξ ]) ∼ (λz, [λξ ]), ∀ λ ∈ K
×.

Let �V be the dual bundle of TV , and let �hor V̂ be the dual bundle of
Thor V̂ . For all l � 1 and for all ♥ ∈ Z, we denote by Syml �V (♥) :=
Syml �V ⊗ OV (♥) the twisted symmetric cotangent bundle.

Proposition 6.1 Let Y ⊂ V be any regular subvariety. For every Zariski open
setU ⊂ Y together with its cone Û := π−1(U ), there is a canonical injection:

H0(U,Syml �V (♥)
)

↪→ H0(Û ,Syml �hor V̂
)
,

whose image is the set of sections 
 satisfying:



(
λz, [λξ ]) = λ♥


(
z, [ξ ]), (28)

for all z ∈ Û , for all [ξ ] ∈ Thor V̂
∣
∣
z and for all λ ∈ K

×. ��
In future applications, Y = X or Y = X ∩ {zv1 = 0} ∩ · · · ∩ {zvη = 0} for

some vanishing coordinate indices 0 � v1 < · · · < vη � N .

6.2 Symmetric horizontal differential forms

Now, we introduce the Fermat-type hypersurfaces Hi ⊂ P
N
K
defined by some

homogeneous polynomials Fi of the form:

Fi =
N∑

j=0
A j
i z

λ j
j (i = 1... c+r), (29)

where λ0, . . . , λN � 2 are some positive integers and where A j
i ∈

K[z0, z1, . . . , zN ] are some homogeneous polynomials with deg A j
i + λ j =

deg Fi for j = 0 · · · N .
Differentiating Fi for i = 1 . . . c, we receive:

d Fi =
N∑

j=0
B j
i z

λ j−1
j (i = 1... c),
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On the ampleness of the cotangent bundles 957

where B j
i := z j d A j

i + λ j A
j
i d z j . Now, set Ã

j
i := A j

i z j , so that Fi =
∑N

j=0 Ã j
i z

λ j−1
j has the same structure as d Fi .

We denote the cone of X by:

X̂ :=
{
z ∈ K

N+1 \ {0} : Fi (z) = 0, ∀ i = 1 . . . c + r
}
.

For all z ∈ X̂ and for all [ξ ] ∈ Thor V̂
∣
∣
z , by the definition (27) of Thor V̂ , we

have: {∑N
j=0 Ã j

i z
λ j−1
j (z) = 0 (i = 1... c+r),

∑N
j=0 B j

i (z, ξ) z
λ j−1
j (z) = 0 (i = 1... c).

(30)

Now,we view these c+r+c equations as a linear systemwith N+1 unknowns
zλ0−10 , . . . , zλN−1

N :

C

⎛

⎜
⎜
⎝

zλ0−10
...

zλN−1
N

⎞

⎟
⎟
⎠ = 0, where C :=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

Ã0
1 · · · ÃN

1
...

...

Ã0
c+r · · · ÃN

c+r
B0
1 · · · BN

1
...

...

B0
c · · · BN

c

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

. (31)

Next, letD be the upper (c+r+n)×(N+1) = N×(N+1) submatrix ofC.
For every j = 0 · · · N , let D̂ j denote the submatrix of D obtained by omitting
the ( j+1)th column, and letDj denote the ( j+1)th column ofD. Introduce the
affine Wj := {z j �= 0} ⊂ P

N
K
having cone Ŵ j := π−1(Wj ) ⊂ K

N+1 \ {0}.
Denote also Uj := Wj ∩ X , whose cone is Û j := π−1(Uj ) ⊂ X̂ . Lastly, let
�horK

N+1 be the dual bundle of ThorK
N+1, and let � K

N+1 be the cotangent
bundle of K

N+1.

Proposition 6.2 For every j = 0 · · · N, on the affine set Ŵ j , the following
affine symmetric horizontal differential n-form is well defined:

ω̂ j := (−1) j
z
λ j−1
j

det
(
D̂ j
) ∈ H0

(
Ŵ j , Symn �horK

N+1). (32)

Proof It suffices to treat the case j = 0. First of all, we may view ω̂0 ∈ H0
(
V̂0, Symn � K

N+1
)
, and in order to show ω̂0 ∈ H0

(
V̂0, Symn �horK

N+1),
we only have to check that:
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ω̂0(z, ξ + μ z) = ω̂0(z, ξ) (∀ z ∈ V̂0, ξ ∈K
N+1, μ∈K

×). (33)

Coming back to the definitions of B j
i and Ã

j
i , Euler’s identity gives:

B j
i (z, ξ + μ z) = B j

i (z, ξ)+ μ
(
λ j + deg A j

i

)
Ã j
i (z) (i = 1 ··· c, j = 0 ··· N ).

Therefore, the matrix D̂0 (z, ξ + λ z) not only has the same first c+ r rows
as the matrix D̂0 (z, ξ), but also for every � = 1 . . . n, the (c + r + �)th row
of the former one is equal to the (c + r + �)th row of the latter one plus a
multiple of the �th row. Therefore both matrices have the same determinant,
which verifies (33). ��
Cramer’s Rule In a commutative ring R, for all positive integers N � 1,
let A0, A1, . . . , AN ∈ RN be (N + 1) column vectors, and suppose that
z0, z1, . . . , zN ∈ R satisfy:

A0 z0 + A1 z1 + · · · + AN zN = 0.

Then for all 0 � i, j � N, there hold the identities:

(−1) j det (A0, . . . , Â j , . . . , AN ) zi = (−1)i det (A0, . . . , Âi , . . . , AN ) z j .

��
We may thus glue horizontal symmetric differential forms.

Proposition 6.3 The following (N+1)affine symmetric horizontal differential
n-forms:

ω̂ j := (−1) j
z
λ j−1
j

det
(
D̂ j
) ∈ H0

(
Û j , Symn �hor V̂

)
( j = 0 ... N )

glue together to make a symmetric horizontal differential n-form on X̂ .

Proof Proposition 6.2 yields that, by restriction, each ω̂ j ∈ H0
(
Û j , Symn

�hor V̂
)
is well defined. We now show that, for every 0 � j1 < j2 � N , the

two forms ω̂ j1 and ω̂ j2 glue together along Û j1 ∩ Û j2 .
Indeed, recalling (31), granted that D consists of the first (c + r + n) rows

of C, applying the above Cramer’s rule to all the (N + 1) columns of D and
the (N + 1) values zλ0−10 , . . . , zλN−1

N , we receive:

(−1) j2 det (D̂ j2

)
z
λ j1−1
j1

= (−1) j1 det (D̂ j1

)
z
λ j2−1
j2

.
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When z j1 �= 0, z j2 �= 0, dividing by z
λ j1−1
j1

z
λ j2−1
j2

on both sides, we conclude
the proof. ��

By permuting the indices, the preceding Proposition 6.3 generalizes to any
(c+r +n)× (N +1) submatrix ofC containing the upper c+r rows. Indeed,
for every 1 � j1 < · · · < jn � c, denote byC j1,..., jn the (c+r+n)× (N +1)
submatrix of C consisting of the first upper c + r rows and the rows c + r +
j1, . . . , c+ r + jn . Also, for j = 0 · · · N , let Ĉ j1,..., jn; j denote the submatrix
of C j1,..., jn obtained by omitting the ( j + 1)th column.

Proposition 6.4 The following (N+1)affine symmetric horizontal differential
n-forms:

ω̂ j1,..., jn; j :=
(−1) j
z
λ j−1
j

det
(
Ĉ j1,..., jn; j

) ∈ H0
(
Û j , Symn �hor V̂

)

( j = 0 ··· N )

glue together to make a global symmetric horizontal differential n-form
ω̂ j1,..., jn on X̂ . ��

6.3 Twisted symmetric differential forms

Now, applying Proposition 6.1 to the above symmetric forms, we thus gener-
alize [2, p. 434, Lemma 4].

Proposition 6.5 The symmetric horizontal differential n-form ω̂ j1,..., jn is the
image of a global twisted symmetric differential n-form:

ω j1,..., jn ∈ H0(X,Symn �V (♥)
)

under the canonical injection as a particular case of Proposition 6.1:

H0(X,Symn �V (♥)
)

↪→ H0(X̂ ,Symn �hor V̂
)
,

with the twisted degree:

♥ :=
c+r∑

p=1
deg Fp +

n∑

q=1
deg Fjq −

N∑

j=0
λ j + N + 1. (34)

For all homogeneous polynomials P ∈ H0
(
P
N ,OPN (deg P)

)
, by multiplica-

tion:

P ω j1,..., jn ∈ H0(X,Symn �V (deg P +♥)
)
.

��
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Proof According to the criterion (28), we only need to check, for all z ∈ X̂ ,
for all [ξ ] ∈ Thor V̂

∣
∣
z and for all λ ∈ K

×, that:

ω̂ j1,..., jn

(
λz, [λξ ]) = λ♥ ω̂ j1,..., jn

(
z, [ξ ]), (35)

which follows from straightforward computations. ��
Now, letK be the (c+r+c)× (N+1)matrix whose first c+r rows consist

of all (N + 1) terms in the expressions of F1, . . . , Fc+r in the exact order, i.e.
the (i, j)th entry of K is:

Ki, j := A j−1
i z

λ j−1
j−1 (i = 1 ··· c+r, j = 1 ··· N+1), (36)

and whose last c rows consist of all (N + 1) terms in the expressions of
d F1, . . . , d Fc in the exact order, i.e. the (c + r + i, j)th entry of K is:

Kc+r+i, j := d
(
A j−1
i z

λ j−1
j−1
)

(i = 1 ... c, j = 1 ... N+1).

The j th column K j of K and the j th column C j of C are proportional:

K j = C j z
λ j−1−1
j−1 ( j = 1 ... N+1). (37)

In later applications, we will be mainly interested in determining the base
locus of ω j1,..., jn in the coordinates nonvanishing part {z0 · · · zN �= 0}, thus,
using (37), we may compute the corresponding symmetric horizontal differ-
ential n-forms ω̂ j1,..., jn as:

ω̂ j1,..., jn; j =
(−1) j
z
λ j−1
j

det
(
Ĉ j1,..., jn; j

)

= (−1) j
zλ0−10 · · · zλN−1

N

det
(
K̂ j1,..., jn; j

)
( j = 0 ··· N ), (38)

where K̂ j1,..., jn; j is defined as an analog of Ĉ j1,..., jn; j .

6.4 Twisted symmetric differential forms with some vanishing
coordinates

Investigating further the above construction of symmetric differential forms,
for every integer 1 � η � n − 1, for any indices 0 � v1 < · · · < vη � N , by
focusing on:

v1,...,vη X := X ∩ {zv1 = 0} ∩ · · · ∩ {zvη = 0},
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we can also construct a series of twisted symmetric differential (n− η)-forms
as follows.

For indices 1 � j1 < · · · < jn−η � c, denote by v1,...,vηC j1,..., jn−η the
(N − η)× (N − η+ 1) submatrix of C determined by the first c+ r rows and
the selected rows c + r + j1, . . . , c + r + jn−η as well as the (N − η + 1)
columns which are complement to the columns v1 + 1, . . . , vη + 1. Next,
for every index j ∈ {0, . . . , N } \ {v1, . . . , vη}, let v1,...,vηĈ j1,..., jn−η; j denote
the submatrix of v1,...,vηC j1,..., jn−η obtained by deleting the column which is
originally contained in the ( j + 1)th column of C. Lastly, denote:

v1,...,vηUj := v1,...,vη X ∩ {z j �= 0},

whose cone is v1,...,vηÛ j := π−1
(
v1,...,vηUj

)
.

Now, we have two very analogs of Propositions 6.4 and 6.5. Before, we
write the (N − η+ 1) remaining numbers of {0, . . . , N } \ {v1, . . . , vη} in the
ascending order r0 < r1 < · · · < rN−η.

Proposition 6.6 For all j = 0 · · · N − η, the following (N + 1 − η) affine
symmetric horizontal differential (n − η)-forms:

v1,...,vη ω̂ j1,..., jn−η; r j :=
(−1) j
z
λr j−1
r j

det
(
v1,...,vηĈ j1,..., jn−η; r j

)

∈ H0
(

v1,...,vηÛr j , Sym
n−η �hor V̂

)

glue together to make a symmetric horizontal differential (n − η)-form:

v1,...,vη ω̂ j1,..., jn−η ∈ H0
(

v1,...,vη X̂ , Symn−η �hor V̂
)
.

Proof Without loss of generality, we may assume that (v1, . . . , vη) = (N −
η+1, . . . , N ) and that ( j1, . . . , jn−η) = (1, . . . , n−η). Recalling (31), for all
z ∈ N−η+1,...,N X̂ and for all [ξ ] ∈ Thor V̂

∣
∣
z , since zN−η+1 = · · · = zN = 0,

we have:

N−η+1,...,NC1,...,n−η

⎛

⎜
⎝

zλ0−10
...

z
λN−η−1
N−η

⎞

⎟
⎠ = 0.

Therefore, by mimicking the arguments of Propositions 6.2–6.4, we conclude
the proof. ��
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Proposition 6.7 The symmetric horizontal differential (n − η)-form v1,...,vη

ω̂ j1,..., jn−η on v1,...,vη X̂ is the image of a twisted symmetric differential (n−η)-
form on v1,...,vη X:

v1,...,vηω j1,..., jn−η ∈ H0
(

v1,...,vη X,Symn−η �V (v1,...,vη♥ j1,..., jn−η

))

under the canonical injection:

H0
(

v1,...,vη X,Symn−η �V (v1,...,vη♥ j1,..., jn−η

))

↪→ H0 (
v1,...,vη X̂ ,Symn−η �hor V̂

)
,

with the twisted degree:

v1,...,vη♥ j1,..., jn−η :=
c+r∑

p=1
deg Fp +

n−η∑

q=1
deg Fjq

−
( N∑

j=0
λ j −

η∑

μ=1
λvμ

)
+ (N − η)+ 1. (39)

Furthermore, for all homogeneous polynomials P ∈ H0
(
P
N ,OPN (deg P)

)
,

by multiplication:

P v1,...,vηω j1,..., jn−η

∈ H0
(

v1,...,vη X,Symn−η �V (deg P + v1,...,vη♥ j1,..., jn−η

))
.

��
Remark 6.8 We thank an anonymous referee for providing an alternative
algebraic construction, according to which Propositions 6.6 and 6.7 can be
obtained as corollaries of Propositions 6.4 and 6.5 by introducing η new
equations:

Fc+r+1 = zv1, . . . , Fc+r+η = zvη .

��
In our coming applications, we will be mainly interested in determin-

ing the base locus of v1,...,vηω j1,..., jn−η in the coordinates nonvanishing part
{zr0 · · · zrN−η

�= 0}, thus, using (37), we may compute the corresponding sym-
metric horizontal differential (n − η)-forms v1,...,vη ω̂ j1,..., jn−η as:
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v1,...,vη ω̂ j1,..., jn−η; r j =
(−1) j
z
λr j−1
r j

det
(
v1,...,vηĈ j1,..., jn−η; r j

)

= (−1) j
z
λr0−1
r0 · · · zλrN−η

−1
rN−η

det
(
v1,...,vη K̂ j1,..., jn−η; r j

)

( j = 0 ··· N−η), (40)

where v1,...,vη K̂ j1,..., jn−η; r j is defined as an analog of v1,...,vηĈ j1,..., jn−η; r j .
The two identities (38), (40) will enable us to efficiently narrow the base loci

of the obtained twisted symmetric differential forms, as the matrix K directly
copies the original equations/differentials of the hypersurface polynomials
F1, . . . , Fc+r .

7 Moving coefficients method (I)

7.1 Motivation and ideas

It would be natural to try to settle the Debarre Ampleness Conjecture bymeans
of pure Fermat-type hypersurfaces Fi =∑N

j=0 A j
i z

e
j with deg A j

i = ε � 1,
a strategy which was indeed successful in [2] for the case 4c � 3N − 2.

However, one could soon realize that this approach would not work, simply
because, for instance in the limiting case N = 2c (with r = 0), one could
only obtain a single symmetric form ω ∈ H0

(
X,Symc �X (−♥)

)
for such

intersection X = H1 ∩ · · · ∩ Hc, since 1 � j1 < · · · < jn � c = n forces
j1 = 1, . . . , jn = n, whereas dimP(TX ) = 2 dim X − 1 = N − 1� 1.
To overcome this difficulty, our core idea is to look for more ‘flexible’

hypersurface equations, such that they can be expressed as general Fermat-
type polynomials in several distinct ways, while keeping negative twist for all
the symmetric differential forms obtained by Proposition 6.5.

To be more precise, assume that N = 2c, r = 0, and that all hypersurface
equations F1, . . . , Fc have the same degree d. First, every Fi can have a lot
of homogeneous monomials, and we arbitrarily gather them in N + 1 parts as
Fi = ∑N

j=0 F j
i . Next, for every j = 0 · · · N , choose the maximum integer

λ j such that z
λ j
j divides F j

1 , . . . , F j
c , so Fi rewrites under the form Fi =

∑N
j=0 A j

i z
λ j
j . Hence by applying Proposition 6.5, we receive a symmetric

differential form with twisted degree:

♥ = N d−
N∑

j=0
λ j + N + 1 [use (34)].
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Lastly, we think on how tomake♥ � −1. Observe that, although each λ j � d,
yet the total number of λ• is N + 1 > N = the multiple number of d, and
it is this feature that leaves some room to design the moving coefficients
method (MCM). Indeed, we can choose all but one λ j ≈ d � 1, and let
the remaining one λν >

∑
j �=ν (d − λ j ) + N + 1 be large enough, so as to

ensure:

♥ = − λν +
∑

j �=ν

(d− λ j )+ N + 1 ≈ − λν � −1. (41)

Let us best illustrate this central idea of MCM by the following c hyper-
surface equations, each being a Fermat-type polynomial plus one moving
coefficient term:

Fi =
N∑

j=0
A j
i z

d
j + Mi z

λ0
0 · · · zλN

N (i = 1 ··· c),

where A j
i ,Mi are some homogeneous polynomials of degree ε � 0, andwhere

λ0 + · · · + λN = d are some positive integers to be determined. For every
ν = 0 · · · N , associating themoving coefficient termMi z

λ0
0 · · · zλN

N to the term
Aν
i z

d
ν , we may rewrite:

Fi =
(
Aν
i z

d
ν + Mi z

λ0
0 · · · zλN

N

) +
N∑

j �=ν

A j
i z

d
j (i = 1 ··· c),

and thus by Proposition 6.5, we obtain a symmetric differential form with
twisted degree ♥ν = −λν + N ε + N + 1. Therefore we require all λν �
N ε + N + 1+ 1 to make ♥ν � −1.

7.2 Global moving coefficients method

Recalling Theorems 5.1, 5.4, we first fix positive integers �, ε1, . . . , εc+r � 1.
Skipping some thinking process which essentially roots in the above example,
we construct the following c+r hypersurface equations, each being a Fermat-
type polynomial plus N + 1 moving coefficient terms:

Fi :=
N∑

j=0
A j
i z

d
j +

N∑

k=0
Mk

i z
μk
0 · · · ẑμk

k · · · zμk
N zd−N μk

k (i = 1 ··· c+r),

(42)
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where all coefficients A j
i , M

k
i ∈ K[z0, . . . , zN ] are some degree εi homo-

geneous polynomials, and where all positive integers μ•, d are to be chosen
by a certain Algorithm, so as to make all the symmetric differential forms to
be obtained later have negative twisted degrees. For the moment, instead of
making the Algorithm clear, we prefer to roughly summarize it as:

1 � max {εi }i=1...c+r � μ0 � · · · � μN︸ ︷︷ ︸
μ• grow exponentially

� d. (43)

There are two kinds of manipulations inMCM to transform the polynomials
F1, . . . , Fc+r to Fermat-type. The first one is much like the above example,
in the sense that we view all the N + 1 moving coefficient terms as a whole.
Precisely, for every ν = 0 · · · N , for all Fi , we associate all (N + 1) moving
coefficient terms with the term Aν

i z
d
ν by rewriting:

Fi =
∑

j �=ν

A j
i z

d
j+
(
Aν
i z

d
ν+

N∑

k=0
Mk

i z
μk
0 · · · ẑμk

k · · · zμk
N zd−N μk

k

)
(i = 1 ··· c+r).

(44)
By (43), all terms in the bracket are divisible by zμ0

ν . Hence, applying Propo-
sition 6.5, and choosing all multi-indices 1 � j1 < j2 < · · · < jn � c, we
can receive many negatively twisted jet differential forms. Indeed, that was
our original approach in a previous long version [17]. Now, inspired by sug-
gestions from an anonymous referee, we shall simplify our construction by
constantly choosing ( j1, . . . , jn) = (1, . . . , n). In fact, in the limiting case
N = 2c it is indeed our only choice, and in the general case, this choice will
turn out to substantially shorten the arguments of controlling the base loci.
Thus we receive a twisted symmetric differential n-form:

φν ∈ H0(X,Symn �V (♥ν)
)
,

whose twisted degree ♥ν according to formula (34) is negative:

♥ν = −μ0 +
c+r∑

i=1
εi +

n∑

�=1
ε� + N + 1 � − n � [compare with (41), use (43)].

(45)
The secondkindofmanipulations is, for every τ = 0 · · · N−1, for everyρ =

τ + 1 · · · N , for all Fi , to associate each of the first (τ + 1) moving coefficient
terms with the corresponding terms A•i zd• , to associate all the remaining (N −
τ) moving coefficient terms with the term Aρ

i z
d
ρ , hence to rewrite:
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Fi =
τ∑

k=0

(
Ak
i z

d
k + Mk

i z
μk
0 · · · ẑμk

k · · · zμk
N zd−N μk

k

)

+
N∑

j=τ+1
j �=ρ

A j
i z

d
j +
[

Aρ
i z

d
ρ +

N∑

j=τ+1
M j

i z
μ j
0 · · · ẑμ j

j · · · zμ j
N z

d−N μ j
j

]

(i = 1 ... c+r). (46)

Each bracket in the first sum is divisible by the corresponding zd−N μk
k , and

remembering (43), the last square bracket is divisible by zμτ+1
ρ . Now applying

Proposition 6.5 again, taking ( j1, . . . , jn) = (1, . . . , n), we receive a twisted
symmetric differential n-form:

ψτ, ρ ∈ H0(X,Symn �V (♥τ, ρ)
)
,

whose twisted degree ♥τ, ρ according to formula (34) is negative:

♥τ, ρ = −μτ+1 +
τ∑

k=0
N μk +

c+r∑

i=1
εi

+
n∑

�=1
ε� + N + 1 � − n � [compare with (41), use (43)]. (47)

8 Controlling the base locus

Recalling the claimed step (16), at first we shall determine the:

Base Locus of
{
φν, ψτ, ρ

}

ν, τ, ρ
=: BS ⊂ P

♦
K
× P(T

P
N
K

). (48)

8.1 Characterization of BS

For afixed ν = 0 · · · N , bymimicking the construction of the upper N×(N+1)
submatrix K1,...,n of the matrix K defined in around (36), in accordance with
the manipulation (44), we construct the N × (N + 1) matrix Kν analogously,
i.e. by copying terms, differentials, and then we denote by K̂ν

j the N × N
submatrix of Kν obtained by deleting the ( j + 1)th colum.

Now, let us look at points
([A••, M•

• ], [z, ξ ]
) ∈ BS with z0 · · · zN �= 0. For

the sake of readability, we will keep in mind the parameter (A••, M
•
• ) without

writing it. Recalling Propositions 6.4, 6.5, for every φ̂ν corresponding to φν ,
we have:
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0 = φ̂ν
0 (z, ξ) = (−1)0

z�0 · · · z�N
det
(
K̂ν
0

)
(z, ξ) [use (38) for j = 0],

where all integers � are of no importance here. Indeed, we can drop the nonzero

factor (−1)0
z�0···z�N :

rankK K̂ν
0 (z, ξ) � N − 1. (49)

Analogously, for every τ = 0 · · · N − 1 and ρ = τ + 1 . . . N , we define the
N × (N + 1) matrix Kτ, ρ in accordance with the manipulation (46), and we
receive:

rankK Kτ, ρ
0 (z, ξ) � N − 1, (50)

where Kτ, ρ
0 is the N × N submatrix of Kτ, ρ obtained by deleting the first

column.
It is now time to clarify the (uniform) structures of the matrices Kν , Kτ, ρ .

First of all, we construct the N × (2N + 2) ambient matrix M such that, for
every i = 1 . . . c+ r , j = 1 . . . n, its i th row copies the (2N + 2) terms of Fi
in (42) in the exact order, and its (c + r + j)th row is the differential of the
j th row. In order to distinguish the first (N + 1) ‘dominant’ columns from the
last (N + 1) ‘moving coefficients’ columns, we writeM as:

M =
(
A0 | · · · | AN | B0 | · · · | BN

)
.

For every ν = 0 · · · N , comparing (44) with (42), the matrix Kν is nothing
but:

Kν =
(
A0 | · · · | Âν | · · · | AN | Aν +

N∑

j=0
B j

)
, (51)

where the last column is understood to appear in the ‘omitted’ column. Sim-
ilarly, for every τ = 0 · · · N − 1 and every ρ = τ + 1 . . . N , comparing (46)
with (42), the matrix Kτ, ρ is nothing but:

Kτ, ρ =
(
A0 + B0 | · · · | Aτ + Bτ | Aτ+1 | · · · | Âρ | · · · | AN | Aρ

+
N∑

j=τ+1
B j

)
,

hence:

Kτ, ρ
0 =

(
A1+B1 | · · · | Aτ+Bτ | Aτ+1 | · · · | Âρ | · · · | AN | Aρ+

N∑

j=τ+1
B j

)
.

(52)
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Now, trying to get rid of both A0 and B0, we only consider the inequalities
(50), and thus we introduce the subvariety:

MN ⊂ MatN×2N (K) (53)

consisting of all N × 2N matrices (α1 | α2 | · · · | αN | β1 | β2 | · · · | βN )

such that:

(i) for every ν = 1 . . . N , there holds the rank inequality:

rankK

{
α1, . . . , α̂ν, . . . , αN , αν + (β1+ β2 + · · · + βN )

}
� N − 1; (54)

(ii) for every τ = 1 . . . N − 1, for every ρ = τ + 1 · · · N , there holds:

rankK

{
α1 + β1, α2 + β2, . . . , ατ + βτ , ατ+1, . . . , α̂ρ, . . . , αN ,

αρ + (βτ+1 + · · · + βN )
}

� N − 1. (55)

Denoting by M̂0 the N × 2N submatrix of M obtained by deleting the
columns A0, B0, we thus characterize the base locus over coordinates nonva-
nishing part by:

Proposition 8.1 For every point
([A••, M•

• ], [z, ξ ]
) ∈ BS with z0 · · · zN �= 0,

the defining equations F1(z) = · · · = Fc+r (z) = 0, dF1 (z, ξ) = · · · =
dFn (z, ξ) = 0 read as:

(A0 + · · · + AN + B0 + · · · + BN ) (z, ξ) = 0. (56)

Moreover, concerning the algebraic dependence of A1, . . . ,AN ,B1, . . . ,BN ,
one has:

M̂0(z, ξ) ∈MN . (57)

��

8.2 Emptiness of the base locus

In order to estimate the dimension of the base locus over coordinates nonvan-
ishing part:

BS0 := BS ∩ (P♦
K
× P

◦
(TPN )

)
,

where P
◦
(TPN ) = P(TPN )∩{z0 . . . zN �= 0}, we now claim the following Core

Lemma in advance, whose proof will constitute the most technical part of this
article (see Sect. 11 below).
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Core Lemma For every N � 2, there holds the codimension estimate:

codimMN = N . ��

Proposition 8.2 One has the dimension estimate:

dimBS0 < dimP
♦
K
. (58)

Proof Let π1, π2 be the two canonical projections of P
♦
K
× P

◦
(TPN ) onto two

components. For every ζ = [z, ξ ] ∈ P
◦
(TPN ), Proposition 8.1 forces all param-

eters

[
A••, M

•
•
]× {ζ } ∈ π−12 (ζ ) ∩ BS0 ⊂ P

♦
K
× {ζ }

to satisfy the Eqs. (56) and (57). Note that, thanks to the Lemma 10.1 below,
the linear evaluation map at (z, ξ):

(
A0 | · · · |AN |B0 | · · · |BN

) : K
♦+1 −→ MatN×2(N+1)(K)

is surjective, because we have the nonvanishing:

zdj �= 0, zμk
0 · · · ẑμk

k · · · zμk
N zd−N μk

k �= 0 ( j = 0 ··· N , k= 0 ··· N ).

Therefore, all such parameters
(
A••, M

•
•
) ∈ K

♦+1 \ {0} together with 0 ∈ K
♦+1

constitute a subvariety of K
♦+1 having codimension� N + N = 2N , because

the equation (56) is clearly independent of (57), which, by the Core Lemma,
contributes codimension N . Therefore, using the Theorem 10.4 below, we see
that

π−12 (ζ ) ∩ BS0 ⊂ P
♦
K
× {ζ }

has codimension � 2N . Lastly, applying Theorem 10.2 with respect to

π2 : BS0 −→ P
◦
(TPN ), we receive:

dimBS0 � dimP
◦
(TPN ) + maxζ dim

(
π−12 (ζ ) ∩ BS0)

� dimP
◦
(TPN ) + maxζ

(
dim
(
P

♦
K
× {ζ }) − 2N

)

= (2N − 1)+ (dimP
♦
K
− 2N ) < dimP

♦
K
,

whence we finish the proof. ��
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Now, thanks to the dimension estimate (58), by the projection π1 : BS0 →
P

♦
K
, we receive

Proposition 8.3 There exists a proper algebraic subvariety � � P
♦
K

such
that, for every parameter t = [

A••, M
•
•
] ∈ P

♦
K
\ �, the corresponding

base locus BSt is empty over the coordinates nonvanishing part {z0 · · · zN
�= 0}. ��

9 Moving coefficients method (II)

9.1 Obstacles of MCM when some coordinates vanish

It would be desirable to find one parameter t such that BSt ∩ {z0 · · · zN = 0}
is discrete or empty, whence the semicontinuity theorem would guarantee the
same property for all generic t . Then, together with the above Proposition 8.3,
we would prove the Debarre Ampleness Conjecture! However, this is impos-
sible because, for instance when zN = 0, we can check that all the obtained
global symmetric differential forms either vanish or become the same one,
up to a scalar of the form z•0 · · · z•N−1. Moreover, all hypersurface equations

in (42) become exactly Fermat-type Fi = ∑N−1
j=0 A j

i z
d
j , so even with the

further help of Propositions 6.6, 6.7, we cannot construct enough negatively
twisted symmetric forms. Nevertheless, supposing at this moment that we still
have abundant moving coefficient terms:

Fi
∣
∣
zN=0 ≈

N−1∑

j=0
A j
i z

d
j +

N−1∑

k=0
Mk

i z
μk
0 · · · ẑμk

k · · · zμk
N−1 z

d−(N−1) μk
k ,

we may then continue to move on by adapting MCM…Yet when further
coordinates vanish, the same obstacle might appear…

9.2 Refined construction of hypersurfaces for MCM

The above reasoning process leads us to construct the following c+ r refined
homogeneous polynomials F1, . . . , Fc+r , each being the sum of a dominant
Fermat-type polynomial plus an ‘army’ of moving coefficient terms:

Fi =
N∑

j=0
A j
i z

d
j +

N∑

l=c+r+1

∑

0� j0<···< jl�N

×
l∑

k=0
M j0,..., jl ; jk

i z
μl,k
j0
· · ·̂zμl,k

jk
· · · zμl,k

jl
z
d−lμl,k
jk

(i = 1 ··· c+r), (59)

123



On the ampleness of the cotangent bundles 971

where all coefficients A•i , M
•;•
i ∈ K[z0, . . . , zN ] are some degree εi � 1

homogeneous polynomials, and where all positive integers μl,k, d are to be
chosen by a certain Algorithm, which is designed to make all the symmetric
differential forms to be obtained later have negative twisted degrees. For the
moment, we just roughly summarize the Algorithm as:

1 � max {εi }i=1...c+r � μc+r+1,0 � · · · � μc+r+1,c+r+1︸ ︷︷ ︸
μc+r+1,• grow exponentially

� · · · · · · � μN ,0 � · · · � μN ,N︸ ︷︷ ︸
μN ,• grow exponentially

� d, (60)

and we will state it explicitly in Sect. 12.1 below when it is really necessary.
The above construction fulfills the claimed Step 1 in Sect. 5.3. Now, we

illustrate how to transform (59) into the form (42), so as to apply MCM that
we have developed in Sect. 7.

First, we rewrite the polynomial Fi by extracting the terms forwhich l = N :

Fi =
N∑

j=0
A j
i z

d
j +

N−1∑

l=c+r+1

∑

0� j0<···< jl�N

×
l∑

k=0
M j0,..., jl ; jk

i z
μl,k
j0
· · ·̂zμl,k

jk
· · · zμl,k

jl
z
d−lμl,k
jk

+

+
N∑

k=0
M0,...,N ;k

i z
μN ,k
0 · · · ̂zμN ,k

k · · · zμN ,k
N z

d−N μN ,k
k (i = 1 ··· c+r).

Next, we associate each termM j0,..., jl ; jk
i z

μl,k
j0
· · ·̂zμl,k

jk
· · · zμl,k

jl
z
d−lμl,k
jk

in the

second sums with the corresponding term A jk
i zdjk in the first sum by rewriting

Fi as:

Fi =
N∑

j=0
C j
i z

d−δN
j +

N∑

k=0
M0,...,N ;k

i z
μN ,k
0 · · · ̂zμN ,k

k · · · zμN ,k
N z

d−N μN ,k
k

(i = 1 ··· c+r), (61)

where δN := (N − 1) μN−1,N−1 and C j
i are uniquely determined by

gathering:
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C j
i z

d−δN
j = A j

i z
d
j +

N−1∑

l=c+r+1

∑

0� j0<···< jl�N
jk= j for some 0�k�l

M j0,..., jl ; jk
i

× z
μl,k
j0
· · ·̂zμl,k

jk
· · · zμl,k

jl
z
d−lμl,k
jk

,

namely, after dividing out the common factor zd−δN
j —guaranteed by (60)—of

both sides above:

C j
i := A j

i z
δN
j +

N−1∑

l=c+r+1

∑

0� j0<···< jl�N
jk= j for some 0�k�l

M j0,..., jl ; jk
i

×z
μl,k
j0
· · ·̂zμl,k

jk
· · · zμl,k

jl
z
δN−lμl,k
jk

.

Note that by the Algorithm (60), we now have the rough estimates:

deg C j
i = εi + δN = εi + (N − 1) μN−1,N−1

� μN ,0 � · · · � μN ,N � d, (62)

with the same growth structure as the previous Algorithm (43)!
Thus, we are able to adapt the MCM in Sect. 7.2 to produce a series of

negatively twisted symmetric differential forms. Indeed, using the same kind
of manipulations and the corresponding notation, for every ν = 0 . . . N , we
receive:

φν ∈ H0(X,Symn �V (♥ν)
)
,

with negative twisted degree:

♥ν = −μN ,0 + N δN +
c+r∑

i=1
εi +

n∑

�=1
ε� + N + 1 � − n �

[compare with (45), use (62)]. (63)

Also, for every τ = 0 · · · N − 1, for every ρ = τ + 1 · · · N , we receive:

ψτ, ρ ∈ H0(X,Symn �V (♥τ, ρ)
)
,
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with negative twisted degree:

♥τ, ρ = −μN ,τ+1 +
τ∑

k=0
N μN ,k + (N − τ − 1) δN

+
c+r∑

i=1
εi +

n∑

�=1
ε� + N + 1 � − n � [see (47), use (62)]. (64)

Thus, we complete the claimed construction (13).
To respect the coherence of notation, we will continue to denote by P

♦
K
the

projective parameter space of F1, . . . , Fc+r in (59), and we will also use the
same notation as in Sect. 8, and then by exactly the same arguments, everything
goes on smoothly, and finally we get the analogue Proposition 8.3, which is
our claimed estimate (19). Similar details can be also found in the proof of the
Proposition 9.1 below.

9.3 MCM with vanishing coordinates

For every 1 � η � n − 1, for every 0 � v1 < · · · < vη � N , consider the
intersection of X with the η coordinate hyperplanes:

v1,...,vη X := X ∩ {zv1 = 0} ∩ · · · ∩ {zvη = 0}.
Recalling the claimed step (14), we now investigate further the MCM to con-
struct a series of:

ω� ∈ H0 (
v1,...,vη X,Symn−η �V (♥�)

)
(�= 1 ... ❄),

with all ♥� � −(n − η)�, as follows.
First, we write the complement elements of {v1, . . . , vη} in {0, . . . , N } as

r0 < · · · < rN−η. Observe that in Propositions 6.6, 6.7, the polynomial terms
in F1, . . . , Fc+r involving zv1, . . . , zvη eventually play no role—because they
just vanish. Thus, we may decompose Fi into two parts:

Fi =
N−η∑

j=0
A
r j
i zdr j +

N−η∑

l=c+r+1

∑

0� j0<···< jl�N−η

l∑

k=0
M

r j0 ,...,r jl ;r jk
i

× z
μl,k
r j0

· · ·̂zμl,k
r jk

· · · zμl,k
r jl

z
d−lμl,k
r jk

+
+ (Residue Terms)

v1,...,vη

i︸ ︷︷ ︸
negligible

(i = 1 ··· c+r), (65)
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where the first part (1st line above) only involves the variables zr0, . . . , zrN−η
,

and where the second part (2nd line above) collects all terms involving at least
one of zv1, . . . , zvη .

Next, before applying Propositions 6.6, 6.7 to (65), it is appropriate towrite:

Fi =
N−η∑

j=0
A
r j
i zdr j +

N−η∑

l=c+r+1

∑

0� j0<···< jl�N−η

×
l∑

k=0
M

r j0 ,...,r jl ;r jk
i z

μl,k
r j0

· · ·̂zμl,k
r jk

· · · zμl,k
r jl

z
d−lμl,k
r jk

(i = 1 ··· c+r).

(66)

Now, we see that the above (66) has the same structure as (59), in the sense of
replacing:

N �−→ N − η, {0, . . . , N } �−→ {r0, . . . , rN−η}.
Thus, we are able to adapt the MCM in the preceding Sect. 9.2 to produce
negatively twisted symmetric differential forms.

Indeed, using the same kind of manipulations and the corresponding nota-
tion, fixing the multi-indices ( j1, . . . , jn−η) = (1, . . . , n − η), for every
ν = 0 · · · N − η, we receive:

v1,...,vηφ
ν ∈ �

(
v1,...,vη X,Symn−η �V (v1,...,vη♥ν)

)
,

with negative twisted degree:

v1,...,vη♥ν = −μN−η,0 + (N − η) δN−η +
c+r∑

i=1
εi

+
n−η∑

�=1
ε� + (N − η)+ 1 � − (n − η)�

[compare with (63)], (67)

where δc+r+1 � max{εi }i=1...c+r and where for N − η > c+ r + 1 we define
δN−η by replacing:

(N − 1) μN−1,N−1 = δN �−→ δN−η := (N − η − 1) μN−η−1,N−η−1.

Also, for every τ = 0 · · · N−η−1, for every ρ = τ+1 · · · N−η, we receive:

v1,...,vηψ
τ, ρ ∈ �

(
v1,...,vη X,Symn−η �V (v1,...,vη♥τ,ρ)

)
,
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with negative twisted degree:

v1,...,vη♥τ, ρ = −μN−η,τ+1 +
τ∑

k=0
(N − η) μN−η,k + (N − η − τ − 1) δN−η

+
c+r∑

i=1
εi +

n−η∑

�=1
ε� + (N − η)+ 1 � − (n − η)�. (68)

The above construction fulfills our claimed step (14). So now, we complete
the Step 2 in Sect. 5.3.

To prove the claimed estimate (18), we now determine the:

Base Locus of {v1,...,vηφ
ν, v1,...,vηψ

τ, ρ}ν, τ, ρ

=: v1,...,vηBS ⊂ P
♦
K
× v1,...,vηP(T

P
N
K

), (69)

where:

v1,...,vηP(TPN ) := P(TPN ) ∩ {zv1 = · · · = zvη = 0}.

Employing the same arguments, here is an analog of Proposition 8.3.

Proposition 9.1 There exists some proper subvariety v1,...,vη� � P
♦
K

such

that, for every parameter t ∈ P
♦
K
\ v1,...,vη�, the base locus v1,...,vηBSt :=

v1,...,vηBS ∩ π−11 (t) is empty over the coordinates nonvanishing part
{zr0 · · · zrN−η

�= 0}.
Proof Without loss of generality, we may assume that (v1, . . . , vη) = (N −
η + 1, . . . , N ).

Firstly, bymimicking the argument before Proposition 8.1, we can construct
a similar N × 2(N + 1− η) matrix:

(
A0 | · · · | AN−η | B0 | · · · | BN−η

)

so that, for every point
(
t, [z, ξ ]) ∈ N−η+1,...,NBSt with z0 · · · zN−η �= 0, the

defining equations

F1(z) = · · · = Fc+r (z) = 0, dF1 (z, ξ) = · · · = dFn (z, ξ) = 0

now read as:

(A0 + · · · + AN−η + B0 + · · · + BN−η) (z, ξ) = 0, (70)
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and also that, concerning the algebraic dependence ofA1, . . . ,AN−η,B1, . . . ,

BN−η, one has:
M̂η(z, ξ) ∈MN−η, (71)

where M̂η is the upper (N−η)×2(N−η+1) submatrix of
(
A1 | · · · | AN−η |

B1 | · · · | BN−η

)
.

Next, we estimate the dimension of the base locus N−η+1,...,NBS0 :=
N−η+1,...,NBS ∩ {z0 · · · zN−η �= 0} over the coordinates nonvanishing part.
Notice that, by our construction and by Lemma 10.1 below, the linear evalua-
tion map at (z, ξ):

(
A0 | · · · |AN−η |B0 | · · · |BN−η

) : K
♦+1 −→ MatN×2(N+1−η)(K)

is surjective, because in (66) we have the nonvanishing terms:

zdj �= 0, z
μl,k
j0
· · ·̂zμl,k

jk
· · · zμl,k

jl
z
d−lμl,k
jk

�= 0

( j = 0 ... N−η, l = 1 ··· N−η, k= 0 ... l, 0� j0 < ···< jk � N−η).

Recall the Core Lemma: codimMN−η = N − η. Thus, by the same argument
as that of Proposition 8.2, we obtain the dimension estimate:

dim N−η+1,...,NBS0 � dim N−η+1,...,NP
◦
(TPN )

+ maxζ dim
(
π−12 (ζ ) ∩ N−η+1,...,NBS0)

�
(
2N − 1− η

)+ (dimP
♦
K
− N − (N − η)

)

= dimP
♦
K
− 1 < dimP

♦
K
.

where in the first line above ζ is running through all points of N−η+1,...,NP
◦

(TPN ). Hence we conclude the proof. ��
Thus, we finish the claimed Step 3 in Sect. 5.3. Now, the proof of Theo-

rem 5.5 is complete, and so are the proofs of Theorems 5.4, 5.1.

10 Basic technical preparations

10.1 Surjectivity of evaluation maps

For every N � 1, denote:

A (KN+1) := K[z0, . . . , zN ].
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For every λ � 1, the K-linear space spanned by all degree λ homogeneous
polynomials is:

Aλ(K
N+1) ⊂ A (KN+1).

For every g ∈ A (KN+1), for every z ∈ K
N+1, denote by (g · v)z the K-linear

evaluation map:

(g · v)z : A (KN+1) −→ K, f �−→ (g f )(z),

and for every ξ ∈ TzK
N+1 ∼= K

N+1, denote by dz(g· )(ξ) the K-linear differ-
ential evaluation map:

dz(g· )(ξ) : A (KN+1) −→ K, f �−→ d (g f )
∣
∣
z(ξ).

Lemma 10.1 For all λ � 1, for all g ∈ A (KN+1), at any z ∈ K
N+1 \ {0}

with g(z) �= 0, for every ξ ∈ K
N+1 \K · z, the K-linear map:

(
(g · v)z
dz(g· )(ξ)

)

: Aλ(K
N+1) −→ K

2

is surjective.

A similar result was obtained in [2, p. 444, Claim 3].

Proof By Leibniz’s rule, we have:

(
(g · v)z
dz(g· )(ξ)

)

=
(

g(z) 0
d g
∣
∣
z(ξ) g(z)

)

︸ ︷︷ ︸
invertible, since g(z) �= 0

(
vz

dz(ξ)

)

, (72)

thus we only need to prove the claim for the K-linear map (vz, dz(ξ))T corre-
sponding to g = 1.

Up to a linear transformation of K
N+1, we may assume that z =

(1, 0, . . . , 0) and ξ = (0, . . . , 0, 1). Now, computing that:

(
vz

dz(ξ)

)

zλ0 =
(
1
0

)

,

(
vz

dz(ξ)

)

zλ−10 zN =
(
0
1

)

,

we conclude the proof. ��
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10.2 Fibre dimension estimates

The following classical theorem will prove fundamental in dimensional esti-
mations of all base loci in this article.

Theorem 10.2 Let X, Y be two K-varieties, and let f : X → Y be a mor-
phism. Then one has:

dim X � dim Y + maxy ∈ Y dim f −1(y).

��
10.3 Classical codimension formulas for determinantal ideals

For all p, q � 1, denote by:

Matp×q(K) = K
p×q

the space of all p×q matrices with entries inK. For every 0 � � � max{p, q},
denote by:

�
p,q
� ⊂ Matp×q(K)

all p × q matrices with rank � �.

Theorem 10.3 There holds the codimension formula:

codim�
p,q
� = max

{
(p − �) (q − �), 0

}
.

��
10.4 Affine cones preserve codimensions

In our practice, it would be more convenient to count dimension in an affine
space rather than in a projective space.

Theorem 10.4 Let π : K
N+1 → P

N
K

be the canonical projection, and let
Y ⊂ P

N
K

be a nonempty algebraic set defined by a homogeneous ideal I ⊂
K[z0, . . . , zN ]. Denote by C(Y ) the affine cone:

C(Y ) := π−1(Y ) ∪ {0} ⊂ K
N+1.

Then C(Y ) is an algebraic set in K
N+1, and it preserves codimension:

codimC(Y ) = codim Y.

��
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11 The engine of MCM

11.1 Core codimension formulas

To prove the Core Lemma, by induction on positive integers p � 2 and
0 � � � p, we estimate the codimension �Cp of:

�Xp ⊂ Matp×2p(K) (73)

which consists of p × 2p matrices Xp = (α1, . . . , αp, β1, . . . , βp) such that:

(i) the first p column vectors have rank:

rankK

{
α1, . . . , αp

}
� �; (74)

(ii) for every ν = 1 . . . p, there holds:

rankK

{
α1, . . . , α̂ν, . . . , αp, αν + (β1 + · · · + βp)

}
� p − 1; (75)

(iii) for every τ = 1 . . . p − 1, for every ρ = τ + 1 · · · p, there holds:

rankK

{
α1 + β1, . . . , ατ + βτ , ατ+1, . . . , α̂ρ, . . . , αp, αρ

+(βτ+1 + · · · + βp)
}

� p − 1. (76)

Noting that our target varietyMN in (53) is nothing but NXN , hence the Core
Lemma reads as NCN = N .

Let us start with the easy case � = 0.

Proposition 11.1 For every integer p � 2, the codimension value �Cp for
� = 0 is:

0Cp = p2 + 1. (77)

Proof Firstly, (i) is equivalent to α1 = · · · = αp = 0, contributing codimen-
sion p2. Hence (ii) holds trivially, and the only nontrivial inequality in (iii)
is:

rankK

{
0+ β1, . . . , 0+ βp

}
� p − 1,

which contributes one more codimension. ��
For the general case � = 1 . . . p, we will use Gaussian eliminations and do

inductions on p, �. Firstly, we need
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Lemma 11.2 Let W be a K-vector space, and let p � 1 be a positive integer.
For any p + 1 vectors α1, . . . , αp, β ∈ W, the rank restriction:

rankK {α1, . . . , α̂ν, . . . , αp, αν + β} � p − 1 (ν= 1 ··· p), (78)

is equivalent to:

rankK {α1, . . . , αp, β} � p − 1,

or

rankK {α1, . . . , αp} = p, (α1 + · · · + αp)+ β = 0.

Proof The “if” direction being immediate, we only prove the “only if” part.
If rankK {α1, . . . , αp} � p − 2, then rankK {α1, . . . , αp, β} � p − 1. If

rankK {α1, . . . , αp} = p− 1, then (78) implies that β ∈ SpanK (α1, . . . , αp),
hence rankK {α1, . . . , αp, β} � p− 1. Lastly, if rankK {α1, . . . , αp} = p, then
(78) implies that:

(α1 + · · · + αp)+ β ∈ SpanK {α1, . . . , α̂ν, . . . , αp} (ν= 1 ··· p).

Sinceα1, . . . , αp are linearly independent, this yields that (α1+· · ·+αp)+β =
0. ��

Now, we count the codimension of the exceptional locus of Gaussian elim-
inations.

Proposition 11.3 For every integer p � 2, the codimensions �C0
p of the sub-

varieties:

{α1 + β1 = 0} ∩ �Xp ⊂ Matp×2p(K)

read according to the values of � as:

�C
0
p =

{
p + 2 (� = p − 1, p),

p + (p − �)2 (� = 0 · · · p − 2).

Proof Theconditionα1+β1 = 0 contributes codimension p.Now, the inequal-
ity (76) in (iii) trivially holds, and the restriction (75), thanks to the lemma 11.2,
is equivalent to:

rankK {α1, . . . , αp, β1 + · · · + βp} � p − 1, (79)
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or

rankK {α1, . . . , αp} = p, (α1+ · · · + αp)+ (β1+ · · · + βp) = 0. (80)

Since α1 + β1 = 0, adding the first column vector of (79) to the last one,
we get:

rankK {α1, . . . , αp, β2 + · · · + βp} � p − 1,

which, by Theorem 10.3, contributes codimension 2. Similarly, (80) is equiv-
alent to:

rankK {α1, . . . , αp} = p, (α2 + · · · + αp)+ (β2 + · · · + βp) = 0,

contributing codimension p. Therefore, when � = p − 1 or � = p, we obtain
that:

p−1C0
p = p + 2, pC

0
p = min {p + 2, p + p} = p + 2.

When � = 0 · · · p−2, the condition (75) follows trivially after (74), which,
by Theorem 10.3, contributes codimension (p−�)2. Combined with the codi-
mension p contributed by the independent equation α1+β1 = 0, this finishes
the proof. ��

Next, we claim the following Codimension Induction Formulas, the proof
of which will appear in Sect. 11.4. To make sense of �−2Cp−1 in (83) when
� = 1, we henceforth agree −1Cp−1 := ∞.

Proposition 11.4 For all p � 3, there hold the codimension induction formu-
las:

pCp = min
{
p, p−1Cp

}
(�= p), (81)

p−1Cp � min
{
p−1C0

p, p−1Cp−1 + 2, p−2Cp−1 + 1, p−3Cp−1
}

(�= p−1), (82)

�Cp � min
{
�C

0
p, �Cp−1 + 2(p − �)− 1,

�−1Cp−1 + (p − �), �−2Cp−1
}

(�= 1 ··· p−2). (83)

Now, we can estimate the codimension values �Cp iteratively to deduce the
crucial

Proposition 11.5 For all p � 2, there hold:

pCp = p, �Cp � �+ (p − �)2 + 1 (�= 0 ··· p−1). (84)

In particular, the Core Lemma follows.

123



982 S.-Y. Xie

Proof We only need to verify the initial data for p = 2:

0C2 = 5, 1C2 = 3, 2C2 = 2,

the remaining cases p � 3 being easy to check by straightforward induction
using (81)–(83).

Recalling formulas (77) and (81), we only need to prove 1C2 = 3.
For every matrix (α1, α2, β1, β2) ∈ 1X2 \ 0X2, we have the following 4

defining equations: rankK

{
α1, α2

} = 1, rankK

{
α1 + (β1 + β2), α2

}
� 1,

rankK

{
α1, α2 + (β1 + β2)

}
� 1, rankK

{
α1 + β1, α2 + β2

}
� 1. Without loss

of generality, we may assume that α1 �= 0. Then the first equation yields
α2 ∈ K · α1, and the third one implies α2 + (β1 + β2) ∈ K · α1, whence by
subtracting we receive β1+β2 ∈ K ·α1. Hence α1+α2+ (β1+β2) ∈ K ·α1.
Now, the fourth equation implies rankK

{
α1 + α2 + (β1 + β2), α2 + β2

}
� 1,

therefore, there are two possible situations, the first one being:

α1 + α2 + β1 + β2 = 0, (85)

and the second one being:

α1 + α2 + β1 + β2 ∈ K · α1 \ {0}, α2 + β2 ∈ K · α1.

In either case, together with the known restrictions α2, β1 + β2 ∈ K · α1, the
total restrained codimension is � 3. Therefore 1C2 � 3. Lastly, noting that
1X2 contains a subvariety defined by the two equations:

rankK

{
α1, α2

}
� 1, α1 + α2 + β1 + β2 = 0,

whose codimension is exactly 3, we conclude that 1C2 = 3. ��

11.2 Gaussian eliminations

Following the notation in (73), we denote by:

Xp = (α1, . . . , αp, β1, . . . , βp)

the coordinate columns of Matp×2p(K), where each of the first p columns
explicitly writes as:

αi = (α1,i , . . . , αp,i )
T,

and where each of the last p columns explicitly writes as:

βi = (β1,i , . . . , βp,i )
T.
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First, observing the structures of the matrices in (75), (76):

X0,ν
p := (α1 | · · · | α̂ν | · · · | αp | αν + (β1 + · · · + βp)

)
,

Xτ, ρ
p := (α1 + β1 | · · · | ατ + βτ | ατ+1

| · · · | α̂ρ | · · · | αp | αρ + (βτ+1 + · · · + βp)
)
,

where the second underlined columns are understood to appear in the first
underlined places, we realize that they have the uniform shapes:

X0,ν
p = Xp I0,νp , Xτ, ρ

p = Xp Iτ, ρp , (86)

where the 2p × p matrices I0,νp explicitly read as:

the upper p× p submatrix being the identity, the lower p× p submatrix being
zero except its νth column being a column of 1, and where lastly, the 2p × p
matrices Iτ, ρp explicitly read as:
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the upper p× p submatrix being the identity, the lower p× p submatrix being
zero except τ copies of 1 in the beginning diagonal and p − τ copies of 1 at
the end of the ρth column.

Next, observe that all matrices Xτ, ρ have the same first column:

α1 + β1 = ( α1,1 + β1,1 | · · · | αp,1 + βp,1)
T.

Therefore, whenα1,1+β1,1 �= 0, operatingGaussian eliminations bymeans
of the matrix:

G :=

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1

−α2,1+β2,1
α1,1+β1,1

1

...
. . .

−αp,1+βp,1
α1,1+β1,1

1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

, (87)
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these matrices Xτ, ρ become simpler:

GXτ, ρ
p =

⎛

⎜
⎜
⎜
⎜
⎝

α1,1 + β1,1 • · · · •
0 � · · · �

...
...

. . .
...

0 � · · · �

⎞

⎟
⎟
⎟
⎟
⎠

, (88)

where we will soon see the (p− 1)× (p− 1) star submatrices enjoy amazing
structural properties.

Observation 11.6 Let p � 1 be a positive integer, let A be a p × 2p matrix,
let B be a 2p× p matrix such that both its 1st, (p+1)th rows are (1, 0, . . . , 0).
Then there holds:

(A B)′ = A′′ B ′′′,

where (A B)′ means the (p − 1) × (p − 1) matrix obtained by deleting the
first row and column of A B, and where A′′ means the (p − 1) × 2(p − 1)
matrix obtained by deleting the first row and the columns 1, p + 1 of A, and
where B ′′′ means the 2(p− 1)× (p− 1) matrix obtained by deleting the first
column and the rows 1, p + 1 of B. ��

Observation 11.7 For all p � 3, τ = 1 . . . p−1,ρ = τ+1 . . . p, thematrices
Iτ, ρp transform to Iτ−1,ρ−1p−1 after deleting the first column and the rows 1, p+1,

i.e. Iτ−1,ρ−1p−1 = (Iτ, ρp )′′′. ��

Now, thanks to the above two Observations, noting that:

GXτ, ρ
p = G

(
Xp Iτ, ρp

) = (GXp
)
Iτ, ρp ,

denoting XG
p := (GXp)

′′, the (p− 1)× (p− 1) star submatrices in (88) thus
have the forms: ⎛

⎜
⎝

� · · · �

...
. . .

...

� · · · �

⎞

⎟
⎠ = XG

p Iτ−1, ρ−1p−1 . (89)

Comparing (89) and (86), we immediately see that the star submatrices have
the same structures as X0,ν

p ,Xτ, ρ
p .

123



986 S.-Y. Xie

11.3 Study of the morphism of left-multiplication by G

Let us denote by:

D(α1,1 + β1,1) ⊂ Matp×2p(K)

the Zariski open set defined by α1,1 + β1,1 �= 0. Now, consider the morphism
of left-multiplication by the regular function matrix G:

LG : D(α1,1 + β1,1) −→ D(α1,1 + β1,1)

Xp �−→ GXp.

Note that it is not surjective, because direct computation shows that its image
lies in the variety:

∩p
i=2 {αi,1 + βi,1 = 0}.

In order to compensate this loss of surjectivity, combining with:

¤ : D(α1,1 + β1,1) −→ Mat(p−1)×1(K)

Xp �−→ (α2,1 + β2,1 | · · · | αp,1 + βp,1)
T,

we construct a morphism:

LG ⊕ ¤ : D(α1,1 + β1,1)

−→ ( ∩p
�=2 {αl,1 + βl,1 = 0} ∩ D(α1,1 + β1,1)

) ⊕ Mat(p−1)×1(K),

which turns out to be an isomorphism. Indeed, denoting the right-hand-side
target space by �, it has the inverse morphism:

� −→ D(α1,1 + β1,1)

Y ⊕ (s2, . . . , sp)
T �−→ −1G · Y,

where the regular function matrix −1G is the ‘inverse’ of the matrixG in (87):

⎛

⎜
⎜
⎜
⎜
⎝

1
s2

α1,1+β1,1
1

...
. . .

sp
α1,1+β1,1

1

⎞

⎟
⎟
⎟
⎟
⎠

. (90)
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Now, denote by πp : Matp×2p(K) −→ Mat(p−1)×2(p−1)(K) the projection
obtained by deleting the first row and the columns 1, p + 1. Denote also
LG := πp ◦ LG.

Recalling the end of Sect. 11.2, we have XG
p = LG(Xp), and we receive

the following key

Observation 11.8 For every p � 3, for every � = 1 . . . p − 1, the image of
the variety:

�Xp ∩ D(α1,1 + β1,1) ⊂ D(α1,1 + β1,1)

under the map:

LG : D(α1,1 + β1,1) −→ Mat(p−1)×2(p−1)(K)

is contained in the variety:

�Xp−1 ⊂ Mat(p−1)×2(p−1)(K).

��

11.4 Proof of Proposition 11.4

First, applying Lemma 11.2, we receive:

Corollary 11.9 For every p � 2, the difference of the varieties:

pXp \ p−1Xp ⊂ Matp×2p(K)

is exactly the quasi-variety:

{
α1 + · · · + αp + β1 + · · · + βp = 0

}
∩
{
rankK {α1, . . . , αp} = p

}
,

whose codimension is p. ��
Now, we give a complete proof of Proposition 11.4.

Proof of (81) This is a direct consequence of the above corollary. ��
Proof of (82) By Observation 11.8, under the map LG : D(α1,1 + β1,1) −→
Mat(p−1)×2(p−1)(K), the image of the variety p−1Xp ∩ D(α1,1 + β1,1) is
contained in the variety p−1Xp−1 ⊂ Mat(p−1)×2(p−1)(K).

Now, we decompose the variety p−1Xp−1 into three pieces:

p−1Xp−1 = p−3Xp−1 ∪
(
p−2Xp−1 \ p−3Xp−1

) ∪ (p−1Xp−1 \ p−2Xp−1
)
,

(91)
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where each matrix (α1, . . . , αp−1, β1, . . . , βp−1) in the first1 (resp. second2,
third3) piece satisfies:

rankK (α1, . . . , αp−1) � p − 3
1

(resp. = p − 2
2
, = p − 1

3
). (92)

Pulling back (91) by the map LG, we see that p−1Xp ∩ D(α1,1 + β1,1) is
contained in:

L −1
G (p−3Xp−1) ∪ L −1

G

(
p−2Xp−1 \ p−3Xp−1

)

∪ L −1
G

(
p−1Xp−1 \ p−2Xp−1

)
. (93)

Firstly, for every point in the first piece Y ∈ p−3Xp−1, using the commuta-
tive diagram:

D(α1,1 + β1,1)
LG⊕ ¤

LG

�
πp ⊕ 0

Mat(p−1)×2(p−1)(K),

(94)

where the horizontalmap is an isomorphism,weobtain thefibre isormorphism:

L −1
G (Y) ∼= (πp ⊕ 0)−1(Y) ∩ (LG ⊕ ¤) D(α1,1 + β1,1)

= (π−1p (Y) ∩ LG D(α1,1 + β1,1)
) ⊕ Mat(p−1)×1(K)

=
(
π−1p (Y) ∩ ( ∩p

�=2 {αl,1 + βl,1 = 0} ∩ D(α1,1 + β1,1)
))

⊕ Mat(p−1)×1(K),

thus we receive that:

dimL −1
G (Y) = (dim kerπp − (p − 1)

)+ dimMat(p−1)×1(K)

= dim Matp×2p(K)− dimMat(p−1)×2(p−1)(K).

Now, applying Theorem 10.2 to the regular map L restricted to:

I := L −1
G (p−3Xp−1) ⊂ Matp×2p(K),

we receive the codimension estimate:

codim I � codim p−3Xp−1. (95)
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Secondly, for every point in the second piece Y ∈ p−2Xp−1 \ p−3Xp−1, for
every matrix:

(α1 | · · · | αp | β1 | · · · | βp) ∈ L −1
G (Y) ∩ (p−1Xp ∩ D(α1,1 + β1,1)

)

=: ♣

the bottom (p − 1) × (p − 1) submatrix J of
(
α2 | · · · | αp

)
is exactly the

left (p− 1)× (p− 1) submatrix of Y, hence rankK J = p− 2. Consequently,
the condition rankK

(
α1 | · · · | αp

)
� p − 1 is non-trivial, whence guarantees

that♣ ⊂ π−1p (Y) has codimension � 1. Hence, applying Theorem 10.2 to the
map LG restricted to:

II := L −1
G

(
p−2Xp−1 \ p−3Xp−1

) ∩ (p−1Xp

∩ D(α1,1 + β1,1)
) ⊂ Matp×2p(K),

we receive the codimension estimate:

codim II � codim
(
p−2Xp−1 \ p−3Xp−1

) + 1

� codim p−2Xp−1 + 1.
(96)

Thirdly, for every point in the third piece Y ∈ p−1Xp−1 \ p−2Xp−1, using
the commutative diagram (94), we have the isomorphism:

L −1
G (Y) ∩ (p−1Xp ∩ D(α1,1 + β1,1)

)

∼= (πp ⊕ 0)−1(Y) ∩ (LG ⊕ ¤)
(
p−1Xp ∩ D(α1,1 + β1,1)

) =: ♠.

For every element (α1 | · · · | αp | β1 | · · · | βp) ⊕ (s2, . . . , sp)T ∈ ♠, we
have:

rankK (α1, . . . , αp) � p − 1.

Moreover, since the rank inequalities (75) are preserved under the map LG,
taking ν = 1 we receive:

rankK

(
α1 + (β1 + · · · + βp), α2, . . . , αp

)
� p − 1.

Noting that the bottom (p − 1) × (p − 1) submatrix of (α2 | · · · | αp)

is the left (p − 1) × (p − 1) submatrix of Y, having full rank, we receive
rankK(α2, . . . , αp) = p − 1, and hence we obtain:

rankK (β1 + · · · + βp, α1, α2, . . . , αp) = p − 1.
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Therefore,we get 2 conditionswhich are easily seen to be independent from the
original equations α1, j+β1, j = 0 for j = 2 · · · p. Thus♠∩(πp⊕0)−1(Y) ⊂
(πp⊕0)−1(Y) has codimension� 2. Now, applying once again Theorem 10.2
to the map LG restricted to:

III := L −1
G

(
p−1Xp−1 \ p−2Xp−1

) ∩ (p−1Xp

∩ D(α1,1 + β1,1)
) ⊂ Matp×2p(K),

we receive the codimension estimate:

codim III � codim
(
p−1Xp−1 \ p−2Xp−1

) + 2

� codim p−1Xp−1 + 2.
(97)

Summarizing (93), (95), (96), (97), we receive the codimension estimate:

codim p−1Xp ∩ D(α1,1 + β1,1)

� min
{
codim p−3Xp−1, codim p−2Xp−1 + 1, codim p−1Xp−1 + 2

}
.

By permuting the indices, we know that all:

p−1Xp ∩ D(αi,1 + βi,1) ⊂ Matp×2p(K) (i = 1 ··· p)

have the same codimension, and so does their union:

p−1Xp ∩ D(α1 + β1)

= ∪p
i=1
(
p−1Xp ∩ D(αi,1 + βi,1)

) ⊂ Matp×2p(K).

Finally, taking codimension on both sides of:

p−1Xp =
(
p−1Xp ∩ {α1 + β1 = 0} ) ∪ (

p−1Xp ∩ D(α1 + β1)
)
,

Proposition 11.3 and the preceding estimate conclude the proof. ��
Proof of (83) If � � 2, decompose the variety �Xp−1 into three pieces:

�Xp−1 = �−2Xp−1 ∪
(
�−1Xp−1 \ �−2Xp−1

) ∪ (�Xp−1 \ �−1Xp−1
);

and if � = 1, decompose the variety �Xp−1 into two pieces:

1Xp−1 = 0Xp−1 ∪
(
1Xp−1 \ 0Xp−1

)
.

Now, by mimicking the preceding proof, everything goes on smoothly. ��
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12 Algorithm of MCM and estimates on hypersurface degrees

12.1 A must design

Given the integer � � 1 in Theorem 5.1, recalling the Step 2 in Sect. 5.3, we
naturally carry out the Algorithm of MCM as follows.

The procedure is to first construct μl,k in a lexicographic order with respect
to indices (l, k), for l = c+r+1 · · · N , k = 0 · · · l, along with a set of positive
integers δl .

For simplicity, we start by setting:

δc+r+1 � max {ε1, . . . , εc+r }. (98)

For every integer l = c + r + 1 · · · N , in this step, we begin with choosing
μl,0 that satisfies:

[see (67), (63)] μl,0 � l δl + l (δc+r+1 + 1)+ 1+ (l − c − r)�, (99)

then inductively we choose μl,k with:

[see (68), (64)] μl,k �
k−1∑

j=0
l μl, j + (l − k) δl + l (δc+r+1 + 1)

+1+ (l − c − r)� (k= 1 ··· l). (100)

If l < N , we end this step by setting:

δl+1 := l μl,l (101)

as the starting point for the next step l + 1. At the end l = N , we make the
integer d large enough:

d � (N + 1) μN ,N . (102)

12.2 Effective lower degree bounds

Recalling Sect. 5.4, we first provide an effective

Theorem 12.1 For all N � 3, for � = 1, for any ε1, . . . , εc+r ∈ {1, 2},
Theorem 5.4 holds for all d �

∏N
l=c+r l2 (l + 1)l − 2.
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Proof Set δc+r+1 = 2 in (98), and choose all μ•,• in (99), (100) to be:

μl,0 = l δl + 4 l + 1,

μl,k =
k−1∑

j=0
l μl, j + (l − k) δl + 4 l + 1 (k= 1 ··· l).

By induction on k we can show that:

μl,k = δl

(
l (l + 1)k − (l + 1)k − 1

l

)
+ (4l + 1)(l + 1)k (k= 1 ··· l).

In particular, we have:

δl+1 = l μl,l = δl

(
l2 (l + 1)l − (l + 1)l + 1

)
+ (4 l + 1) l (l + 1)l .

Therefore δl+1 � (4 l+1) l (l+1)l for l = c+r+1 . . . N −1. Consequently,
for l = c+ r +2 · · · N −1 we have− δl

(
(l+1)l −1

)+ (4l+1)l(l+1)l < 0,
thus we receive:

δl+1 � l2 (l + 1)l δl, (103)

a neat estimate suitable for the induction! For convenience, we define δN+1 :=
NμN ,N , so that the above inequality still holds true for l = N .
Now, when N � c + r + 2, using the estimates (103) for l = c + r +

2 · · · N iteratively, and noting that δc+r+2 < 6l2(l + 1)l
∣
∣
l=c+r+1, we receive

the estimate:

(N + 1) μN ,N = N + 1

N
δN+1 <

N + 1

N
δc+r+2

N∏

l=c+r+2
l2 (l + 1)l

<
N + 1

N
6

N∏

l=c+r+1
l2 (l + 1)l

< 12
N∏

l=c+r+1
l2 (l + 1)l <

N∏

l=c+r
l2 (l + 1)l − 2,

whence we conclude the proof. ��
Hence, the product coup in Sect. 5.4 yields

Theorem 12.2 In Theorem 5.1, for � = 1, the lower bound d0(−1) =∏N
l=c+r l4 (l + 1)2l works. In particular, Theorem 1.2 follows. ��
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Now, using the following two estimates:

N∑

l=�N/2�
ln l �

∫ N+1

N/2
ln x dx = (x ln x − x)

∣
∣N+1
N/2 ,

N∑

l=�N/2�
l ln (l + 1) <

N∑

l=�N/2�
(l + 1) ln (l + 1)

�
∫ N+2

N/2
x ln x dx =

(1

2
x2 ln x − x2

4

)∣∣
∣
∣

N+2

N/2
,

we can see that:

ln

( N∏

l=�N/2�
l4 (l + 1)2l

)

� 3

4
N 2 ln N + o(N 2 ln N ).

This verifies the claimed estimate in Theorem 1.1.

13 Uniform very-ampleness of Symκ�X

13.1 The canonical bundle of a projectivized vector bundle

Let X be an n-dimensional complex manifold, with canonical line bundleKX .
Let E be a holomorphic vector bundle on X having rank e, with dual bundle
E∨, and let π : P(E) −→ X be the projectivization of E . Then we have:

KP(E)
∼= OP(E)(− e) ⊗ π∗ ∧e E∨ ⊗ π∗KX ,

as follows by taking the determinants of the relative Euler exact sequence and
the exact sequence of relative differentials.

In applications,we are interested in the casewhere X ⊂ V for some complex
manifold V of dimension n + r , and E = TV

∣
∣
X , thus we receive:

KP(TV |X )
∼= OP(TV |X )(− n − r) ⊗ π∗KV

∣
∣
X ⊗ π∗KX . (104)

Moreover, assume that X, V are some smooth complete intersections inP
N
C
,

so their canonical line bundlesKX ,KV have neat expressions by the following
classical theorem.

Theorem 13.1 For a smooth complete intersection:

Y := D1 ∩ · · · ∩ Dk ⊂ P
N
C
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with divisor degrees:

deg Di = di (i = 1 ··· k),

the canonical line bundleKY of Y satisfies:

KY
∼= OY

(
− N − 1+

k∑

i=1
di
)
.

��

13.2 Proof of the very-ampleness theorem 1.3

Now, assume K = C. Recall our Ampleness Theorem 1.2, dimC X = N −
(c + r) = n. Then the above formula (104) and Theorem 13.1 imply:

KP(TV |X )
∼= OP(TV |X )(− n − r) ⊗ π∗2 OP

N
K

(
− 2 (N + 1)+

c∑

i=1
di +

c+r∑

i=1
di
)
.

Also, recalling Theorem 5.1 and Proposition 4.3, for generic choices of
H1, . . . , Hc+r , for any positive integers a > b � 1 with b/a < �, the nega-
tively twisted line bundle below is ample:

OP(TV |X )(a) ⊗ π∗2 OP
N
K

(−b).

It is now time to recall (c.f. [5,16])

Siu’s result about the Fujita Conjecture Let M be an n-dimensional com-
plexmanifoldwith canonical line bundleKM. IfL is any positive holomorphic
line bundle on M, then L ⊗m ⊗ K ⊗ 2

M is very ample for all large m �
2+ (3n+1n

)
.

Consequently, the line bundle below is very ample:

OP(TV |X )

(
m a−2n−2r

)
⊗ π∗2 OP

N
K

(
−m b−4 (N+1)+2

c∑

i=1
di+2

c+r∑

i=1
di
)
.

(105)
Also recalling (11), for all � � 3, the line bundle below is very ample:

OP(TV |X )(1) ⊗ π∗2 OP
N
K

(�). (106)
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Note the following two facts:

(A) if OP(TV |X )(κ) ⊗ π∗2 OP
N
K

(�) is very ample, then so it is for every �′ � �;
(B) the tensor product of any two very ample line bundles remains very ample.

We now consider the semigroup G of the usual Abelian groupZ⊕Z generated
by elements (�1, �2) such that OP(TV |X )(�1) ⊗ π∗2 OP

N
K

(�2) is very ample.

Then, for all m � 2+ (3dimP(TV |X )+1
dimP(TV |X )

)
, G contains:

[see (105)]

(
m a − 2n − 2r, −m b − 4 (N + 1)+ 2

c∑

i=1
di + 2

c+r∑

i=1
di
)
,

[see (106)] (1, �), ∀ � � 3.

Paying no attention to optimality, taking:

b = 1, a = 2, m = −4 (N + 1)+ 2
c∑

i=1
di + 2

c+r∑

i=1
di + 3,

we receive that (m a − 2n − 2r,−3) ∈ G . Adding (1, 3) ∈ G , we receive
(m a−2n−2r+1, 0) ∈ G . Now, also using (m a−2n−2r, 0) ∈ G , recalling
Observation 5.6, we may take:

κ0 = (m a − 2n − 2r − 1) (m a − 2n − 2r) � a2m2,

or the larger neater lower bound:

κ0 = 16
( c∑

i=1
di +

c+r∑

i=1
di
)2

.

Thus, we have proved the very-ampleness Theorem 1.3 forK = C. Remem-
bering that very-ampleness (or not) is preserved under any base change
obtained by ambient field extension, and noting the field extensions Q ↪→ C

and Q ↪→ K for any field K with characteristic zero, by some standard argu-
ments in algebraic geometry, we conclude the proof of the very-ampleness
Theorem 1.3. ��
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